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Abstract

Givena setof labeledpoints forming a valid maplabeling,
we are interestedin a fast update of the labelsif a point

shapedobject moves on an unkrown pathin the map. In

thispapertherearen labelsthatassumedo beaxis-parallel,
unit-lergth, and squareshaped gachattachedo one poirt

in themidde of oneof its edges.We assumehata moving

objectcanfreely move on the map and sendsnotificatiors

abou its new positions.An updatedabelingshoud include
all labelswith no overlaps,avoid the curren positionof the
moving point, anduselabelswith lengthcloseto unit-size
aspossible.The existing algorithm for this problemrunsin

O(nlgn) pereachpositionnotification We presehan al-

gorithm that needsa prepr@essingof O(n?) time, but can
updde the map, for ary new positionof the moving point,

in O(lgn + k), wherek < 2n is the minimum numker of

updde operdionsneeced.

1 Introduction

Automaed labelplacemenis animportantprodemin map
geneation,geogaphica informationsystemsandcomputer
graphcs. Thisproblam, in its simpleform, is to attachalabel
(regularly a text) to eachpoint, line, curve, or a region in
themap. Point-lakel placemenhhasreceved god attention.
In a valid labeling labelsshouldbe pairwisedisjoint, and
eachlabel shouldbe attachedo its featurepoirt [1]. There
aredifferentvariationsof point-labelingthatarediscussedh
[2,3,4,5,6].

In this pager, we areinterestedn a fastupdate of labels
in a pointdabelingmap. For simplicity, we assumehat our
mapis compasedof anumker of points(n) eachlabeledoy a
unit-lergthaxis-parallesquardabel. Thepoint of eachlabel
appeas in the middle of oneof its edges. Mapswith more
geneal labelingcanalsobeconsideedin ouralgorithm.

Thelabelingshouldbeupdaedwhenthe point-shapeab-
jectmoveson anunkrown pathin the map. We assumehat
the objectcanfreely move on the map,andwe areonly no-
tified whenits positionis charged(like amouwsemavements
onscreen).Thenew labelingshouldbevalidin awaythatall
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poirts preseve theirlabels but thelabelsmayhaveto flip or
resizeto avoid the currentpositionof the moving point. Be-
sides,ourgods is to have labelswith lengthsascloseto one
(unit length aspossible andto usethefewestnunberof la-
belflip operatims (accoding to the previous updatedmap).

Sinceeachpositionnotificationof the moving objed im-
plicitly meansthatthe objectis remaoved from its old posi-
tion, we canseeeachnotificationeventasfollows. First, the
objed is removedfrom its old positionandthelabelingis set
backto its initial form. Secondtheobjectis insertednto its
new positionandthe problemis to find a new optimallabel-
ing definedasabove. Thisview of the prodem, greatlyhelps
usfind the optimal solutionin the optimal time.

Applications for this problem canbe found in compuer
graphics,computergames,flight animatia, andin otherre-
latedfields.

We show thatgiventheoriginalmap,we cancreateseveral
datastructuesin aprepocessingphasehatuseO(n) space
andO(n?) time, sothatfor ary positionof themoving poirt,
the updatedlabelingwith the mentimned optimum property
canbefoundin O(lgn + k). Here,O(lg n) is usedfor point
locationandk < 2n is thesmallesihumker of flip andresize
opeationsneeded

The existing solutionfor this problemis basedon 2-SAT
algoithm. This solutionis independen of the existing valid
labeling andshouldbefoundfor eachpositionof themaving
objed from scratch. Details of this rediction canbe found
in [7].

2 Definitions and the General ldea

The prodem is precisely defined as follows. We are
given a valid labeling . compmsed of points P =
{p1,p2,--.,pn} andunit-lengh axis-paallel squarelabels
L= {l,Ls,...,0,}, wherel; is attachedo p; on the mid-
point of oneof its edges. For eachpositionof the moving
poirt ¢, the problemis to updateL and obtaina new ¢-
avoidng labeling L, for all pointsin P, suchthatq does not
intersectwith ary labelin L,, while the new labelsizesare
ascloseto oneaspossible.We alsowantto createL, with
theminimumnunberof operaions. Suchafinal re-labelirg
is dendedby ¢-avoidng optimumlabeling

We definethe operatims morepreciselyasfollows. A la-
bel/; canbeflippedovertheedgecontairing its correspod-
ing poirt p;. ¢; canalsobe resizedto ary lengthy < 1 as
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Figure 1: (a) Initial labeledmap. (b) The conflict graph
domiro edges (solid) and blocking edges(dashell Edges
endirg atpo arenotshawn.

