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Abstract

In a virtual memory system using demand pagingptge fault rate of a process varies with the
number of memory frames allocated to the proces®nMn increase in the number of frames
allocated leads to an increase in the number & feglts, Belady's anomaly is said to occur. In
this study we used computer simulation to exanine ¢onditions that affect the incidence of
Belady's anomaly: (1) page replacement algorithiif@F/s. Random Page), (2) process size, (3)
reference string length, and (4) memory framesaithed to the process.

We found that over a wide range of process sizdgeference string lengths, Belady's anomaly
occurred for up to 58.6% of the (random) referesttiags under FIFO, and up to 100% of the
reference strings for Random Page. Under conditidrere anomalies occur most often, the av-
erage frame allocation level was around 75% optioeess size for FIFO, but just over 50% of
the process size for Random Page. Throughout tig, 8elady's anomaly occurred so fre-
guently that it no longer seems anomalous. Thespgecially true for the Random Page algorithm.

Keywords: virtual memory, demand paging, Belady's anomalgepfault, reference string, FIFO,
Random Page.

Introduction

Most Computer Science textbooks introduce condbptsare not fully explained or understood.
Operating System textbooks often give a brief examipa phenomenon call@klady's anom-
aly and mention situations where Belady's anomaly doesccur. Rarely do they discuss condi-
tions where anomalies are likely to occur or erplaly they occur.

Belady's anomaly arises in some algorithms thalempntvirtual memory Virtual memory is a
service provided by an operating system that allpsegrams larger than physical memory to
execute. In a virtual memory system,
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The page fault rate of a process varies with timebewm of memory frames allocated to the proc-
ess. Having more available memory usually leadevier page faults. However, when an in-
crease in the number of frames allocated leads tacaease in the number of page faults, Be-
lady's anomaly is said to occur (Belady, 1966; 8glflelson, & Shedler, 1969). It is known that
the occurrence rate for Belady's anomaly dependsh@h page replacement algorithm is im-
plemented. Examples of Belady's anomaly for theORpage replacement algorithm are pre-
sented many Operating Systems textbooks (Deiteh&ff@es, 2004; Dhamdhere, 2008;
Schlesinger & Garrido, 2007; Siberschatz, GakirGagne, 2004; Stuart, 2008). On the other
hand, Belady's anomaly cannot occur when the pagaaement algorithm is a stack algorithm
(Mattson, Gecsei, Slutz, & Traiger, 1970).

The use of the wordnomalysuggests that a phenomenon is "unusual’ or "uésgdéMerriam-
Webster, 2009). In this study, we demonstrate Bledeidy's anomaly occurs frequently under
various system conditions. Future research willaxpvhy the phenomenon occurs so often. Our
research is not intended to change how virtual mgieamplemented in current operating sys-
tems. Instead, the main goal is to improve our tstdeding of how demand-paging and Belady's
anomaly behave. This research provides an addigal&ational benefit in the form of interesting
programming projects for Operating Systems coulse€omputer Science, a substantial part of
learning occurs during the process of designingingrand testing software (Knuth, 2008;
McMaster, Anderson, & Rague 2007).

Methodology

This research study used computer simulation tonéeaconditions that affect how often Be-
lady's anomaly will occur. We focused on four opiagasystem conditions that affect the inci-
dence of Belady's anomaly:

1. Page replacement algorithm.
2. Process size in pages.
3. Reference string length.
4. Number of memory frames allocated to the pracess
The primary objective of the study was to providswaers to the following questions:

1. How does thérequencyof Belady's anomaly depend on the process sizéhene:fer-
ence string length?

2. How many memorframesare typically allocated when an anomaly occurs?

Each of these questions was examined for bothlff#® Bnd Random Page replacement algo-
rithms.

The computer simulations were performed using grpra written specifically for this research
study. In the simulation runs, the process sizgedrirom 20 to 100 pages in increments of 20.
The length of the reference string varied from@®%2800 page references, with each value being
twice the preceding value. Two page replacementitdgs were examined, FIFO and Random
Page—algorithms where Belady's anomaly is knowattaur.

In each simulation run, one page replacement Higarone process size, and one reference string
length were selected. Then 1000 random referemogsstvere generated using a uniform ran-
dom number generator. For each reference striagyumber of page faults was computed for
each memory allocation from 1 frame up to the psecsze.
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For each algorithm and memory frame level, framesawpre-filed" before any reference string
page faults were counted. Specifically, K memoayfes were filed with page numbers K (first
out) through 1 (last in). Similarly, K+1 frames \eefilled with page numbers K+1 (first out)

through 1 (last in). These initial allocations redithat the pages in K frames were a subset of the
pages in K+1 frames, and that the pages were isdhe order in the two queues (with page 1
being the most recent arrival). This initial "pi-fethod was necessary for FIFO comparisons
(although irrelevant for Random Page).

