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ABSTRACT

Graph signal processing (GSP) have found many applications
in different domains. The underlying graph may not be avail-
able in all applications, and it should be learned from the data.
There exist complicated data, where the graph changes over
time. Hence, it is necessary to estimate the dynamic graph.
In this paper, a new dynamic graph learning algorithm, called
dynamic K-graphs, is proposed. This algorithm is capable
of both estimating the time-varying graph and clustering the
temporal graph signals. Numerical experiments demonstrate
the high performance of this algorithm compared with other
algorithms.

Index Terms— Dynamic K-graphs, dynamic graph
learning, graph Laplacian matrix, temporal graph signal clus-
tering, dynamic programming

1. INTRODUCTION

Developments in the field of data science enables us to ana-
lyze complicated data with irregular structures. Graphs are
one of the ubiquitous tools to model the relationship between
the elements of complex signals, and the need for representing
and inferring the data can be answered by the emerging field
of graph signal processing (GSP) [1,2]. This new approach
has found various applications in different domains such as
sensor and brain networks [3,4]. In many of these applica-
tions, applying the GSP-based techniques is only possible
when the underlying graph for the dataset is well-defined.
However, it is obvious that the graph structure may not be
available in all applications, and it should be computed from
the data. Thus, many graph learning algorithms have recently
been proposed to identify the topology of the underlying
graph in a dataset [5-7].

Probabilistic models can be used to learn a graph from the
dataset, and Gaussian Markov random field (GMRF) is one of
these models that represents the graph with precision matrix.
Then, the precision matrix can be estimated by the methods
like graphical LASSO [8]. However, the resulted graph may
not be easily interpretable due to the negative weights [5]. So
to prevent this problem, [9] restricts the precision matrix to

have a graph Laplacian shape. In [10], a stochastic model is
introduced that assumes the graph signals are smooth over a
graph, and a maximum a posteriori estimator used to obtain
the graph. Similar to [10], smoothness of the signals over the
graph is utilized in [11], but cases with different regulariza-
tion terms for the Laplacian matrix are also studied, and com-
putationally efficient algorithms are proposed in each case.
Authors in [12], based on diffusion process model, character-
ize the set of admissible diffusion matrices and select a graph
topology with desirable properties from this set.

In addition to single graph learning, there are other meth-
ods that consider learning multiple latent graphs from more
complicated data or finding a time-varying graph from the
temporal graph signals. In [13] based on the concept of Gaus-
sian mixture model (GMM), an algorithm called graph Lapla-
cian mixture model (GLMM) is proposed. This work assumes
the dataset consists of smooth graph signals over different
graphs, and tries to estimate the Laplacian matrices of the
graphs. K-graphs [14] is also another multiple graph learn-
ing algorithm inspired by K-means. Unlike GLMM and K-
graphs, which suppose the graph signals are independent in
different time stamps, there are other dynamic graph learn-
ing algorithms that consider the time dependency of signals.
In [15], a dynamic graphical LASSO algorithm is introduced,
and a precision matrix for each time stamp is computed. The
time-varying version of graph learning algorithm [11] is pro-
posed in [16]. In [17], another graphical LASSO based algo-
rithm, called TICC, is proposed that partitions the whole time
span into multiple segments, and assigns for each segment a
constant precision matrix. This algorithm can also be used for
multivariate time series clustering.

In this paper, we propose a dynamic graph learning algo-
rithm, called dynamic K-graphs, where unlike [15] and [16],
the underlying graph only should be chosen from a fixed num-
ber of different graphs. Similar to TICC [17], it can extract
the change points and the time intervals. Then in each time
interval, it finds a constant structure for the signals of that in-
terval. Moreover, dynamic K-graphs is also able to cluster
temporal graph signals. However, since our method works
with Laplacian matrices, it can offer more interpretable graph



structures, and as will be seen in simulations, our algorithm
has higher clustering accuracy compared with TICC.

2. GSP BACKGROUND

In this section, we introduce some necessary preliminaries of
GSP that are used in this paper. A weighted and undirected
graph G can be represented by a triple (V, £, A) where V is a
finite set of IV nodes (or vertices), £ € V x V is a set of edges,
and A € RV*¥ is the symmetric weighted adjacency matrix
with zero values for its diagonal entries. The (4, j)-th entry of
the matrix A is denoted by A[i, j], and the value of Ali, j]
(similarly A[j,4]) is the edge weight between the nodes i
and j. The weighted degree matrix D is a diagonal matrix
containing the degree of each node: D[i,i] = E;V:1 Ali, g,
1 =1,..., N. Then, the graph Laplacian matrix is defined as
L = D — A, and the valid set of graph Laplacian matrices
becomes

L={LecRV*N.
L=L"L[i,j]<0(Vi#j),L-1=0}, (1)

where 0 and 1 are all-zero and all-one vectors, respectively,
and ()7 denotes matrix transposition.