long asp; remainson the mid-point of its edge.
ConflictgraphG = (PU{po}, &) is definedasaweighted
directedmulti-graph on the set of points P anda dunmy
vertex po (thisdummy vertex is requred to modelflip opera-
tion for verticeswith nooutgang domiro edge)to modelall
possibleflip andresizeopertionson £. Therearetwo dif-
ferentedges in this graph: Onerepresentig the normd flip
operdions,calledDominoElgesto corvey thedomirp effect
thatmaybe causedy aflip. We will shaw thata flippedla-
bel cannot flip ary furthe. But, theremay be casesvhere
two flippedlabelsoverlap, andwe shouldresizeoneor both
to avoid label overlaps. Theseoperatios are mockeled by
Blodkingedges Theseedgesarepreciselydefinedas,

{(i, pi)|f (L) NL; # D} U
{(pi,po)| Vpi € V — {po}},ard
{(ps, p)|f(L:) N f(£5) # 0}

The resize opeation is neeedd when two (original or
flipped) labels,say £, and/,, overlap. There aremary re-
sizevaluesof v, and, suchthattheresizedabelsr(¢,,~,)
andr(£y,7,) do not overlap. From the prablem definition,
we areinterestedn the valueswheremin{y,, v} is maxi-
mized.We definethis valueasg(£,, £).

Basedon the abore g function we definea weightfunc-
tion w(e) for eachedgee = (p;,p;) € € as

9(f(€:), 45)
w(e) = 1(f( i), F(45))

DominoEdles =

BlockingEdges =

if (p;,p;) € DomindEdges
if (pi,p;) € BlockingEdges
if p; = po

A samplelabeledmapis shovn in Fig. 1(a). The corre-
spondhg conflict graphis shavn in Fig. 1(b), in which the
domiro edgesare solid (domiro edgesendingat po arenot
shavn) andblocking edgesaredashedarrows. Let L g bea
g-avoiding labelingwith label lengthof . We will define
asubgrah G of G with minimum number of verticesand
edgesandshav that L existsif andonly if thereexistsa
valid (to bedefined G'§. We needthefollowing definitions:

Figure 2: G andtheoptimal geneatedL .

Definition 1 (p;,p;) € Dominddges is a dormino-
reactableedge fromanypy in G, if thereis a directedsimple
pathz : py ~ p; of domiro edges.

Definition 2 (p;, p;) € Dominddgesis an a-terminatiry
edee frompy, if (p;, p;) is adomirp-readiableedge frompy,
with a path 7, wheie for each edgee € 7, w(e) < a and
w(pi,p;) > a. Thepathp, ~ p; is also defired as an
a-termirating path.

Definition 3 (p;,p;) € DomindEdgesis an a-critical edge
frompy, if (ps, p;) is ana-terminatingedge andw(p;, p;) =
Q.

Let ¢, bethe label that containsthe querypoirt q. p, is
thecorrespadingpoirt of £,. We defineGy = (P, ES') as
asubgaphof G containirg all a-terminading pathsfrom p,.
Thatis, P andE¢ arethe setof all verticesandedgeson
all a-terminatingpathsfrom p, respectiely (SeeFig. 2). It
is obviousthatGy is unique. Moreover, it is easyto seethe
following property.

Lemmal If o < §thenGg C G5.

Definition 4 Theinternalnodegnotincludng thezemo out-
degreevertices)of Gy is denotedas . Besidesthebound-
ary edges(all edgesthatendsin a zeo out-degreevertex) of
Gy isdendedas By

We are only concenedwith the valid G§¢ to be definel
below.

Definition 5 G§ is validif for all p;,p; € I and(p;, p;) €
BlodkingEdges wehavew(p;,p;) > .

2.1 Properties of the Optimal Solution
Thefollowing is themainproperty of the optimalsolution

Theorem2 Theeexistsan Ly if andandonlyif there exists
avalid G¢.
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Theprod is given in thefollowing lemmas:

Lemma3 An Lg can be corstructed from a valid G7.
Moreover, the minimumlabel lengthin L is « if at least
oneof thefollowing condtions holds:

1. Theeis ana-critical edgein G

2. Theeis a blocking edge with bothendsin 7 andwith
weightof a.

Prodf. Theopeationsrequiredto constret L comesfrom
thefollowing steps:

1. Flip label?; for eachdomiro edge(p;, p;) € EJ.

2. Resizeoneor bothlabels?; and/; to lengthw(p;, p;)
for eachbourdaryedge(p;, p;) € B

3. Resizeoneor bothlabels?; and/; to lengthw(p;, p;)
for eachblockingedge(p;, p;) with bothendsin ¢

The geneatedlabelsareall largerthana sincethereis no
resizeopeationto alengthlessthana. Moreover, notwo la-
belsmayintersectsince,otherwise,theremustbea (donino
or blocking) edgewith weigtt lessthata in By U I which
contralicts the validity of G7. It is easyto verify that, if
thereis ana-critical edge or ablockingedgewith bothends
in I¥ with weiglt «, thena labelwith lengthequalto a is
geneated. ]

Lemma4 ForanyLg, there existsa valid G .

