A NEW APPROACH FOR SPARSE DECOMPOSITION AND SPARSE SOURCE
SEPARATION

Arash Ali AMINE, Massoud BABAIE-ZADEHand Christian JUTTER

1 Electrical engineering department, Sharif University of Technology, Tehran, Iran.
2 Laboratoire des Images et des Signaux (LIS), Institut National Polytechnique
de Grenoble (INPG), Grenoble, France.
aaamini57@yahoo.com , mbzadeh@sharif.edu , Christian.Jutten@inpg.fr

ABSTRACT which s(t) andx(t) are respectivelymx 1 andn x 1 vec-
tors representing sources and mixtures, And then x m

L . . r?nixing matrix. The number of samples available will be de-
based on a geometrical interpretation of sparsity. By sparsgted byN, i.e.t =1 N. We also assume the so-called

g?ﬁg(rjneﬁzz%g%mimﬁ]aegpzdg?g;gfgffnjgt%‘:gs_?hsiglvl:/ti:?{)‘%stantaneousituation in which no time structure is consid-
y q : red and each source sample is recovered only based on the

discussed in the context of Blind Source Separation (BSS : :

Our problem is then underdetermined BSS where there arcﬁzggfvsvﬁmgmg mixture sample. Thus, the model we actually
fewer mixtures than sources. The proposed algorithm is x= As

based on minimizing a family of quadratic forms, each mea- ) o o o

suring the distance of the solution set of the system to one dilthough the identification of the mixing matrix is an es-
the coordinate subspaces (i.e. coordinate axes, planes, eté§ntial part of the BSS solution, we shall assufdo be

The performance of the method is then compared to the mirStimated by other means (refer to [7] and [1] &uster-

imal 1-norm solution, obtained using the linear programmingng-based methods, and to [2] for a potential-function-based
(LP). It is observed that the proposed algorithm, in its sim-2pproach). In fact, we will neglect any estimation errors and
plest form, performs nearly as well as LP, provided that the&onsiderA to be exactly known a priori. Our main interest is
average number of active sources at each time instant is lei¥en in cases wheme< m, i.e. fewer mixtures than sources,
than unity. The computational efficiency of this simple formWwhere the mere knowledge & is not sufficient for source

is much higher than LP. For less sparse sources, performang@paration. This is where the (added) assumption of spar-
gains over LP may be obtained at the cost of increased con§ity helps in uniquely identifying the sources. Many natural
plexity which will slow the algorithm at higher dimensions. sources exhibit sparsity or may be converted to sparse sig-
This suggests that LP is still the algorithm of choice for high-nals by use of, for example, wavelet-related transfdrriige
dimensional moderately-sparse problems. The advantage Wil use the BSS terminology and notation in all subsequent
our algorithm is to provide a trade-of between complexitydiscussions, although the results are relatively context-free.
and performance. The sparsity of is usually measured by its so-callétd
norm, i.e. the number of its non-zerl?belements. Obtaining
the sparsest solution by minimizing thenorm is nearly in-

1. INTRODUCTION tractable since it requires combinatorial search with a com-

Sparse decomposition which may be viewed as an attempt fdexity growing exponentially witim. It is also prone to er-
uniquely identify arelevantsolution of an underdetermined rors when dealing with noisy data. It has been found, first
system of linear equations, has become a subject of interegfpirically [3] and then theoretically [5],[6] that in almost
in recent years. It is well-known that an underdeterminecdll cases the problem may be solved by minimizing kthe
system (if consistent) has infinitely many solutions, and adnorm instead. In fact, it is shown that for most (large) under-
ditional constraints should be imposed if we are to arrive afletermined systems, if there is a sufficiently sparse solution,
a unique solution. Sparsity is one such condition which idt will be the unique solution of the optimization problem :
usually sufficient for the purpose. It also leads to a highly‘minimize ||s||; subject tox = As” — see [4] for a detailed
desirable solution from a practical point of view. In fact, in Proof. This is a very interesting result, since the solution of
many situations, a sparse solution corresponds &ffinient  the latter may be obtained by efficient linear programming
representation of data as a linear combination of some cofLP) algorithms. . o
lection of predetermined elements. In a more BSS-oriented approach, the mlnln“?a_l‘lorm