A graph signal is a vector x, whose i-th entry x[i] assigns
a real value to the node i of the graph G. To measure the
smoothness of a graph signal x over a graph, we utilize the
following popular graph Laplacian quadratic form [1]

x"Lx =) Ali, j](x[i] - x[4])?, @)

2%
where a small value of x” Lx indicates that signal x has small
variations across the strongly connected nodes. Moreover,
since the edge weights A[i, j] are non-negative, the equality
in (2) yields the Laplacian matrix to be positive semi-definite.

One of the important concepts for undirected graphs
is graph Fourier transform (GFT) obtained by eigende-
composition of graph Laplacian L = VAVT [1], where
V is an orthonormal matrix containing the eigenvectors
V = [v1,...,Vvn], and A is a diagonal matrix with non-
negative eigenvalues, Ai,..., Ay, on its diagonal entries.
These eigenvectors and eigenvalues are used as the basis and
the corresponding frequencies, respectively. The GFT of sig-
nal x is defined as x = VTx, and the inverse GFT becomes
x = VX.

To filter a graph signal x, similar to the procedure in
the classical digital signal processing, we can take GFT,
% = VTx, modify the GFT coefficient, y = g(X), and per-
form inverse GFT, y = Vy. For lowpass filtering, one
common choice is y = A~Y2% [10], where A=/2 =
diag(h(\1), ..., h(Ax)) with h(X) = A~Y/2 for A # 0,
and h(A) = 0 for A = 0. Then, the overall filtering is
equivalent to multiplying the input signal x by the matrix
L71/2 A VA_1/2VT.

3. DYNAMIC K-GRAPHS ALGORITHM

Let the multivariate time series X = [x1, X2, ..., X7] consist
of T temporal graph signals x; € RV, ¢ =1,...,T, and the
whole time span {t}t 1 is divided into g + 1 different time
intervals 7; = {t} L ,i=1,...,q+1, where {tgc)}gzl
is the set of ¢ change points, téc) =0, and tfﬁgl =T. The sig-
nals in each time interval {x; }+c7; comes from only one undi-
rected graph, but between the two consecutive time segments,
the topology of the underlying graph may change. More-
over, we assume that the dynamic graph at each time stamp
is chosen from one of the graphs Gy, Gs, ..., Gk . Therefore
in each of the intervals 77,..., 7441, the underlying graph
must be one of the K different undirected graphs G4, ..., Gk,
which are not known at first. Hence, our goal in dynamic
graph learning is to jointly estimate the time intervals 7;’s (or
equivalently, the set of change points {t( )} —1) and the set
of graphs {Gy, }X_,. In addition, we want to find that the sig-
nals in each interval correspond to which of the graphs. The
graph Gy, is represented by its Laplacian matrix Ly, and the
criterion that a graph signal x comes from the graph Gy, is the
smoothness of that signal over the graph using the Laplacian
quadratic form in (2).

To address the above problem, we propose a dynamic
graph learning algorithm, called dynamic K -graphs, which
is the modification of the K -graphs algorithm [14] in such a
way that the temporal dependency of the neighboring graph
signals also to be incorporated into the algorithm. The dy-
namic K -graph algorithm can be described as the following
minimization problem

min. Z Z XTLk:X+Zf L;) +

{Lk}k U k=1XEX)
{nt}t 1

T
azl(nt #ni-1), (3
t=2

s.t. Lyel, (1<k<K),
nte{lv"'vK}a (1§t§T)v
Xk:{xt:te{lv"'7T}7nt:k}7 (1SkSK)7

where the set £ is the set of valid graph Laplacian defined
in (1) and 1(n; # n;—1) is an indicator function that equals
to 0 if n; = n;—; and 1 otherwise. The graph signals that
come from the graphs Gi,...,Gk are collected in clusters
Xy, ..., Xk, respectively, and each cluster X} consists of
graph signals in one or more time intervals 71, ..., Tg41.
For the graph signal x;, the variable n; determines the clus-
ters 1,..., K, to which the signal belongs to. The first two
terms of the objective function (3) is the same as in K-
graphs algorithm [14] where xTLyx is for measuring the
smoothness of x on Ly, and f(Lyg), as described in [11],
contains the regularization terms to eliminate the trivial so-
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Fig. 1. Dynamic programming for finding the minimum cost
path for the optimization problem in (5).