Frequency of Belady's Anomaly

For theFIFO page replacement algorithm, the occurrence raBelafdy's anomaly over the de-
sign region of process sizes and reference samgihs is summarized in Table 1. The body of
the table gives the number of reference stringsdoll000 randomly generated strings) that ex-
hibited Belady's anomaly. Here, a reference swiag considered to lnomalousf the page
fault count increased (@ mp at least once as the number of allocated franmeased.

Table 1: Anomalous Reference Strings — FIFO
Number of reference strings exhibiting Belady'sraaly.

Reference String Length
Proces
S 25| 50 | 100 200 | 400 | 800 | 1600 | 3200 | 6400 [ 12800
Size
20 0|14 53 58 16 3 0 0 0 0
40 0| 8 49 155 | 188 | 136 30 2 1 0
60 0| 3| 23 140 | 281 | 339 | 210 58 6 0
80 0 0 16 107 | 326 | 467 447 208 49 0
100 0 0 2 76 | 301 | 502 586 450 149 23

The number of anomalous strings over the desigorréggTable 1 ranges from O to 586 (58.6%).
The maximum anomalous string count of 586 is fpracess size of 100 and a reference string
length of 1600. Belady's anomaly may be countestive, but under these conditions it is not rare
or unusual.

Most of the cases having 0 anomalies are wherefiegance string length is very short or very
long. In these FIFO simulations, Belady's anomatysdnot occur when the reference string is
short because of the way memory frames are pee-bkefore the reference string is applied. As
long as the page numbers for K frames are a sob#let page numbers for K+1 frames, any
page fault for K+1 frames is also a page fauliddrames. Incoming page numbers from the
reference string must "flush out" some initial meynmages unevenly (e.g. from K+1 frames but
not from K frames) before any pages in the K fracms differ from the pages in K+1 frames.

Individual page faults are less likely for K+1 megnérames than for K frames. Thus, long (ran-
dom) reference strings decrease the chance thedgedg page fault counts wil exhibit Belady's
anomaly. This is an instance of a Central Limit drieen effect (Feller, 1968).

Reading Table 1 vertically, as the process sizerbes larger, the maximum number of anoma-
lous strings increases (often at different refeeesicing lengths). One reason for the increase in
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maximum anomalous string counts is that largergsecizes have more pairs (K vs. K+1) of
memory frames where bumps can appear.

However, for a fixed reference string length, asphocess size grows larger, the anomalous
string counts eventually decrease. Table 1 showsl¢itrease only for reference string lengths
below 800, since process sizes above 100 areatadéd in the table. Additional reasons for the
increase and decrease in anomalous string freqeeace less obvious and wil be explained in a
later paper.

In his original paper, Belady (1969) speculatedni8 random selection superimposed on FIFO
might avoid the anomaly.” Table 2 presents the murobreference strings (out of 1000) that ex-
hibited Belady's anomaly when tRandom Pagealgorithm was used. The design region of
process size and reference string lengths is time & in Table 1. Again, a reference string is
counted as anomalous if it exhibits at least omapbu

Table 2: Anomalous Reference Strings — Random Page
Number of reference strings exhibiting Belady'sraaly.

Reference String Length

Proces

S 25 50 100 200 400 800 | 1600 | 3200 [ 6400 | 12800
Size

20 995 984 917 684 292 45 2 0 0 0

40 1000 | 1000 | 1000 1000 998 945 553 99 2 0

60 1000 | 1000 | 1000 | 1000 ( 1000 | 1000 996 795 248 11

80 1000 | 1000 [ 1000 [ 1000 | 1000 | 1000 | 1000 [ 997 841 213

100 1000 | 1000 [ 1000 [ 1000 | 1000 | 1000 | 1000 | 1000 996 713

The number of anomalous strings in Table 2 rangas 0 to 1000 (100%). The maximum
anomalous string count of 1000 appears in 25 obtheells, but never for a process size of 20.
The only O's in Table 2 occur when the processisigenall and the reference string is long.

For each process size in Table 2, as the refergniog length increases, the anomalous string
count starts near 1000 and gradually decreasewitA$I1FO, this is due to a Central Limit ef-
fect, which suggests that the number of anomalvings will approach 0 regardless of the proc-
ess size. The high number of anomalous stringeefatively short reference strings demonstrates
that the Random Page algorithm takes fewer pageeedes to "flush out" the initial "pre-filed"
memory frames. Even so, if the reference strirgpa@t enough (near 1), the anomalous string
count approaches 0 (not shown in the table).

