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Problem Set #4- Due 9/22/10

I. Consider the same environment as Huggett (1993, JEDC) except assume that there are
enforceable insurance markets regarding the idiosyncratic shocks to earnings and that there
are no initial asset holdings. Solve for a competitive equilibrium. What are prices? What is
the allocation? (Hint: think about the planner’s problem and then decentralize).

I1. Now compute Huggett (1993, JEDC) with incomplete markets. The following takes
you through the steps of solving a simple general equilibrium model that generates an
endogenous steady state wealth distribution. The basic algorithm is to: 1) taking a price of
discount bonds ¢ € [0, 1] as given, solve the agent’s dynamic programming problem for her
decision rule @’ = go(a, s; q) where a € A are asset holdings, s € S C R, is exogenous
earnings, and 6 is a parameter vector; 2) given the decision rule and stochastic process for
earnings, solve for the invariant wealth distribution 1*(A, S; q); 3) given p*, check whether
the asset market clears at g (i.e.fAS go(a, s;q)p*(da,ds; q) = 0). If itis, we are done. If
not (i.e. it is not within an acceptable tolerance), then bisect [0, 1] in the direction that clears
the market (e.g. if fA,s a'u*(da, ds; q) > 0, then choose a new price g = g + [1 — ¢] /2 and
go to step 1.

1. Let the parameter vector 6§ = (3, «a, S,II, A) be given by the discount factor
B = .9932, the coefficient of relative risk aversion o = 1.5, the set of possible
earnings S = {e,u} where e = 1 and u = 0.5 are interpreted as earnings when
employed (normalized) and unemployed respectively, the markov process for earnings
II(s" = e|ls =€) = 0.97 and TI(s’ = u|s = u) = 0.5 (calibrated using duration of
unemployment data of 2 quarters and an average unemployment rate of 6%)*, and the space
of asset holdings be given by the compact set A = [—2, 5]. Define the operator 7" on the
space of bounded functions on A x S (bounded by virtue of the fact that A x .S is compact)
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where
[(a,e;9) ={(c,a’) e Ry x A:c+qd < s+a}.
Starting with a guess for v(a, s; q), call it v°, use the operator T to define mappings
T™ where T'? = Tv0 T?00 = T(TvY), just iterations on the value function until
sup, | L= | < ¢ for all s for arbitrarily small <. The fact that the operator 7' can
be shown to be a contraction mapping assures you that you’ll eventually arrive near the
unique fixed point on the computer (if not, you’ve got a computational mistake). One way to
think about doing this is to make a grid on A of N points (call it A). Let vy be something

simple like a constant function or even a the zero vector and forma 2 x N x N dimensional

1 For the duration number D and replacement rate b, see

http://www.oecd.org/dataoecd/28/9/36965805. pdf#search=%22net%20replacement%20rates%20and%20unemployment
%?20insurance%20benefit%20duration%20in%2026%200ecd%20countries%202004%22



array in which the decision rule will live. Then for each e in the first dimension of the array
and each a in the second dimension, evaluate all possible a’ in the third dimension via
u(s+a—qa') + B, gI(s'|s)v(a’, s"; q).Since there are a finite number of evaluations,
a maximum will exist and its index in the third dimension, call it .(a, s), gives the mapping
Jq A x S — A. An even quicker way is to make use of the fact that if v is concave,
then since u(e + a — qa’) is decreasing at a faster rate than 33, . s II(s'|s)v(a’, s"; ) is
increasing as we raise o/, it is likely that there is an interior maximum so you can simply
evaluate whether the next point in the grid in the third dimension yields a higher value than
the current one; if it is lower, then stop.

2. Given the decision rule g, from step 1, define the operator 7 on the space of

probability measures A(A x S) by
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where X (,— (a,5)} 1S @ function that indicates (a, s) combinations which map to a given o’

and Ag x Sy C A x S. Starting with a guess for u(a, s; q), call it u° (a good one might
be yf ; = =TI where ¢ = —2 and @ = 30) use the operator 7 to define mappings
T*" where T* 0 = T*u°, T*2 10 = T*(T*u°), just iterations on the wealth distribution

until sup, | Z—4e=—T""1* | < & for all s for arbitrarily small <. The fact that the transition
funct_ion Q((a, s_),_ﬁo X S0) _:_Zgaf,s/)eﬁqxso X{a’:gq(a,s)}n(sl-|s) can be sho_wn to sa.ti_sfy
certain monotonicity and “mixing” properties (namely that there is always a strictly positive
probability of going downtimes when at the upper bound and uptimes when at the lower
bound) assures you that you’ll eventually arrive near the unique fixed point yz; = 7 on
the computer. With a discrete state space represented by the 2 x N dimensional arrray,
the process of distributing weight on points (a, s) [which are just indices (¢, 7)] to points
(a’, s") [which are just indices (¢(¢,7), 7/)] is just a series of do loops on i, 7, and j' yielding
w(e(i,g),3") = 74,7 )i, 5) + 1 (e(i,5),5") where 1/ and p are N x 2 arrays and 7 is
the 2 x 2 transition matrix. On my website is a program to help implement the T operator
called Qsample.m.

3. Embed the functions associated with steps 1 and 2 into a program to calculate excess
demand or supply of assets and revise ¢’ if necessary.

4. After finding fixed points of the 7" and T operators, answer the following questions:

a. Plot the policy function g(a, s) over a for each s to verify that there exist a where
g(a, s) < a as in Figure 1 of Huggett. (Recall this condition establishes an upper bound on
the set A necessary to obtain an invariant distribution).

b. What is the equilibrium bond price? Plot a Lorenz curve.What is the gini index for
your economy? Compare them to the data.

I11. To assess the question about the welfare gains associated with moving from
incomplete to complete markets, compute consumption equivalents using the following
formulas. In particular, you are to answer the following specific question: what fraction of
consumption would a person in a steady state of the incomplete markets environment be
willing to pay (if positive) or have to be paid (if negative) in all future periods to achieve the
allocation of the complete markets environment?



For each (a, s) we compute A(a, s) such that
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where v(a, s) is the value function from the incomplete markets economy. Then the
economywide welfare gain is given by

Z Aa, s)p(a, s).
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or
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