To be more specific, we pursue the problem in the contex§olution may also be obtained as the MAP estimator of
of a concrete example, namely the BSS problem. The obje@0urce vector under Laplace prior. For the discussion of the
tive of BSS is to recover a number of (unknown) sources minimal | norm solution in the context of BSS, and its per-
form n (known) mixtures when little or no information is formance analysis, consult [2], [7] and [8].

available about the nature of sources or mixtures. We will [N this paper, we will introduce a method for sparse de-
consider the linear (noise-free) model, ixgt) = As(t), in ~ composition based on minimizing cost functions of the form

We introduce a new approach for sparse decompositio

1In terms of a more common terminology, we may sparsely respresent
This work has been partially funded by Sharif University of Technology, the signal as a linear combination aomsfrom a propemictionary. This

by French Embassy in Tehran, and by Center for International Research atiglmotivated by viewing the linear system &s= 3;a;s where{a, }, the

Collaboration (ISMO). columns ofA, are considered atoms or elements defining a signal dictionary.



s"Ws over a family of weight matrices. We will then pro-
vide simulation results comparing the performance of the
proposed method and that obtained by minimizihgorm
(i.e. the LP method).
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2. MINIMIZING s"Ws OVER A FAMILY OF
WEIGHT MATRICES
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2.1 Motivation

The idea behind the method is based on a geometrical in-
terpretation of the sparsity. Consider the elements okthe s
vector, denoted bys}, to be i.i.d. random variables, each

being negligible with probability & z,. In other words;

< 1 is the probability that each assumes a considerable Figure 1: Geometrical interpretation of the method rfos=
value. This simple model may be used to roughly characs n— 2 — The solution set af = As is shown as the oblique
terize many sparse sources. Examining the sample distribyine. The sparsest solution is obtained as the point on this line
tion of s, which is obtained by plotting in thespace a large which is closest to the coordinate axes (marked by a circle).
number of samples obtained from the source distribution, itrhe minimall? norm solution is also marked with a triangle.
appears that the points tend to concentrate first around the

origin, then along the coordinate axes, then across the coor-

dinate planes, etc. This is because for the most usual cases,

the corresponding probabilities are respectively ordered a@.2 Solution to the general case

cording to It is well-known that if the systemt = As is consistent, i.e.
m m it has at least one solution, then its mininiahorm solution

(1-m)™> < >7r1(1—7r1)m‘1 > ( >7‘C12(1—7'L'1)m_2 >.... s given by the so-called pseudo-inversefoimultiplied by
1 2 x. In other words, the solution of the optimization problem

The situation is depicted in Fig.1 for the casenof= 3, N 2 .
n=2. Also plotted in the figure is the solution setsof= As, minimizes's = [[s[l; subjectto x=As (1)
for a typical (full rank) A and a fixedx. In this special case . - o1 ) _
(m=3,n = 2), for a fixedx, the equationk = As identi- May be written as; = A (AA")"*x. Itis then straight-
fies a line in the 3-dimensionaispace. Consequently, when forward to show that ifs's is replaced bys'Ws, in
we are looking fors for a fixedx, every point on this line which the weight matrixW is (strictly) positive defi-
satisfiesx = As (however, we are looking for a sparsg  nite, (and hence non-singular) the solution woulddge=
The search for the sparse solution may now be viewed a&v 1AT(AW1AT) 1x.
finding a point on this line which is closest to the (sample)  As may be inferred from the previous discussion, we are
distribution ofs. It is intuitively pleasing that by selecting a mainly interested in situations where the weight matrisiis
point (onx = As) which is closest to the coordinate axes (of gular (e.g. diagonal matrices with some zeros on its main di-
the s-space), we may reproduce the original source distribuagonal), for which the above argument fails. In particular we
tion with reasonable accuracy. This means that we presenghall obtain explicit formulas for the case where the weight
salient features of the distribution, while neglecting unim-matrix is diagonal with its firstn— p diagonal entries being
portant details. For example, the method clearly producesnity and the rest being zero,
erroneous results for points around the origin, but the exact
locations of these points are of minor importance. W — In.p O 5

