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Section 1

Approach Definitions
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Approach Definitions

Regression
Task T : Finding mapping f : x 7→ y (x ∈ X = RD and y ∈ R)
Experience E: Set of N input-output pairs D = {(xn, yn)}Nn=1

P = 1
N

∑N
n=1(yn − f(xn;θ))

2

Linear Regression
Similar to classification problems, in regression problems we model p(y|x,θ).
Linear regression is the class of regression problem modeling where the expected
value of the output is assumed to be a linear function of the input. In other
words:

E[y|x,θ] = wTx

where w is a subset of model parameters θ.
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Section 2

Linear Regression Model
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Linear Regression Model

Linear Regression Model
One model for linear regression can be formulated as:

p(y|x,θ) = N (y|w0 +w
Tx, σ2)

where:
w
w0

σ2

Weights or regression coefficients
Bias or offset
Estimation variance

and θ = [w0;w;σ2].

Vectors Augmentation
Similar to classification models, we usually consider augmented vectors [w0;w]
and [1;x], which results in the following model:

p(y|x,θ) = N (y|wTx, σ2)

In this case θ = [w;σ2].
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Linear Regression Model Extensions

Extension to Vector Response y
Consider the situation where response is vector y ∈ RJ rather than scalar. Then
assuming the elements of y are independent, we have:

p(y|x,θ) =
J∏

j=1

N (yj |wT
j x, σ

2
j )

where θ = [w1; . . . ;wJ ;σ
2
1 ; . . . ;σ

2
J ].

Feature Transformation
Similar to classification problems, we can use feature transformation to reach a
more descriptive models as:

p(y|x,θ) = N (y|wTϕ(x), σ2)

where θ = [w;σ2].

Sajjad Amini IML-S05 Linear Regression Model 8 / 46



MLE

MLE
Using model formulation, we have:

p(D|θ) (1)
= p({yn}Nn=1|{xn}Nn=1,θ)

(2)
=

N∏
i=1

p(yn|xn,θ)

=
N∏

n=1

1√
2πσ2

exp

(
− 1

2σ2
(yn −wTxn)

2

)
where we use mode definition and independence of training samples in equality (1)
and (2), respectively. Thus negative log-likelihood is:

NLL(θ) = −
N∑

n=1

log

[(
1

2πσ2

)
exp

(
− 1

2σ2
(yn −wTxn)

2

)]

=
1

2σ2

N∑
n=1

(yn − ŷn)
2 +

N

2
log(2πσ2)

where we define ŷn ≜ wTxn.
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MLE

Converting Summation into Matrix Form
We can easily show that:

RSS(w) =
1

2

N∑

n=1

(yn −wTxn)
2 =

1

2
∥Xw − y∥22 =

1

2
(Xw − y)T (Xw − y)

where RSS(·) stand for residual sum of squares function and:

X =



− x1 −

...
− xn −


 , y =



y1
...
yn




Thus the negative log-likelihood can be written as:

NLL(θ) =
1

2σ2
∥Xw − y∥22 +

N

2
log(2πσ2)

Sajjad Amini IML-S05 Linear Regression Model 10 / 46



MLE

MLE
The optimal value for w and σ2 can be calculated as:

∇w NLL(θ) = 0⇒ ∇wRSS(w) =XTXw −XTy = 0

⇒ŵmle = (XTX)−1XTy

∇σ NLL(θ) = 0⇒ σ̂2
mle =

1

N

N∑

n=1

(yn − ŵT
mlexn)

2 =
2

N
RSS(ŵmle)

Note that ŵmle = (XTX)−1XTy is known as Ordinary Least Squares (OLS)
solution.
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Sample: Modeling a Device Measurement

Data Generation
Assume we have device that gen-
erates its measurements based on
the following rule:





yi ∼ N (µi, σ
2)

µi = 10 + 2× xi
σ2 = 22

On the right, we see a realization
of this data for N = 1000.
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Sample: Modeling a Device Measurement

Data Generation
Solution: Based on the MLE fol-
rmulation, the solution is:

ŵmle = (XTX)−1XTy

= [10.14, 1.99]T

σ̂2
mle =

1

1000

1000∑

n=1

(yn − ŵT
mlexn)

2

= 3.85

On the right, we see the solution.
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Sample: Modeling a Device Measurement

0 2 4 6 8 10

x

−6

−4

−2

0

2

4

6

8

y
−

(ŵ
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Figure: Visualization of difference
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Sample: Modeling a Device Measurement

Data Generation
Assume we have device that gen-
erates its measurements based on
the following rule:





yi ∼ Lap(µi, b)

µi = 10 + 2× xi
b =
√
2

On the right, we see a realization
of this data for N = 1000.
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Sample: Modeling a Device Measurement

Data Generation
Solution: Based on the MLE fol-
rmulation, the solution is:

ŵmle = (XTX)−1XTy

= [9.91, 2.01]T

σ̂2
mle =

1

1000

1000∑

n=1

(yn − ŵT
mlexn)

2

= 3.74

On the right, we see the solution.
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Sample: Modeling a Device Measurement
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Section 3

Heteroskedastic Regression (Weighted LR)
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Heteroskedastic Regression(Weighted LR)

Heteroskedastic Regression
Heteroskedastic Regression assume the follwoing model for data:

p(y|x,θ) = N (y|wTx, σ2(x)) =
1√

2πσ2(x)
exp

(
− 1

2σ2(x)
(y −wTx)2

)

MLE
For the simplicity, assume we have access to {σ2(xn)}Nn=1, then:

p(D|θ) =
N∏

n=1

1√
2πσ2(xn)

exp

(
− 1

2σ2(xn)
(yn −wTxn)

2

)

N (y|Xw,Λ−1), Λ = diag(
1

σ2(xn)
)
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Heteroskedastic Regression (Weighted LR)

MLE

p(D|θ) = 1

|2πΛ−1| 12
exp

(
−1

2
(y −Xw)TΛ(y −Xw)

)

⇒NLL(θ) = (y −Xw)TΛ(y −Xw)

⇒∇w NLL(θ) = 0⇒XTΛXw −XTΛy = 0⇒ ŵmle = (XTΛX)−1XTΛy

The above is known as Weighted Least Squares (WLS) estimate.
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Sample: Modeling a Device Measurement

Data Generation
Assume we have device that gen-
erates its measurements based on
the following rule:





yi ∼ N (µi, σ
2
i )

µi = β0 + β1xi

σ2
i = u2i
ui ∝ U(10, 50)

On the right, we see a realization
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Sample: Modeling a Device Measurement

MLE Solution
Solution: Based on OLS, we
have:

ŵmle = (XTX)−1XTy

= [11.97, 1.90]T

Below we see the solution.
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Sample: Modeling a Device Measurement

MLE Solution
Solution: Based on WLS, we
have:

ŵmle = (XTΛX)−1XTΛy

= [11.57, 1.92]T

Below we see the solution.
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Section 4

Measuring Goodness of Fit
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Residual Plots

Residual Plots
For one dimensional inputs, we can plot the residual rn = yn − ŷn vs the input
xn. The resulting plot is called residual plot. This plot should be similar to
samples of N (0, σ2).
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Figure: Visualization of difference
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Coefficient of Determination

Coefficient of Determination
Coefficient of Determination is defined as:

R2 ≜ 1−
∑N

n=1(ŷn − yn)2∑N
n=1(ȳ − yn)2

= 1− RSS

TSS

where ȳ = 1
N

∑N
n=1 yn and TSS =

∑N
n=1(ȳn − yn)

2 stands for total sum of
squares (TSS). You can show that 0 ≤ R2 ≤ 1
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Section 5

MAP Estimation (Regularization)
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Subsection 1

Ridge Regression
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Ridge Regression

Ridge Regression
To avoid overfitting in linear regression, similar to classification models, we can
assume the weight vector to come from the following prior:

p(w) = N (w|0, τ2I)

where λ is a hyper-parameter. The resulting MAP estimation is known as Ridge
Regression and is formulated as:

ŵmap = argmax
w

p(w|D)p(w)
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Ridge Regression

MAP
Assuming the σ to be known, we have:

p(w|D) ∝

p(D|w)︷ ︸︸ ︷
N∏

n=1

1√
2πσ2

exp

(
− 1

2σ2
(yn −wTxn)

2

) p(w)︷ ︸︸ ︷
1

|2πτ2I| 12
exp

(
−1

2
wT (τ2I)−1w

)
∝ 1

|2πσ2I| 12
exp

(
−1

2
(y −Xw)T (σ2I)−1(y −Xw)T

)
1

|2πτ2I| 12
exp

(
−1

2
wT (τ2I)−1w

)
Thus we have:

argmax
w

p(w|D) ≡ argmin
w

− log p(w|D) = argmin
w

1

2σ2
∥y −Xw∥2 + 1

2τ2
∥w∥2

≡ ∥y −Xw∥2 +

λ︷︸︸︷
σ2

τ2
∥w∥2
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Ridge Regression

MAP

J(w) = ∥y −Xw∥2 + λ∥w∥2

⇒∇wJ(w) = 2(XTXw −XTy + λw) = 0

⇒ŵmap = (XTX + λI)−1XTy =

(∑

n

xnx
T
n + λI

)−1(∑

n

ynxn

)

Sajjad Amini IML-S05 MAP Estimation (Regularization) 31 / 46



Subsection 2

Lasso Regression
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Feature Selection

Feature Selection
Assume the problem we encountered in ridge regression:

argmin
w

∥y −Xw∥22 + λ∥w∥22

Now change the ℓ2 norm with ℓ0 norm as:

argmin
w

∥y −Xw∥2 + λ∥w∥0︸ ︷︷ ︸
J0(w)

where ∥w∥0 =
∑D

d=1 I(|wd| > 0). In the above formulation, the problem is
solved by using reduced number of features.
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Sample: Modeling a Device Measurement

Data Generation

Assume we have device that generates its measurements based on

{
yi ∼ N (µi, σ

2)
µi = 10 + 2× xi

σ2 = 22

Then we have the following states:
β0 ̸= 0, β1 ̸= 0⇒ J(w̃) = 3848.2 + λ× 2

β0 ̸= 0, β1 = 0⇒ J(w̃) = 36842.5 + λ× 1

β0 = 0, β1 ̸= 0⇒ J(w̃) = 29584.4 + λ× 1

β0 = 0, β1 = 0⇒ J(w̃) = 439953.5 + λ× 0

Thus we have the following result for the J0(w) problem:

ŵ =

[0, 0]T (J(ŵ) = 439953.5) 439953.5− 29584.4 < λ
[0, 3.51]T (J(ŵ) = 29584.4 + λ× 1) 29584.4− 3848.2 < λ < 439953.5− 29584.4
[10.13, 1.98]T (J(ŵ) = 3848.2 + λ× 2) λ < 29584.4− 3848.2
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Sample: Modeling a Device Measurement
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Figure: Realization of device data for N = 1000
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Lasso Regression

Lasso Regression
Assume dimensions of weight vector are independently and identically dis-
tributed as Lap(w|0, b). Then the prior distribution over weight vector is:

p(w) =

D∏

d=1

1

2b
exp

(
−|wi|

b

)

where b is a hyper-parameter. The resulting MAP estimation is known as Lasso
(Least Absolute Shrinkage and Selection Operator) Regression and is formulated
as:

ŵmap = argmax
w

p(w|D)p(w)
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Ridge Regression

MAP
Assuming the σ to be known, we have:

p(w|D) ∝

p(D|w)︷ ︸︸ ︷
N∏

n=1

1√
2πσ2

exp

(
− 1

2σ2
(yn −wTxn)

2

) p(w)︷ ︸︸ ︷
1

(2b)D
exp

(
−1

b

D∑
d=1

|wi|
)

∝ exp

(
−1

2
(y −Xw)T (σ2I)−1(y −Xw)T

)
exp

(
−1

b
∥w∥1

)
Thus we have:

argmax
w

p(w|D) ≡ argmin
w

− log p(w|D) = argmin
w

1

2σ2
∥y −Xw∥2 + 1

b
∥w∥1

≡ ∥y −Xw∥2 +

λ︷︸︸︷
2σ2

b
∥w∥1
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Connection to Feature Selection