lution of all-zero matrices for L;’s and also to control the
sparsity of the off-diagonal elements of Lj’s. The last term
042?:2 1(ny # ng_1) is similar to the “temporal consis-
tency” term used in TICC algorithm [17] and encourages
adjacent graph signals to be generated from the same graph.
It imposes a cost of « for each change point and results in
creation of larger and more integrated time segments. In
practice, this parameter can be chosen by cross-validation,
or in the case of existing prior knowledge about the size of
the time segments or the temporal dependency of the graph
signals, the proper value of « can be selected accordingly.

In dynamic K-graphs, we adopt an alternating minimiza-
tion for {L;}& | and {n;}{_, to solve the problem of (3).
For the initialization of the algorithm, each graph signal is
randomly and independently assigned to one of K clusters,
X1, .. Xk

In the first step of the algorithm, fixing n;’s in (3) yields
the following optimization problem for Ly

L; = argmin Z xTLx + f(L), )
Lel [ X
where many single graph learning algorithms [5, 11] can be
expressed as the form of (4). Therefore, L;,’s can be updated
by a single graph learning from the graph signals in A’.
In the second step of the algorithm, the Laplacian matrices
Ly s are fixed and the graph signals are assigned to one of K
graphs Gy, ..., Gk, that is, we intend to solve the following
minimization problem for {n;}~ ;

K T
min. Z Z XTka—l—aZ]l(nt #ni_1), 5)
t=2

123 F - XEX,
s.it. npe{l,...,K}, (1<t<T),
Xe={x¢:te{l,....,T}, ne =k},
Similar to the TICC algorithm [17], we can solve (5) through
a dynamic programming method as shown in Fig. 1. Equiv-

alently, it is the same as finding the minimum cost path in
Viterbi algorithm [18]. At time ¢, the cost of choosing ny = k

(1<k<K).

is xtTkat and the transition cost for changing n; is also
a. The path with minimum cost is the answer for the op-
timization problem (5). The dynamic programming is able
to find the optimal solution in O(KT) operations [17], and
the size of the graph, i.e., N, is only involved in the cal-
culation of x} Lyx;. The set of change points is equal to
{t:te{l,...,T — 1}, # nyy1}, and the time intervals
can be calculated by the change points. As in other cluster-
ing methods like K -means, to escape from local minima, it is
better to run the algorithm with different initialization points.

The single graph learning and dynamic programming
steps are alternately performed until the algorithm converges.
Since both of these steps do not increase the objective func-
tion of (3), after each assignment of 71" graph signals to K
clusters, the objective function decreases or does not change.
Moreover, the total number of assignments is finite and equals
KT Therefore, the algorithm converges in a finite number of
iterations. The convergence occurs when the two consecutive
assignments of graph signals are identical.

4. SIMULATION RESULTS

In this section, the performance of dynamic K -graphs is nu-
merically compared with four other algorithms: TICC [17],
K-graphs [14], GLMM [13], and dynamic K -means (a K-
means like algorithm that considers the temporal dependency
in the same way of the proposed method in Section 3). We use
the gsp_sensor command from GSPBOX toolbox [19] to
create K different random graphs, G1, ..., Gx. To generate a
synthetic graph signal x from a graph G, a white noise w ~
N(0,1) is lowpass filtered by L;l/Z, ie, sg = L;l/Qw.
Then, the filtered signal sg is corrupted by a white Gaussian
noise n ~ A(0,021) independent of w, i.e., x = sg + n,
where Lg is the Laplacian matrix of graph G, I denotes the
identity matrix, and J?L is the variance of the additive noise.

In the following experiments, the time series X consists
of T' = 1000 temporal graph signals x; € R3?, ¢t =1,...,T.
The number of change points, ¢, is randomly selected from
the integer set {K + 1,...,3K} to include signals from all
the K graphs. The ¢ unique change points t(lc), tgc), e ,t,(f)
are also randomly chosen from the integer set {1,...,7 —1}.
Thus, there would be ¢+ 1 time intervals with random length,
where the signals in each interval come from one graph, and
the graphs are periodically assigned to each of the time inter-
vals, i.e., G1,Go, ...,0K,G1, G2, and so on. For a given sig-
nal to noise ratio (SNR) in dB, the variance of additive noise
o2 is chosen such that we have SNR = 10log;(&s, /02),
where &, is the empirical mean of graph signals, i.e., &, =
Yt Isg®l3 /(NT).