Prodf. Define V' as the set of points with flipped or re-
sized labels,and E = {(pi,p;)|lpi,p; € V,(pi,p;) €
DominEdees}. Supmwser is an a-termirating path start-
ing from ¢. This pathshouldbein E since,othewise,either
thereis asequeneof flips alongthis pathnotendirg to ala-
belwith lengthat leasta, or  is notana-terminatingpath.
So, Ey, which is the union of all a-terminatirg paths,is a
subsebf E, andhenceV,* C V. Sincetheinitial labeling
is valid, thereis no blocking edgewith bothendsin interral
nodes of VV, andhencethereis noblocking edgewith weight
lessthata in V*. So,avalid G exists. O

From Theorem2, we cancondudethatit is suficient to
checkthe existenceof valid G¢'. Lemma5 provesthatwe
only needto checkthis for at mostO(n) valuesof o’s, and
this canbe searchednore effectively from thefactgivenin
Lemma6.

Lemma5 The optimal label length belong to the set
{w(e)|e € £}, which hasat mostO(n) elements.

Prodf. Forthefirstpart,assumehattheoptimallabellength
« doesnotbelongto {w(e)|e € E}. So,thereshoud bea
label of lengtha, say/;, in the optimd labeling This label
is resizedto a to resolhe an intersectionwith someother
label,say/;. Obviously, the bestresizingfor theselabelsis
w(ps,pj) > a andhencethevalueof « is notoptimal.
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(b)

Figure3: Maximum nurber of donino andblocking edges
from a givenlabel (shavn asdarker label)in (a) and(b) re-
spectvely

For the secondpart, we countthe nunber of edges in the
conflictgraphg. It is obvious thatfor eachp; € P, there
is at mostthreeedgesin DominoEdjes (Fig. 3(a)) andat
mostsix edgesin Blokingedges (Fig. 3(b)) startingat p;.
Therfore,|E| < 9n hen@theset{w(e)|e € E} hasO(n)
memters. O

It is easyto seethefollowing.

Lemma6 If thereis novalid Gy thenthere is no valid Gg
forall 8 > a.

3 The Optimal Algorithm

For eachlabel,we definearegion insideit, denotedy flip-
ping region, to shaws thatthe correspading label mustbe
flippedonly if the moving pointis insidethatregion. This
region is a simple polygonwith constantnumnber of edges.
Laterin this sectionwe will briefly descrile how thisregion
is calculated

Thekey routinein theoptimd algorittm is “Finding G §”
thatgeneatesthe subgaphG¢ with the maximumvalueof
o for ary givenlabel £,. This routine hastwo purposes:
in the prepraessingphaseit is usedto find the flipping re-
gion, andin the online part of the algoiithm we extractthe
requredflip andresizeoperatimsfrom the outputsubgaph.
We will shav thatthis routine finds G in O(k) amortizel
time wherek is the size of the subgaph(a equdly the size
of theoptimd output).

3.1 The Preprocessing Phase
This phaseconsistof the following steps:
1. Build theconflictgraphg,
2. Calculatetheweightfundion w(e) for all edges,

3. Createa sortedlist of all weight of a; = w(e) andas-
sumethata; < ap <...< 1,

4. Construt a point locationdatastructureon the initial
labels[8],

5. Calculateandstoreflipping region for eachlabel ;.
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Lemma7 Thepreprocessingphaseneeds)(n?) time

Prodf. Theconflictgraphcanbebuilt usingasimplevettical
sweepline algorithm keepirg track of all intersectingabels
with thesweeginein O(nlgn) time. Thevalueof w(e) can
alsobe computedin O(1) time pereachedge Steps3 and
4 alsotake O(nlgn) time. To calculatetheflipping region,
which hasconstannumter of edges,in step5, we needto
build Gg¢ thatneedsO(n) time for eachlabel. So,theover
all timerequiredin the prepocessinghases O(n?). O