For the above special case mf= 3 andn = 2, the dis- L0 Oy (2)
tance of every point t@,; axis iss3 + 3, the distance ts,
axis issf + % and the distance ts, axis isﬁ + % Conse- Partitioning theA matrix and thes vector accordingly, we
quently, for this special case, the criterion for selecting theébtain . oA
nearest point to the axes is stated as A=[A A], s=[ 8

minimize (¥ +s°) subjectto x = As. whereA, A, 8, ands'aren x (m—p), nx p, (m—p) x 1, and
' ! p x 1, respectively. We impose the following restriction on

all i#]j
L . . . . p: 1< p<min{m—n,n}. Now, the optimization problem
A more general objective function, readily applicable 'nmay be reformulated as

higher dimensions, is' W's, with W being arm x mweight
matrix. Our primary interest is in diagonal weight matrices
with “zero or one” diagonal entries. For example the family

of mx mdiagonal matrices with exactty— 1 ones and asin- Note that the cost function does not depend o86mparing

gle zero on the diagonal, would measure the distances frogs) and (1), we see that the two problems are essentially the
the coordinate axes. In general we wish to minimize the co{ame after making the following associations«+s, (x —

function over an entire family of weight matrice#/ ), hence 32y, "X . A The solution fors™of the latter may then
the criterion be stated, in terms of the parameteusing the usual pseudo-

minimize minimizes' Ws. inverse Tl A
Wew x=As So=A"(AA") “(x—A3). 4)

minimize||3|3 subjectto x—A§=A5.  (3)
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Figure 2: SNR (in dB) versus source index for Experimemh3(7, n = 4) — (left) noise-frees, = 0.001, (middle) low-noise
: on = 0.01, (right) high-noise o, = 0.1.

To simplify further equations, we introdud@ £ (AAT)1,
Rewriting (4), we get

the entire range of samples, will be used as the main perfor-
mance measure. Although it may be argued that the SNR
is not a suitable measure when dealing with sparse signals,
it may still be used to make rough comparisons. The simu-
lations are performed usirgynthetically generatesources.
With the restriction imposed op, B 2 ATPA would be a Each source is independently obtained from a source density
tall (or square) matrix. Hence, in general, cannot be se- Which is modelled as a Gaussian mixture, i.e. the sum of
lected to make vanish. Instead, we may again use the corweighted Gaussian densities. To be specific, each source is
responding pseudo-inverse to choosesthenich minimizes ~ derived from &N (0, 1) density with probabilityr, and from

5y, I.e. aN (0,02) with probability 1— x,. The value ofoy, is usu-

ally much less than unity and it is mainly used to model noisy
perturbations over the zero samples. The valuer,ofthe
probability that each source has a considerable value, is taken
To summarize, the solution of = As which minimizes © be 005 (except for the third experiment). Each source is

sTWss, with W given by (2) may be written as also _nqrmali;ed to unit-epgrgy (ovgr_time) before the mixing
matrix is applied. The mixing matrix is constructed column-

wise by drawingn, n x 1 vectors from a uniform distribution
(5) onthe unit spher&-1inR".

The performance of the algorithm is now illustrated by
summarizing the results of three experiments, examining the
behavior of the method in noisy environments and for high
dimensional problems. Complexity issues will also be ad-
dressed along the way.

5,=ATPx— (ATPA)s 2 c—Bs.

Sop= (B'B) 'BTc=(ATPA) 'ATPx.

{éopt = (ATPA) 1ATPx
§0pt = ATP(X — Agopt)

Note that the solution is still linear i®. The minimum value
of the cost function would be

HgoptHz = (X - Aéopt)TP(X - Aéopt)~

To o_bt_ain the sparsest solution, the_ cost fu_nction will therg 1 Experiment 1 — Effect of noise
be minimized over (at least) the entire family of diagonal
weight matrices having exactly mp unity and p zero di-  For the first experiment, we take= 7 andn = 4. In Fig. 2,
agonal entries. This family will be denoted Wy. The opti-  the SNRs obtained by the method are illustrated for dif-
mization is carried by the enumeration of all t ) possible ferent values ofp (= 1,2,3) and different levels of noise
cases Some directions for the choice pfwill be given in  (on = 0.001, 0.01, 0.1). Recall thatp defines the number
the next section when discussing simulation results. Empitof diagonal zeros for the family of weight matrices (\ép)
ical results suggest that in most cases, the algorithm attair®yer which the minimization is carried. The figures depict a
its best performance fqs ~ m—n. There may also be situa- typical behavior, not the average (or the worst case) one, i.e.
tions where m|n|m|z|ng over more than one fam||y providesWG have tried to illustrate the most frequent behavior for each
better results. setting.

