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Approach Definitions
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Approach Definitions

Logistic regression is discriminative classification model p(y|x;0) (supervised
learning) where:

xr c RP Fixed dimension input vector
ye{l,...,C} Class label
0 Model parameters
Based on the value of C, we have:
C=2 Binary logistic regression (BLR)
C>2 Milticlass logistic regression (MLR)
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Section 2

Binary Logistic Regression
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Binary Logistic Regression

Model:
plyla; 8) = Ber(y|o(w” z + b))
where:
o() Sigmoid function
w Weight vector
b Bias value
0 = [b; w) Model parameters

Define logit a = wTx + b.

p(y = 1|x;0) = o(a)

p(y =0|x;0) =1—o(a) = o(—a)
o If §y € {—1,1} then p(g|x;0) = o(ga)

o If y € {0,1} then {
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Decision Boundary

Decision Boundary for Binary Classification

Assume we decide based on [y; loss. Decision boundary corresponds to the point
x* € RP where p(y = 1|z = *;0) = 0.5.

v

Decision Boundary

We want to find function g(x) that outputs 1 if y = 1 is more probable and 0
otherwise. Thus:

ply = 1]z;6)

9(x) =1(p(y = 1|x;0) > p(y = 0|a;0)) =T (log p(y = 0|a; 0)

>0>:H(a>0)

Thus decision boundary is:

f(x;0) =b+ (w,z) =0

Sajjad Amini IML-S08 Binary Logistic Regressio



Decision Boundary

Decision Boundary Characterization

We know point on the hyperplane must satisfy w” (x — o) = 0 where x is a
vector on the hyper plane and w is normal vector. Thus:
Decision boundary is a hyperplane with normal vector w and b = —(w, x)

Linearly Separable

If we can perfectly separate the training samples of a binary classification prob-
lem using a hyperplane, then the problem is known as linearly separable.
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Decision Boundary
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(a) Decision boundary in 3D space
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Feature Transformation

Nonlinear Decision Boundary

Assume ¢(-) : RP? — RP' represents a feature transformer. As and example

consider: ¢(x1,z2) = [1,2%,23]. Let w = [~R?,1,1]. Then decision boundary
is:

(w, p(x)) =0

which represents a circle (nonlinear decision boundary).
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Figure: Nonlinear decision boundary for BLR

Sajjad Amini IML-S08 Binary Logistic Re



MLE

Reformulating logit

[b; w] : Augmented weight vector

a={(w,z)+ b= ([bw],[1,x]), {[1’

x] : Augmented input feature

Assume p, = o(ay) and y € {0, 1}, then:
1 1
NLL(w) = N log p(D|w) = i log H Ber(yn | )
1 - 1 o
= = 2 lmlogpn + (1= yn)log(1 — pin)] = == > H(yn, f1n)
n=1 n=1
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Derivatives

N
9(w) = Vu NLL(w) = 5 3" (n — )0 = (15 (ding(s — ) X)7

where X = | : sy = [, Y=

Hessian Matrix

N
1
T _ T
H(w) = V4 VT NLL(w § (a1 = p)wn)a, = = XTSX

n=1

where § = diag(u1(1 — p1), ..., un (1 — pn)).-
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Characterization of NLL(w)

H(w) is PD

Vo : vl H(w)v = lUTXTSXv =

1 1 1 1
~ (82 Xv)T(S2Xv) = N||SEXU||§ >0

==

provided N(S%X) = {0}

Global minimizer

Thus NLL(w) is twice differentiable and its hessian matrix is PSD. Thus
NLL(w) is convex and stationary point w* (g(w*)) is the global minimizer.

v
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iing Problem

(d) Error vs Complexity
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MAP Estimation

Weights Amplitude vs Model Complexity

K =1= @ = (0.513,0.119)
K =2 = @, = (2.275,0.060, 11.842, 15.403, 2.512)
K =4 = We = (—3.078,...,-9.032,51.771,10.250)

Overfitting is accompanied by increasing the amplitude of weights.
Solution: One solution is to add a zero-mean Gaussian prior as p(w) =

N (w|0,CI)
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MAP Estimation

Objective Function

Using MAP estimation we have the following objective function:

PNLL(w) = NLL(w) + A||w||2

@ The above formulation is called ¢5 regularization or Weight Decay.

Hyper-parameter Effect

Based on lambda:

@ )\ 1= more penalization = less flexible model

@ )\ |= less penalization = more flexible model
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Derivatives

In this case, the derivatives are calculated as:
PNLL(w) = NLL(w) + Aw” w
VwPNLL(w) = g(w) + 2 w
V2 PNLL(w) = H(w) + 2\T

Positive Definiteness of Hessian Matrix
Assume A > 0, then:

1
Vo : vT V2 PNLL(w)v = v H(w)v + 2 v Tv = N’UTXTSXU + 2\ ||v||3
1
= 51157 Xo[3 +2\[o]l3 > 0

V2 PNLL(w) is always PD.
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ight Decay Result
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Figure: The effect of weight decay in BLR model performance
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Standardization

Reason for Standardization

For MAP estimation, we use N (w|0, \~1I) prior for weights. This prior im-
plicitly assumes the input features to be similar in magnitude. To assure this,
we can use the following methods:
o Individual normalization:
~ 1 N
Tpnd—Hd Hd = 2711\[:1 Tnd d
7087 = ¥ Lne1(@na — fla)?

e Min-max scaling:

= _ mq = min, Tnq
Tpg = Znd="1d { e ,d=1,...,D

Tnd =

— b
Ma=ma’ | Mo = max, Tnq

o Data whitening using eigenvectors
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Section 3

Multinomial Logistic Regression
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Multinomial Logistic Regression

Model:
p(ylz; 8) = Cat(y|S(Wz + b))

where:

S(9) Softmax function

W e RE*D Weight matrix

b e R® Bias vector

0(W,b) Model parameters

a=Wzx+b logits vector

Augmented Formulation

| \

[b, W] : Augmented weight vector

=Wx+b=[b,W]x [l;
a T+ [ ] x [L; 2] {[1; x] : Augmented input feature
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Feature Transformation

Quadratic Logistic Regression

Linear Logistic Regression
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(a) Original features (b) Transformed features

Figure: Using feature transformation ¢(x) = [1;x1; x2; 23; 3; 2122] for reaching
nonlinear decision boundary
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N C
1
NLL(W) = _N log p(D|W) = ——log H Huy"c =~ 2D Unelogine
n=1 c=1

n=1c=1
N
Z (Y )

where:

and y,, is one-hot encoding of the label.
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Assume arbitrary input sample x,, and row w; in W matrix, then:

— 9 — Yne Obine Oan;
Vi, NLLn = = 3 g [Une 108 finc] = = X 122 502 5y
Opne __
Oan; unc(éjc - Mn])
6anj _ X
dw,; €L

=V, NLL = (inj — Ynj)Tn

N
1
n=1
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N
1
= O (diag(p,) — popay) @ (wny,)

n=1
where

ail coo A1n

A o . . mxn anB 550 alnB

= 5 . 5 eER
= AQB= 3 : € RPmxan

am1 5 Am,n CLmlB 000 amnB

B e RP

and Hessian matrix is PD. Thus for 3 features and 2 classes problem, we have:

Tn1Tnl Tnl1Tn2 Tn1Tn3
1 L1 — MQ n
1 ,unll/LnQ
’LU) = N E m ‘un L u ® [Tn2Zn1  Tp2Tn2 Tn2Tn3
- 1 2 2 =
n AL " 22 Tn3Tnl Tn3Tn2 Tn3Tn3
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MAP Estimation

Objective Function

Using MAP estimation we have the following objective function:

N C

PNLL(w) = Y H(yp, ptn) + A _ llwell3

n=1 c=1

Zero Sum Property

At the stationary point for the above regularized formulation, we have:

—~ Z T, — )"+ 22WT =
For COthll’lj :>2)\Z’U}c] ZZ Yne — Mnc Tnj = Z(l - 1).13”] =0
= chj =0
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Un-identifiability

Un-identifiability

Assume we have a trained MLR model where the posterior probabilities can be
computed as:

exp(w )
C
> exp(w]x)

If we add a constant vector v to all rows of W, then we have:

ply = cle, W) =

— oo, W 4 107) =  OR(wetv)Tw) _ exp(v) exp(w; @)
e ) S exp((wy, +v)Tz)  exp(v) Yo, exp(wlx)
= ply = clz, W)

Thus W +1v7 is also the maximum likelihood estimation and problem is known
as un-indentifiability.
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Identifiability and MAP

Identifiability and MAP

The MAP estimation can solve un-identifiability because:

@ Assume weight matrix W, then due to zero sum property we have:
c
> wej=0,j=1,2,...,D+1
c=1

o Assume weight matrix Z = W + 1v”, then due to zero sum property we
have:

C
> 2;=0,j=12,...,D+1
=l

Thus:

C C
chj:C’vj+chj:0:>vj:O,jzl,...,D—|—1:>v:O

c=1 c=1
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Section 4

Bayesian Logistic Regression

Sajjad Amini IML-S08 Bayesian Lo,



Bayesian BLR

Laplace Approximation to Posterior

Assume we have a BLR model. Using laplace approximation to posterior, we
have:

p(w|D) ~ N(w|w, H™)

where:
w = in,, NLL
e For MLE we have: v afgm;nw N (w)
H= 53X Sw)X
@ = argmin,, [NLL(w) + A||w||3]
H=LX"S(w)X +2)\

o For MAP we have: {
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roximating the Posterior Pred

Posterior Predictive Distribution (PPD)

Posterior predictive distribution is defined as:

p(ylz, D) = / p(y|, w)p(|D)dw

Point approximate to PPD

| \

In this approach, we ignore the uncertainty in parameters by assuming:

p(w|D) = §(w — @), {“’ — Wmle

w = ﬁ’map
And then approximate PPD as:
pole.D) = [ pyle,w0)b(w - B)dw = p(yfe, @)

Challenge: Ignoring uncertainty
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mating the Posterior Predictive

Monte Carlo approximate to PPD

In this approach, we draw S sample from the posterior as ws ~ p(w|D), and
then approximate it as:

S
’lU|D z w — ws

Then PPD can be approximated as:

s s
1 1
p(y|x, D) ~ g Z/p(y|ac,w)5(w —w)dw = g Z (y|z, ws)
s=1 s=1

Challenge: Sampling the posterior at the text time
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Approximating the Posterior Predictive

Probit Approximation

Assume ®(a) to be normal Gaussian CDF. Then this method uses two following
relations:
o o(a) ~ ®(Xa),\* =%
o [®(Xa)N(a|m,v)da =P <(1’\T72")1—> ~ o(k(v)m), k(v) £ (1 + 7v/8)"2
+A<v)2

Thus if we define @ = 7w, then we can rewrite PPD as:

plylz, w) = / p(yla)p(a|D)da

then:
p(y = 1|z, D) ~ o(k(v)m)
m=2E[a] =x"p
v =Via] = V[z'w] = 2=z
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Intuition

According to probit approximation, the PPD is:
p(y = 1|z, D) ~ o(k(v)m)

We can conclude two important points:
e Because 0 < k(v) < 1, then o(x(v)m) is close to 0.5.

@ Bayesian setting does not change the decision boundary because:

ply =1z, D) =05 = k(r)m=0=m=0= Elw|Tz=0
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