Lagrangian Interpretation
Using Lagrangian interpretation, we have:

RidgeRegression :min
w

NLL(w) + λ∥w∥22 ≡
{
minw NLL(w)

s.t. ∥w∥22 ≤ B

LassoRegression :min
w

NLL(w) + λ∥w∥1 ≡
{
minw NLL(w)

s.t. ∥w∥1 ≤ C380 Chapter 11. Linear Regression

Figure 11.8: Illustration of `1 (left) vs `2 (right) regularization of a least squares problem. Adapted from
Figure 3.12 of [HTF01].

Note also that we could use other norms for the weight vector. In general, the q-norm is defined as
follows:

‖w‖q =

(
D∑

d=1

|wd|q
)1/q

(11.76)

For q < 1, we can get even sparser solutions. In the limit where q = 0, we get the `0-norm:

‖w‖0 =

D∑

d=1

I (|wd| > 0) (11.77)

However, one can show that for any q < 1, the problem becomes non-convex (see e.g., [HTW15]).
Thus `1-norm is the tightest convex relaxation of the `0-norm.

11.4.2 Why does `1 regularization yield sparse solutions?

We now explain why `1 regularization results in sparse solutions, whereas `2 regularization does not.
We focus on the case of linear regression, although similar arguments hold for other models.

The lasso objective is the following non-smooth objective (see Section 8.1.4 for a discussion of
smoothness):

min
w

NLL(w) + λ||w||1 (11.78)

This is the Lagrangian for the following quadratic program (see Section 8.5.4):

min
w

NLL(w) s.t. ||w||1 ≤ B (11.79)

where B is an upper bound on the `1-norm of the weights: a small (tight) bound B corresponds to a
large penalty λ, and vice versa.

Similarly, we can write the ridge regression objective minw NLL(w) +λ||w||22 in bound constrained
form:

min
w

NLL(w) s.t. ||w||22 ≤ B (11.80)

Draft of “Probabilistic Machine Learning: An Introduction”. February 8, 2022

Figure: Geometrical interpretation of Ridge and Lasso
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Lasso Regression

MAP
For the solution of Lasso regression, we only consider the case whereXTX = I.
In this case, we have:

ŵmle = (XTX)−1XTy =XTy

If we use the above, we have:

J(w) =∥y −Xw∥2 + λ∥w∥1 = (y −Xw)T (y −Xw) + λ∥w∥1

=yTy − 2

ŵT
mle︷ ︸︸ ︷

yTXw +wT

I︷ ︸︸ ︷
XTXw + λ∥w∥1 + ŵT

mleŵmle −
yTXXTy︷ ︸︸ ︷
ŵT

mleŵmle

=∥w − ŵmle∥2 + λ∥w∥1 + yT (I −XXT )y

Thus we have:

min
w

J(w) ≡ min
w
∥w − ŵmle∥2 + λ∥w∥1

≡ min
wi

(wi − ŵ(mle)i)
2 + λ|wi|, i = 1, . . . , D
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Lasso Regression

MAP
We should solve the problem of the following form:

ŵlasso = argmin
w

J(w)︷ ︸︸ ︷
(w − ŵmle)

2
+ λ|w|

Now assume two cases:
ŵmle > 0 ⇒ w > 0, then:

J(w) = (w − ŵmle)
2
+ λw ⇒

d

dw
J(w) = 2(w − ŵmle) + λ = 0 ⇒ w = ŵmle −

λ

2

ŵmle ≤ 0 ⇒ w ≤ 0, then:

J(w) = (w − ŵmle)
2 − λw ⇒

d

dw
J(w) = 2(w − ŵmle) − λ = 0 ⇒ w = ŵmle +

λ

2

Altogether we have: ŵlasso =

{
max{ŵmle − λ

2 , 0} ŵmle > 0
min{ŵmle + λ

2 , 0} ŵmle ≤ 0
= S(ŵmle,

λ
2 )
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Soft Thresholding Operator
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Figure: Soft Thresholding Operator Curve
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Section 6