3.2 Finding GY

Givenalabel/,, theroutine startswith building thesubgaph
G¢*. Hereafter the routine builds G¢*** by addng some
verticesandedges(possiblyempty)to G . The following

propertiesareusedin construging Gg**':
1. G2 C G92 C G2 C ... (defirition of Gg¥),

2. All edgesof G*** conrectedto aleafvertex of G4 +!
have weightsatleasta; (Def. 2),

3. ThevalueB;y1 = min({w(u,v)|(u,v) € I;**})isan
uppe bound of the optimallabellength(Def. 5),

4. Gy isvalidif andonlyif 8;11 > a;y1 (Def. 5),and

5. Finally, therecursie definitionof Gg*** (definition of
G andDef. 5) is asfollows:

Gyt = Gy U{Gy ! (u,v) € By w(u,v) = a;}.

Using the above recursve definition of Gg** a simple
incremetal algoiithm canbe propaed:

Finding G¢
Input: ConflictgraphG, andalabel?,,
Output: ThesubgaphGy with themaximum valueof o
Algorithm:

1. Leti=1 andconstrw:tGgl.
2. while true do
(@) Compue {G3i+1|(u,v) € B, w(u,v) = o4}
andbuild Gg***.
(b) Compue setsBg ", I;**, andf; 1.
(c) if Bit1 < a;t1 then
i returnGgf andterminate.
(d) Leti =4+ 1.

3. endwhile

Lemma8 TheGy: for all values of a; canbe constructed

in ascendig order of a; in overall O(n) time

Proof. Any edgein the conflict graphis visited at mosta
constahnunber of times: A domiro edgeis visited at most
once anda blockingedgeis visited at mosttwice (a block
ing edgeis checled wherever one of its endsis addedto
theinternd vertex set). With appopriatedatastructuesfor
maintainng setsl andB, eachvisit to anedgecanbeimple-
mentedn O(1). O

Having G for an/,, we canconstrut theflipping region
of £, asfollows. Shrinkall flippedlabels?; (accoding to
G7?) that have intersectionwith original location of £, to
sizea, andthenobtainthe flipping region of £,, whichis a
polygon,fromtheintersectiorof £ , with thoseshrurk labels.
It is easyto seethatthe flipping region for eachlabelhasa
constah numbe of edges,hene decidingto flip the label
contaning thequerypointcanbedonein O(1) time.

It is obviousthatif the moving point goesinto £, but not
in theflipping region of £,, the G7+ will generate labelirg
with sizelessthanea;. So,theoptimalsolutionis to resizel,,
insteadof flipping it.

3.3 The Optimal Label Updating Algorithm

Usingthe“Finding G ", thelabelupdding algorithm canbe
assimpleasfollows:

The Optimal Label Updating Algorithm

For eachpositiong of the moving point do the following
steps:

1. Locatethelabel?, contairing g.

2. if nosuchlabelexiststhen £ is theoptimallabelingand
terminate.

3. if g is notin theflipping region of £,, then resizel, to
obtainoptimallabeling

4. Call*Finding G andwrite therequredoperaionsac-
cordng to G¢'.

The aborve algorithm alongwith Lemmas yieldsthefol-
lowing theoren:

Theorem9 Givena moving point ¢ on a labeling L, the
timerequiredto geneate an updded ¢g-avoidng labelingis
O(lgn + k) whee k is thenumberof operationsrequiredto
upcate L.

4 Conclusions

In this pape, we introdwed the prodem of updating a
squaed axis-paallel labeledmapto avoid a moving poirt.
We modeledtheinitial labelingandupdde operatios with
adireded multi-graphwith at mostO(n) edgesandvertices
calledconflict graph. We alsoshaved that given a poirt g,
the optimal g-avoiding labeling correspond to a subgaph
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of the conflict graph thatcanbe found in time O(lgn + k)
wherek is the nunmberof updateopeations.

If the pathof the maving objectis known initially, saya
straightline, we cannotgainary perfamane with thetech-
nigueusedhere.Knowing wherethe moving objectwill go,
only let usforetell thenext evert (whenalabelupdatingac-
tionis requiledto upcatethemap).

The proposeddatastructurein this pape only suppaots
onemoving poirt, butit cansimply beextencedto aconstah
numter of moving pointsthatgivestheoptimallabelingwith
thesametime bounds.

Thetechniqie usedin this papercanbe extendedto other
labelingschemeslik e axis parallelrectanglar labels. The
only differenceis that the corflict graphmay have O(n?2)
edges.The algoithm still producesthe optimd labelingin
O(lgn + k) timewherek is O(n?).
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