Viewing Table 2 vertically for fixed reference sgilengths, as the process size grows larger, the
anomalous string counts always increase. Thesd<sofian reach the maximum value of 1000
within the design region. Overall, it is appardatithe use of the Random Page replacement al-
gorithm leads to a dramatic increase in the nurobegference strings exhibiting Belady's anom-
aly. Belady's anomaly occurs so often that it issual not to observe fit.

Multiple Bumps per Reference String

Because the number of anomalous strings was sddnigie Random Page algorithm, we de-
cided to count the total number of page fault buggrserated by the 1000 reference strings. Us-
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ing this approach, when an anomaly bump appears than once for a reference string (at dif-
ferent frame allocation levels), each bump is metlin the total. Table 3 summarizes the number
of anomaly bumps for the FIFO algorithm. The maxmump frequency for each process size
(row) is shown irbold.

Table 3: Total Anomaly Bumps — FIFO
Number of page fault bumps for 1000 referencegsrin
Some reference strings exhibit more than one bump.

Reference String Length

Proces
S 25| 50 | 100 200 | 400 | 800 | 1600 | 3200 | 6400 | 12800

Size
20 0] 14 57 60 16 3 0 0 0 0
40 0 8 49 166 | 207 | 144 31 2 1 0
60 0| 3| 23 147 | 334 | 399 | 233 59 6 0
80 0| 0| 16 112 | 374 | 585 [ 565 | 232 51 0
100 o O 2 80 | 357 | 693 | 869 | 533 | 161 23

The anomaly bump pattern in Table 3 is similatht @anomalous string pattern in Table 1, except
that some frequencies are higher (due to multipleds per string). Anomaly bumps under FIFO
appear as often as 869 times in 1000 referenegstiComparing Table 3 with Table 1, we see
that the 869 bumps occurred in 586 reference stfiay process size 100 and reference string
length 1600). The detailed FIFO simulation resiagtshese 1000 reference strings had multiple
bumps distributed as follows:

Bumps Strings Total

1 367 367
2 161 322
3 52 156
4 — 6 _24

586 869

For each process size in Table 3 (as in Tableslthereference string length grows longer, the
number of anomaly bumps increases from 0 to a mewinalue and then decreases back to 0.
Vertically, larger process sizes have bigger maxirbump counts, but for increasingly longer
reference strings. In this simulation, process 2zeeached a maximum bump count of 60 when
the reference string length was 200, whereas psagies 100 required 1600 page references to
obtain a maximum bump count of 869.

The pattern for anomaly bump data is easier t@lizguwhen presented graphically. Figure 1 dis-
plays the FIFO anomaly bump frequencies from Talas a line graph, where each of the five
ines represents a different process size. Thighgsammarizes the FIFO relationships between
process size, reference string length, and andooatyp counts.
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Figure 1: Total Anomaly Bumps — FIFO
Number of page fault bumps for 1000 referencegsrin
Some reference strings exhibit more than one bump.

Table 4 presents the anomaly bump counts for timeléta Page algorithm. The maximum bump
frequency for each process size is again showaolth The Random Page bump pattern in Table
4 is similar to the FIFO results in Table 3, excbpt Random Page bump counts are much larger,
and the maximum frequencies on each row occurhioner reference strings.

Table 4: Total Anomaly Bumps — Random Page
Number of page fault bumps for 1000 referencegsrin
Many reference strings exhibit multiple bumps.

Reference String Length

Proces
S 25 50 100 200 400 800 1600 3200 | 6400 [ 12800
Size

20 3236 2857 2016 1027 331 45 2 0 0 0
40 9184 9547 8707 7020 4856 2439 780 103 2 0
60 14770 | 16638 | 16391 14861 | 11809 8070 4268 1549 271 11
80 20054 | 23615 | 24400 22929 | 19965 | 15269 | 10213 5131 | 1660 242
100 24936 | 30351 | 32152 31229 | 28204 | 23427 | 17294 | 10416 | 4829 1226

In Table 4, anomaly bumps under the Random Pagethig occur as often as 32152 times in
1000 reference strings. Comparing Table 4 withd&blve see that in the case of 32152 bumps,
all 1000 reference strings had at least one bunape Metailed Random Page simulation results
determined that the number of bumps for these i&f@dence strings ranged from a low of 23 to
a high of 40, with an average of 32.2 bumps pearegfce string. When a phenomenon occurs this
often, can it be considered to be an anomaly?

