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Approach Definition
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Approach Definition

Assume transformation z = o(Wx). Then j-th element in z can be represented
as:

2 = p(wj )

We can interpret this equation as computing the similarity between & and w;.
When working with 2D images, this structure can lead to sever problems.
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Approach Definition
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Figure: Not applicable when image size is changed
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Approach Definition
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Figure: Highly redundant
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Approach Definition
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Figure: Not exhibiting translation invariance
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Approach Definition

Convolutional Neural Networks (CNN)

To solve the challenges mentioned above, CNNs are introduced where matrix
multiplication is replaced with convolution operator.

@ We can compute the convolution of different size images with the same
filter.

@ The size of convolution filter is smaller than the size of input features.

e Convolution is a template matching operator and can present translation
invariance.
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Common Layers
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1D Convolution Layer

1D convolution (valid)
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1D Convolution Layer

1D convolution (same)

o If we pad each side of input feature vector & € R'* with p elements and
w € R, then the output size will be I, + 2p — [, + 1.

o If we select p = l’”Q L
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1D Convolution Layer

Convolution to Matrix Multiplication

Assume we have the following convolution operator:

x € Rl
z=px®w+b), {wecR3
z € Rl=—2

then we can write above mapping in matrix multiplication as:

20 Wy W1 W2 0 000 0 0 0 0 ) b

Z1 0 wy wip w2 ... 0 0 0 0 X1 b
= - +

Zly—4 0 0 0 0 .. W w1 wWa 0 Xy, —2 b

Zl,—3 0 0 0 0 0 wop W1 W2 Xl,—1 b
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2D Convolution Layer

2D convolution (valid)

hyw—1wy—1
X € Rhexwe . 0<p<he —hw
{ = Zpg = ¢ <b+ Z Z U)ijw(p+i)(Q+j)> ) {0 < q < Wy — W
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2D Convolution Layer

2D convolution (same)

o If we pad each side of input feature matrix X € R"»*%= with h, and w),
elements and w € R"» X« then the output size will be
(hg +2hp — by + 1) X (Wg + 2wp — Wy + 1).

o If we select hy = &”2_—1 and w, = U’J%l, then input and output sizes are
the same.
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2D Convolution Layer

Convolution to Matr

Assume we have the following convolution operator:

XGRSXB
Z=¢p(X®W +b), { W ¢ R2x2
ZERQXQ

Assume column-wise vectorizing. Then we can write above mapping in matrix multiplication
as:

00
Z10

200 woo wio 0  wor wir 0 0 0 0 220

_ 0 wpo wio 0 w1 w1 O 0 0 wm o

21| =% 0 0 0 wepo wio 0 wor wi 0 1
0

Z21
211 0 0 0 woo wio 0  wor win .

z12
22

fealiealie e

For each element in the output features, its receptive field are the elements in the input
features that form the it. In the above example, {zoo, 10, 01,11} are receptive field of zgg.

d Amini Common Layers



Strided Convolution

Redundancy in the Output Features

As the receptive field for neighboring features in the output of convolution layer
are highly overlapped, there exist redundancy in the output features. Strided
convolution is designed to eliminate this redundancy.

Strided Convolution

Strided Convolution is ordinary convolution while we skip every s; and s,, in
vertical and horizontal shitf.
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Strided Convolution

Output Dimensions

X € Rhaxws

W e Rhwxww
Heigth Padding : A,
Width Padding : w,
Heigth Stride : h,
Width Stride : w;g

hs

ha + 2, — Ry + hy o+ 2w, —
= dim(Z) : { it =t J x VU o — W
Wy
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Strided Convolution

Wy t2w, W,=floor((wy+2w,-wy+w;) /W)

A [T O ] O &
(2] ) ) ) ] ] ) ] 0 |
DDDDDDDDDDD 8 “«—> 8:i

Elc D T £
A 3 F
t 0 0 i_g
| [ 0] &
0 IO o !

0 o g

0 OO0 o +

v [olololofololofof ol o]0l o]0 £

~

=

Figure: 2D convolution (same)
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nsion 1: Multiple Input Channel

Convolution with multi-channel input

C—1hy—1wy—1
X € RhaxwaxC w @ 0<p<L hy —hy

= Zc ]R(hthwﬁ»l)x(wz—ww«}»l)
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W, = Wye-Wyt1
A y NS‘
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x =
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Extension 2: Multiple Output Channel

Convolution with multi-channel output

C—1 —hy— —1l
X e haxw; xc Zpq0 = ¥ (bO + Zk:ol 2 ! E;-Ugo wijkow(p+i)(q+j)k)
{(Wa,ba)} )

WdeRthwaC :

by €R z =0 (b + 30 s hwol shww =Ly, T (pi)(ats

d pg(D—1) = P \bD-1 k=0 24i=0 =0 ijk(D—1)T(p+i)(a+5)k
{Oépéhm—hw

=

0< ¢ < wy —wy

We can concatenate matrices {Zo, ..., Zp—_1} which results in Z € R(re—hw+1) X (wg —ww+1) D
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Convolution with multi-channel output
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Convolutional Layer

All Together

Assume:
X € RhexwzXxC Input feature tensor
W e RhwXwwxCxD Weight tensor
beRP Bias vector
hyp, wy height and width of padding, respectively
hs, ws height and width of stride, respectively

Then the output Z = W ® X + b is of the following dimensions:

{hx+2hp—hw+hsJ " {wx-l-pr—ww-l-wsJ D

hs Wi
h. wz
and
C—1 hy—1wy—1 0<p<h,—1
Zpgd = P be + Z Z Z wijkci(hsxp+i)(w5><q+j)c 1 §0<g<w, —1
c=0 i=0 j=0 OSdSD—l

Sajjad Amini IML-S12 Common Layers



Figure: Output tensor carry information about the location
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Pooling Layers

Pooling

Assume:
X € RheXwaxC Input feature tensor
hi,wy height and width of pooling, respectively
hs, Ws height and width of stride, respectively

Pooling operator
Then the output of pooling layer is:

Zpge = P(T(hy xpih, Xpthy)(ws X g:ws ><¢1+wf)(c))
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Pooling Lay
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Figure: Pooling layer provide local invariance
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Flattening Layer

Flattening layers are used to reshape the input feature tensor X € Rf=*wexC

into output feature vector z € R(*=*%=xC) using vectorizing operator.

. flattening hwd

A

W >
Figure: Flattening Layer
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Section 3

All Together
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Figure: LeNet5 for MNIST classification (Test accuracy: 98.8% after 1 epoch)
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Figure: Result of LeNet5 for MNIST classification
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