Bayesian Linear Regression
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Bayesian Linear Regression

Prior and Likelihood
Assume the following prior distribution:

p(w) = N (w|w̆, Σ̆)

On the other hand, we see before that the likelihood can be written as (we
assume σ2 to be known):

p(D|w) =

N∏

n=1

p(yn|wTxn) = N (y|Xw, σ2I)

Bayes Rule for Gaussian

If
{
p(z) = N (z|µz,Σz)
p(y|z) = N (y|Wz + b,Σy)

, then:

p(z|y) = N (z|µz|y,Σz|y),

{
Σ−1

z|y = Σ−1
z +W TΣ−1

y W

µz|yΣz|y

[
W TΣ−1

y (y − b) +Σ−1
z µz

]
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Bayesian Linear Regression

Posterior
Thus the posterior can be calculated as:

p(w|D) ∝ N (w|w̆, Σ̆)N (y|Xw, σ2I) = N (w| “w, “Σ)

where we have:

“w ≜ “Σ(Σ̆
−1
w̆ +

1

σ2
XTy)

“Σ ≜ (Σ̆
−1

+
1

σ2
XTX)−1
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Bayesian Linear Regression11.7. Bayesian linear regression * 401
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Figure 11.20: Sequential Bayesian inference of the parameters of a linear regression model p(y|x) = N (y|w0 +
w1x1, σ

2). Left column: likelihood function for current data point. Middle column: posterior given first N
data points, p(w0, w1|x1:N , y1:N , σ

2). Right column: samples from the current posterior predictive distribution.
Row 1: prior distribution (N = 0). Row 2: after 1 data point. Row 3: after 2 data points. Row 4: after 100
data points. The white cross in columns 1 and 2 represents the true parameter value; we see that the mode
of the posterior rapidly converges to this point. The blue circles in column 3 are the observed data points.
Adapted from Figure 3.7 of [Bis06]. Generated by code at figures.probml.ai/book1/11.20.

where aσ2 (x) , σ2 + xT
a
Σ x is the variance of the posterior predictive distribution at point x

after seeing the N training examples. The predicted variance depends on two terms: the variance
of the observation noise, σ2, and the variance in the parameters,

a
Σ. The latter translates into

variance about observations in a way which depends on how close x is to the training data D. This is
illustrated in Figure 11.21(b), where we see that the error bars get larger as we move away from the
training points, representing increased uncertainty. This can be important for certain applications,
such as active learning, where we choose where to collect training data (see Section 19.4).
In some cases, it is computationally intractable to compute the parameter posterior, p(w|D). In

such cases, we may choose to use a point estimate, ŵ, and then to use the plugin approximation.
This gives

p(y|x,D, σ2) =

∫
N (y|xTw, σ2)δ(w − ŵ)dw = p(y|xTŵ, σ2). (11.125)

We see that the posterior predictive variance is constant, and independent of the data, as illustrated in
Figure 11.21(a). If we sample a parameter from this posterior, we will always recover a single function,
as shown in Figure 11.21(c). By contrast, if we sample from the true posterior, ws ∼ p(w|D, σ2), we
will get a range of different functions, as shown in Figure 11.21(d), which more accurately reflects
our uncertainty.

Author: Kevin P. Murphy. (C) MIT Press. CC-BY-NC-ND license

Figure: Bayesian inference of model parameters for different values of N

Sajjad Amini IML-S05 Bayesian Linear Regression 45 / 46



Posterior Predictive

Normalization Constant in Bayes’ Rule for Gaussian
In Bayes’ rule for Gaussian, we have:

p(z|y) = p(y|z)p(z)
p(y)

where the normalization factor is:

p(y) =

∫
N (z|µz,Σz)N (y|Wz + b,Σy)dz = N (y|Wµz + b,Σy +WΣzW

T )

Computing Posterior Prediction

p(y|x,D) =
∫
N (w|“µ, “Σ)N (y|xTw, σ2)dw = N (y|“µTx, “σ2(x))

“σ2(x) = σ2 + xT “Σx
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