For each process size in Table 4, as the refergnog grows longer, the number of anomaly
bumps increases to a maximum value and then dexse¢award O. Larger process sizes have
bigger maximum bump counts, but require fairly sheference strings. In this simulation, process
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size 20 had a maximum bump count of 3236 whendference string length was only 25,
whereas process size 100 reached a maximum bumpafd@P152 for a reference string length
of 100. This again demonstrates that the Randora BRlggrithm takes fewer page references
than FIFO to "flush out" the initial "pre-filed" emory frames.

Figure 2 displays the Random Page anomaly bumgséam Table 4 as a line graph. This
graph summarizes the Random Page relationshipebeatprocess size, reference string length,
and anomaly bump frequencies. Figure 2 suggestshiiaumber of anomaly bumps decreases
(toward 0) when the reference string is shorten & as well as for long reference strings.
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Figure 2: Total Anomaly Bumps — Random Page
Number of page fault bumps for 1000 referencegsrin
Some reference strings exhibit more than one bump.

Frame Allocation and Belady's Anomaly

The second question to be answered in this stuglyezos the number of memory frames allo-
cated when an anomaly bump occurs. The smallesbewaf frames that can be allocated is one.
The largest practical number of frames to allodathe process size, which allows the entire
process to be stored in memory.

In each simulation run, page fault counts for thire range of frame allocation levels were ob-
tained. For each anomaly bump, the number of frealtesated when the bump occurred was
recorded. The smallest frame allocation in whidduap can appear is 2, since the anomaly oc-
curs only if the current page fault count is higtiext the previous one.

Table 5 gives the average number of frames allddateall of the bumps listed in Table 3. These
results are for the FIFO page replacement algarifhiseparate average is shown for each proc-
ess size and reference string length. The "--" symbicates that no bumps occurred, so no av-
erage frame level was calculated. The highlightexdd) values in Table 5 are the average frame
allocations in each row where the maximum bumpueegies appear in Table 3. With FIFO page
replacement, the anomalies occur at larger avdragee allocation levels as the process size and
reference string length increase.
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Table 5: Average Frame Level — FIFO
Average number of memory frames allocated
when an anomaly bump occurs.

Reference String Length
Proces

S 25 50 | 100 [ 200 | 400 | 800 | 1600 | 3200 | 6400 | 12800
Size

20 -- 1116 131 | 151 | 16.1 | 16.7 -- - - -
40 --1159 ) 210 26.2 | 289 | 30.8| 318 | 34.0| 36.0 --
60 --116.0| 259 | 343 | 410 | 455 | 47.2| 487 | 49.2 --
80 -- -- 1327|412 | 518 578| 622 | 643 | 655 --
100 -- --|135.0| 46.7 | 60.2 | 69.4 | 76.7| 80.4 | 82.2 82.3

Table 6 gives the average number of frames allddateall of the bumps listed in Table 4. These
results are for the Random Page algorithm. Thdidiidad @old) values in Table 6 are the aver-
age frame allocations in each row at the point ehibe maximum bump frequencies occur in
Table 4.

Table 6: Average Frame Level — Random Page
Average number of memory frames allocated whemamaly bump occurs.

Reference String Length

Proces
s 25 50| 100 | 200 | 400 | 800 [ 1600 | 3200 | 6400 | 12800
Size

20 107 | 111 | 1123 | 115 11.7 | 124 | 125 - - -

40 200 | 20.7 [ 214 | 216 | 221 | 225 231 233 | 23.0 --

60 290 303|309 315|319 325| 332 342| 352 29.7

80 3741 393|405 | 414 | 422 | 427 | 432 443 | 45.0 44.7

100 46.2 | 488 | 503 | 51.2 | 519|525 | 535| 544 554 56.2

The Random Page pattern in Table 6 is similaredirO pattern in Table 5, in that the average
frame allocation level for anomalies is higherléoge process sizes and long reference strings.
We note again that, compared to FIFO, Random P aggmum bump points occur for smaller
frame levels and for shorter reference string lengt

The upper section of Table 7 summarizes the rafttips between process size, reference string
length, average 1st frame, and average frame & \wznditions where FIFO anomaly bumps are
most frequent. As the process sizes moves froro 20Q pages, the reference string length in-
creases from 200 to 1600, and the maximum numbeuraps grows from 60 to 869. In these
cases, the average number of frames allocated ekt is around 75% of the process size.
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Table 7: Anomaly Summary — FIFO and Random Page
Reference string length, maximum bumps, 1st frand,average frame, by process size

Process Ref Str Max Avg 1% | Average Frame/
Size Length Bumps Frame Frame Size (%)
FIFO

