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Givena setof labeledpoints forming a valid maplabeling,
we are interestedin a fast update of the labels if a point
shapedobject moves on an unknown path in the map. In
thispaper, thereare � labelsthatassumedto beaxis-parallel,
unit-length, andsquare-shaped,eachattachedto onepoint
in themiddle of oneof its edges.We assumethata moving
objectcan freely move on the mapandsendsnotifications
about its new positions.An updatedlabelingshould include
all labelswith no overlaps,avoid thecurrent positionof the
moving point, anduselabelswith lengthcloseto unit-size
aspossible.Theexisting algorithm for this problemrunsin��� ��������� per eachpositionnotification. We present an al-
gorithm that needsa preprocessingof

��� ����� time, but can
update the map,for any new positionof the moving point,
in
��� �������! "� , where  $#&%'� is the minimum number of

update operationsneeded.
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Automatedlabelplacement is animportantproblem in map
generation,geographical informationsystems,andcomputer
graphics. Thisproblem, in its simpleform, is toattachalabel
(regularly a text) to eachpoint, line, curve, or a region in
themap.Point-label placement hasreceivedgood attention.
In a valid labeling, labelsshouldbe pairwisedisjoint, and
eachlabelshouldbeattachedto its featurepoint [1]. There
aredifferentvariationsof point-labelingthatarediscussedin
[2, 3, 4, 5, 6].

In this paper, we areinterestedin a fastupdateof labels
in a point-labelingmap. For simplicity, we assumethatour
mapis composedof anumberof points( � ) eachlabeledby a
unit-lengthaxis-parallelsquarelabel.Thepoint of eachlabel
appears in themiddleof oneof its edges. Mapswith more
general labelingcanalsobeconsideredin ouralgorithm.

Thelabelingshouldbeupdatedwhenthepoint-shapedob-
ject moveson anunknown pathin themap.We assumethat
theobjectcanfreely move on themap,andwe areonly no-
tified whenits positionis changed(likea mousemovements
onscreen).Thenew labelingshouldbevalid in awaythatall5
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pointspreservetheir labels,but thelabelsmayhaveto flip or
resizeto avoid thecurrentpositionof themoving point. Be-
sides,ourgoals is to have labelswith lengthsascloseto one
(unit length) aspossible,andto usethefewestnumberof la-
belflip operations(according to thepreviousupdatedmap).

Sinceeachpositionnotificationof themoving object im-
plicitly meansthat the objectis removed from its old posi-
tion, we canseeeachnotificationeventasfollows. First, the
object is removedfrom its old positionandthelabelingis set
backto its initial form. Second,theobjectis insertedinto its
new positionandtheproblemis to find a new optimallabel-
ingdefinedasabove. Thisview of theproblem,greatlyhelps
usfind theoptimalsolutionin theoptimal time.

Applications for this problem canbe found in computer
graphics,computergames,flight animation, andin otherre-
latedfields.

Weshow thatgiventheoriginalmap,wecancreateseveral
datastructuresin a preprocessingphasethatuse

��� ��� space
and

��� ����� time,sothatfor any positionof themoving point,
the updatedlabelingwith the mentionedoptimum property
canbefound in

��� �8�9�:�; "� . Here,
��� �8�9��� is usedfor point

locationand  <#=%'� is thesmallestnumberof flip andresize
operationsneeded.

Theexisting solutionfor this problemis basedon 2-SAT
algorithm. This solutionis independent of theexisting valid
labeling, andshouldbefoundfor eachpositionof themoving
object from scratch.Detailsof this reduction canbe found
in [7].
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The problem is precisely defined as follows. We are
given a valid labeling K composed of points L MNPORQTSUO � SWVGVGVWSUO2X2Y andunit-length axis-parallel squarelabelsZ M NG[ Q S�[ � SWVGVWV,S�[ X Y , where

[W\
is attachedto

O0\
on themid-

point of oneof its edges. For eachpositionof the moving
point ] , the problemis to update K and obtain a new ] -
avoiding labeling KA^ for all pointsin L , suchthat ] does not
intersectwith any label in K_^ , while thenew labelsizesare
ascloseto oneaspossible.We alsowant to createKA^ with
theminimumnumberof operations.Sucha final re-labeling
is denotedby ] -avoiding optimumlabeling.