It is seen that the highest performance is dugte 3
for the (relatively) noiseless case, while increasing the noise

3. SIMULATION RESULTS
. . . . . cause® = 2, and therp = 1 to take the place g = 3. More
In this section simulation results regarding the performanchperisrgems show thrgt in low noise sitFL)lation(fthe chpiee

of th proi)osed methqd will be examined. We wil use them— nis indeed a good one. The figure shows that for such

‘minimal I~ norm” sol_utlor? as a benchmark for comparison. |\ noise scenarios, the proposed method performs relatively
Also the SNR associated with each source, computed ovepetter than LP. Also note that for all the three noise levels, the
algorithm withp = 1 produces results nearly as good as those
of the LP (this is not usually the case for higher dimensions).

As we will see, thep = 1 case has the added advantage of

being computationally less complex than LP.

2Since the minimum?® norm solution is obtained by Linear Program-
ming, we may use the term ‘LP method’ when refering to it.

3By SNR, we mean the quantifyg, 2(t)) / (s (t) — § (t))?wheres(.)
is the estimatedth source.



3.2 Experiment 2 - Complexity . —r

In this experiment , we first taken = 50, n = 30 and a rel- 1 — g2
atively low-noise environmertio, = 0.01) to study the per- . "\/\/\/\/\/\/\/’\wx/\"\/\;"'"''F:3

formance of the algorithm in higher dimensions. Fig. 3 illus-

trates the results. The SNRs produced by the algorithm are ] R T L
shown for three values qf (= 1,2,3). We observe that pro- e 5 O A B _\_;_\_'.-",'
gressively better results (toward that of LP) are obtained as Sl R

we increasep, but the progress is slow. Implementing the al- 0 W/\J
gorithm for values op greater than 3 is highly impractical in 5
this case (i.e. an= 50), due the computational complexity. . ‘ ‘ . .
We surmise that further increase pfvould produce SNRs 0 10 E 0 40 £0
near (or even better) than those of LP.
. The reason Why the performgnce .th: 1,2 s not sat- Figure 3: SNR (in dB) versus source index for Experiment 2
isfactory may intuitively be explained in terms of the mixture ™ =" _

—m= 50, n=30.
model we used. The model suggests that the expected num-
ber of active sources ism- ;. This is the expected value
of the binomial distribution generating the hidden variables

which decide whether or not each source has a considerable | el g
value. In this experiment, we have 7, = 50x 0.05= 25, _?_E;; L

suggesting that, on the average, more than two sources are R T

active at each instant of time. This means that the sample P

source distribution tends to concentrate around those sub- ig-e- eprrseied 3
spaces oR>% which have dimensions greater than two. Thus, . s

we may get better results if we try to minimize the distance ast™

of x = As to such subspaces by takipg> 2.
The above argument also shows that in determining the y
performance of the algorithm both theoblem dimension
and thedegree of sparsitgf the sources should be taken into
account. In particulann- r; may be considered an impor-
tant parameter. For example, as long as this quantity is ke

Figure 4: Relative complexity versus dimension for Experi-

h) bel . he aloorith e 1 Phent 2 — Relative complexity is a logarithmic measure based
(much) below unity, we expect the algorithm with=110 54 compytational time ratios, defined in (6) . It clearly shows

perform well no matter what the dimension of the problemy,, efficiency ofp — 1 case and the exponential growth of

is — more on this will be said in the context of the third ex- ; ; ;
: ; mplexity (with r t to LP) for higher val f
periment. The argument also suggests that, in general, V\?eo plexity ( espect to LP) for higher valuesy

should takep at least equal tan- z; (or of its order). In-
creasing the problem dimension, while keeping the sparsity

of the sources (i.ex,) fixed, will then increase the required |ess than LP for lower dimensions, it eventually increases
value ofp (Z m-7;). In other wordsthe required complexity - peyond that of LP. Fop = 2, the relative complexity still re-

of the algorithm will grow very fast with problem dimension mains below zero for the range of dimensions illustrated (i.e.
(for fixed sparsity). m=7,...,30). Thep = 3 case, however, quickly grows in