20 200 60 15.0 15.1 75.5%
40 400 207 28.7 28.9 72.3%
60 800 399 45.0 455 75.8%
80 800 585 56.7 57.8 72.3%
100 1600 869 74.5 76.7 76.7%
Random
20 25 3236 6.5 10.7 53.5%
40 50 9547 6.3 20.7 51.8%
60 50 16638 6.1 30.3 50.5%
80 100 24400 6.2 40.5 50.6%
100 100 32152 6.0 50.3 50.3%

In addition to the average frame level for all benthis table includes the average 1st bump
frame. Here we are concerned with the smallest aumbframes for which an anomaly bump
appears (especially for strings with muttiple bump®r FIFO, the average 1st bump frame is
slightly below the average frame level for all bsmngue primarily to the fact that few reference
strings have more than one bump.

The lower section of Table 7 describes the sanadioe$hips at conditions where Random Page
anomaly bumps are most frequent. For process Isg#geen 20 and 100 pages, the reference
string lengths of 25, 50, and 100 are much shénter for FIFO. On the other hand, the maximum
number of bumps is substantially larger, rangiognf8236 to 32152. In these cases, the average
number of frames allocated using Random Pagetisyas 50% of the process size.

An interesting pattern is manifest for averagebisnp frame in the Random Page section of Ta-
ble 7. The average 1st frame for anomaly bumps doeiscrease with process size, but instead
remains almost constant at about 6 frames. ThufHger process sizes, the average 1st bump
frame becomes more distant from the average frawes for all bumps. Under Random Page,
many reference strings have multiple bumps, so alydoumps occur across a wide range of
frame levels.

Figure 3 provides a visual summary of most of theadnh Table 7. This figure implies that the re-
lationships between process size and the averageeflevel variables are approximately linear,
but with different slopes. For FIFO, the slopeppraximately 0.75 for both the average frame
level for all bumps and the average 1st bump frdfoe Random Page, on the other hand, the
slope is about 0.50 for the average frame levedfdumps, whereas the slope is slightly negative
for the average 1st bump frame.
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Figure 3: Frames vs. Process Size — FIFO and Randoage
Relationship of 1st frame and average frame numibrprocess size
for reference string lengths having maximum anorbaiyp counts.

Summary and Conclusions

In this study we examined four conditions that efffdse occurrence of Belady's anomaly: (1)
page replacement algorithm (FIFO vs. Random P#®eprocess size, (3) reference string
length, and (4) memory frames allocated to the ggec Computer simulation was used to deter-
mine how often Belady's anomaly occurs and howati@maly depends on the above conditions.

We found that over the range of process sizes&fBdence string lengths examined, Belady's
anomaly occurred for up to 58.6% of the refererndegs under the FIFO algorithm, and up to
100% of the reference strings under the Random Rlggathm. The highest total number of
anomaly bumps per 1000 reference strings was 8@9f® and 32152 for Random Page.

At maximum anomaly bump conditions, the average angiiname allocation level was propor-
tional to the process size. For FIFO, the averammd allocation was around 75% of the process
size. For Random Page, the average frame allooatigrjust over 50% of the process size.

The overall results indicate that across a broageaf process sizes and reference string
lengths, Belady's anomaly occurred so frequendly itmo longer seems anomalous. This is espe-
cially true for the Random Page algorithm.

Future Research

The primary purpose of this study was to desdribe oftenBelady's anomaly occurs and at
what frame allocation levels, given design conaitifor process size, reference string length, and
page replacement algorithm. The previous sectibtissopaper provide very little explanation of
why the observed patterns occur. We did suggesteahge process sizes have more pairs (K vs.
K+1) of frames, that Central Limit Theorem effentay apply for longer reference strings, and
that pre-filed frames must be unevenly flusheshéw page references before anomalies can
appear.
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An analysis of why anomalies are more frequentferRandom Page algorithm and at specific
frame levels K vs. K+1 requires an appropriate mgmuodel. At any point in time, each of the
process pages wil be in precisely one of fouirdistocations:

1. Unshared pages in K frames.

2. Unshared pages in K+1 frames.

3. Shared pages in K frames and K+1 frames.
4. Not in memory.

In future research, we wil develop a probabiltgrhework for the above memory model. We
plan to extend our computer simulation to exantieeaverage number of shared and unshared
pages under the design conditions employed irsthdy. It is expected that the number of un-
shared pages in K frames will usually be larged(stmred pages smaller) for the Random Page
algorithm than for FIFO. If true, this would expldhe higher occurrence rate of Belady's anom-
aly for the Random Page algorithm.
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