For single graph learning in (4), similar to K-graphs
and GLMM methods, we utilize the graph learning algo-
rithm proposed in [11]. The implementation of the algo-
rithm is done in GSPBOX toolbox [19] with the command
gsp-learn_graph_log.degrees. Then, the resulting
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Fig. 2. Comparing clustering accuracy of dynamic K -graphs,
TICC, GLMM, and dynamic K-means for a) different num-
ber of clusters (KX) and b) for different values of SNR, with
N =30and T = 1000.

Laplacian matrices Ly s are normalized by dividing to their
traces to eliminate the dependency of x; Lyx; on the scale of
the Laplacian matrix L. The cost parameter in the proposed
algorithm is set to = 2. In TICC, parameters of A = 0.11,
B = 50, and w = 1 are chosen in order to maximize the
performance of the algorithm.

For initializing the algorithms, K-graphs has the same
initialization as dynamic K-graphs described in Section 3,
GLMM starts with K random Laplacian matrices, TICC per-
forms GMM-based clustering for the graph signals in the be-
ginning, and k—means++ [20] is used for initialization of dy-
namic K-means. All the algorithms are run with 30 different
random starting points in each realization. Among 30 runs,
the final output is the one that minimizes the objective func-
tion Sp_, > e, X Lyx for K-graphs and GLMM, the ob-
jective function of (5) for dynamic K-graphs, and the over-
all objective function of [17, Eq. (1)] for TICC. For dynamic
K-means, we use the objective function of (5) with the first
term replaced by Zszl D owex, X — ck||§, where c¢j’s are
the cluster centers. Each point in the figures is the average of
100 independent realizations.

In Fig. 2, the clustering accuracy of temporal graph sig-
nals is evaluated for dynamic K -graphs algorithm with differ-
ent number of clusters and different values of SNR. To find
the optimal mapping of the calculated cluster labels to the
true cluster labels, we use the Hungarian method proposed
in [21], and the clustering accuracy is the ratio of the num-
ber of matched labels to the total number of graph signals.
It can be seen from Fig. 2a that the accuracy of dynamic K-
graphs is close to 1, and TICC has lower accuracy. The higher
performance of dynamic K-graphs can be explained by the
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Fig. 3. Comparing graph learning performance for dynamic
K-graphs, K-graphs, and GLMM for a) different number of
clusters (K') and b) for different values of SNR, with N = 30
and 7" = 1000.

better graph representation of Laplacian matrices compared
with precision matrices used in TICC algorithm. However,
dynamic K -graphs and TICC both have higher clustering ac-
curacy than K -graphs and GLMM, since the latter algorithms
do not consider time dependency of graph signals. The worst
performance belongs to dynamic K -means due to its inability
to model the structure of graph signals. Figure 2b shows the
clustering accuracy for different SNRs.

In the second experiment, the graph learning capability
of dynamic K-graphs is compared with two other algorithms
that provide Laplacian matrices, i.e., K-graphs and GLMM.
Our performance criterion is SNRy, defined in [14, Eq. (11)],
which measures the similarity between the estimated Lapla-

cian matrices and the true ones. Moreover, we compute

(oracle),

SNRpy, for oracle matrices L, s which are learned from

the truly clustered graph signals, i.e., Xk(tme)’s. Calculating

SNRy, with L,(Corade)’s provides a good upper bound for the
performance of our proposed algorithm.

Figure 3 demonstrates SNRy, for dynamic K-graphs,
K-graphs, and GLMM along with the one obtained using
L,(corade)’s. We can see that for different number of clusters
(Fig. 3a) and different values of SNR (Fig. 3b), dynamic
K-graphs closely follows the ideal case (obtained from the

matrices L"),
5. CONCLUSION

In this paper, we proposed a dynamic graph learning algo-
rithm, called dynamic K-graphs. In this algorithm, the Lapla-
cian matrix of the underlying graph does not take arbitrary
values at each time stamps, instead it divides the time into



different segments, and assigns one of the K graphs to each
segment. This property of the algorithm enables to cluster the
temporal graph signals. Numerical simulations show that dy-
namic K-graphs has a high clustering accuracy and achieves
a good performance in graph learning.
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