) In order to obtain :_’:ln_lntUItlon for how CompleX the algo- Comp|exity_ This exponentia| growth Suggests thath‘uyh-
rithm may get wherp is increased, we have plotted the rel- dimensional or moderately sparse problefagere a large

ative computational time (with respect to LP) as a functionyalue ofp is required for a comparable performance), LP is
of the problem dimension. Fig. 4 illustrates the results fotthe preferred algorithm.

p=1,2,3. The quantity used to measugdative complexity

is 3.3 Experiment 3 — Sparsity and Dimension
AT(m) = log computational time of an algorithm at In this experiment, we investigate the combined effect of
- P10 computational time of LP an ’ sparsity and dimension on the performance of the proposed

(6)  algorithm. ExamininggNR patternsf Fig. 5 provides a good
insight. In these plots, the horizontal and vertical axes repre-
With this definition, the complexity of LP would be zero sent, respectivelyn (a measure of problem dimension) and
at all dimensions. We will fix the mixture-to-source ratio at z; (a measure of sparsity). The valuesankerage SNR per
0.6, i.e. n=0.6m. The number of sourcesnj will then be  sourceare mapped to shades of gray. In other words, each
taken as a measure of the problem dimension. tile represents the average SNR obtained at a specific dimen-
The figure clearly shows that the complexity of the pro-sion and a sparsity level. A lighter color represent a higher
posed algorithm withp = 1, is about an order of magni- SNR. White areas of each image then correspond to situa-
tude less than that of LP. The relative complexity even detions where the algorithm performs the best.
creases as the dimension is increaskds then highly de- In all the plots, regions of high SNR tend to concentrate
sirable to use the algorithm with 1 instead of LP, when- more across the left edge of the image which corresponds to
ever the performances are comparable. This is the case fdrigh levels of sparsity. This is what to be expected. Note,
low-dimensional or highly sparse problemBor other val- however, that the general behavior of LP is different from
ues ofp, although the complexity of the algorithm may be that of the proposed algorithm. For a fixed level of sparsity,



0.05 0.1 0.15 02 008 0.1 015 02 005 0.1 0.15 02 0.05 [l

Figure 5: Average SNR patterns for Experiment 3 — The horizontal and vertical axes are respex(tivelgumber of sources)
andm, (a measure of sparsity). SNR (in dB) is mapped to shades of gray. The mixture-to-source ratio isKeptdl.6.
From left to right : the proposed algorithm with=1, p=2, p=3, and LP.

performance of LP gets better as the dimension is increasegkstion is the use of EM algorithm to implement the MAP
(i.e. high SNR regions tend to be around the upper left cornezstimator of sources under a Gaussian mixture prior. The
of the image). In fact, as mentioned in the introduction, it ha€s-step would then lead to a quadratic cost function similar
been shown that if sparsity is high enough, LP will eventuto what presented here, but with weights determined by the
ally find the exact solution (almost surely).The performanceposterior distribution of the hidden variables obtained at the
of the proposed algorithm is, however, maximized around @revious iteration. Another approach is to somehow detect
specific dimension, for a fixed sparsity level. This is in accorwhich sources are active and use the information to construct
dance with the heuristics provided in the previous experimerthe appropriate weight matrix. This will eliminate the search
which suggests that the quantity r, is what determines the in W,-domain. An estimation of the number of active sources
performance. Note, in particular, that if constant-SNR curvesvould also be helpful in deciding a proper value for the
where to be plotted, they would be similar to constants{;)  parameter. Recent results on estimation, detection, and clas-

curves. sification based on mixture models may be of use here.
In general, high-SNR regions of the algorithm are around
the lower-left corner of the image for lower valuespénd REFERENCES
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