We definetheoperationsmorepreciselyasfollows. A la-
bel
[W\

canbeflippedovertheedgecontaining its correspond-
ing point

OR\
.
[G\

canalsobe resizedto any length `!#&a as
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Figure 1: (a) Initial labeledmap. (b) The conflict graph:
domino edges (solid) andblocking edges(dashed). Edges
ending at

O0e
arenotshown.

longas
O \

remainson themid-point of its edge.
ConflictgraphfgM � Lgh NPO e YiSPj � is definedasaweighted

directedmulti-graph on the set of points L anda dummy
vertex

O e
(thisdummy vertex is requiredto modelflip opera-

tion for verticeswith nooutgoing domino edge),to modelall
possibleflip andresizeoperationson

Z
. Therearetwo dif-

ferentedges in this graph:Onerepresenting thenormal flip
operations,calledDominoEdgesto convey thedomino effect
thatmaybecausedby a flip. We will show thata flippedla-
bel cannot flip any further. But, theremaybe caseswhere
two flippedlabelsoverlap,andwe shouldresizeoneor both
to avoid label overlaps. Theseoperations are modeled by
BlockingEdges. Theseedgesarepreciselydefinedas,

DominoEdges M N � Ok\�SUO"l �Gm n � [G\ �ko [dlqpM!r Y hN � O2\�SUO e �WmWs O2\utwvyxzNPO e YCY�S and

BlockingEdges M N � O \ SUO l �Gm n � [ \ �kown � [ l � pM{r YiV
The resize operation is needed when two (original or

flipped) labels,say
['|

and
[T}

, overlap. There aremany re-
sizevaluesof ` | and̀

}
suchthattheresizedlabels~ � ['|�S ` | �

and ~ � [�}WS ` } � do not overlap. From the problem definition,
we areinterestedin the valueswhere ����� N ` |�S ` },Y is maxi-
mized.We definethis valueas � � [�|iS�[W} � .

Basedon theabove � function, we definea weight func-
tion � ��� � for eachedge

� M � O�\PSUO"l � t<j as

� ��� ��M
�� � � � n � [G\ � S�[dl � if

� O2\�S�O�l � t DominoEdges
S

� � n � [ \ � S n � [ l �P� if
� O \ S�O l � t BlockingEdges

S
a if

O l M O�eCV
A samplelabeledmapis shown in Fig. 1(a). Thecorre-

sponding conflict graphis shown in Fig. 1(b), in which the
domino edgesaresolid (domino edgesendingat

O�e
arenot

shown) andblocking edgesaredashedarrows. Let Kq�^ bea] -avoiding labelingwith label lengthof � . We will define
a subgraph �:�^ of f with minimum numberof verticesand
edges,andshow that KA�^ exists if andonly if thereexists a
valid (to bedefined) ���^ . We needthefollowing definitions:

���

]

Figure 2: �q�^ andtheoptimal generated K��^ .
Definition 1

� O \ S�O l � t
DominoEdges is a domino-

reachableedgefromany
O��

in f , if there is a directedsimple
path ��� OR����O \

of domino edges.

Definition 2
� O0\�S�O�l � t DominoEdges is an � -terminating

edgefrom
O �

, if
� O2\�SUO"l � is a domino-reachableedgefrom

O �
with a path � , where for each edge

� t � , � ��� ����� and� � O�\PSUO�l ����� . The path
O � ��O"l

is also defined as an� -terminatingpath.

Definition 3
� O \ S�O l � t DominoEdgesis an � -critical edge

from
O0�

, if
� O \ SUO l � is an � -terminatingedgeand � � O \ S�O l ��M� .

Let
[ ^ be the label that containsthe querypoint ] . O ^ is

thecorrespondingpoint of
[ ^ . Wedefine� �^ M �U¡ �^ SP¢ �^ � as

a subgraphof f containing all � -terminating pathsfrom
O ^ .

That is,
¡ �^ and

¢ �^ arethesetof all verticesandedgeson
all � -terminatingpathsfrom

O ^ respectively (SeeFig. 2). It
is obviousthat �:�^ is unique. Moreover, it is easyto seethe
following property.

Lemma 1 If �£#z¤ then �q�^E¥ �§¦^ .
Definition 4 Theinternalnodes(not including thezero out-
degreevertices)of � �^ is denotedas ¨ �^ . Besides,thebound-
ary edges(all edgesthatendsin a zero out-degreevertex) of�©�^ is denotedas ª��^

We areonly concernedwith the valid �<�^ to be defined
below.

Definition 5 � �^ is valid if for all
O \ SUO l t ¨I�^ and

� O \ S�O l � t
BlockingEdges, wehave� � O \ S�O l �«�z� .
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Thefollowing is themainpropertyof theoptimalsolution.

Theorem2 Thereexistsan K«�^ if andandonlyif thereexists
a valid �q�^ .
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Theproof is given in thefollowing lemmas:

Lemma 3 An K«�^ can be constructed from a valid �´�^ .
Moreover, the minimumlabel length in K§�^ is � if at least
oneof thefollowingconditionsholds:

1. There is an � -critical edge in ���^ .

2. There is a blocking edge with bothendsin ¨k�^ andwith
weightof � .

Proof. Theoperationsrequiredto construct Kq�^ comesfrom
thefollowing steps:

1. Flip label
[T\

for eachdomino edge
� O·\PSUO"l � t¸¢ �^ .

2. Resizeoneor both labels
[ \

and
[ l

to length � � O \ SUO l �
for eachboundaryedge

� O \ SUO l � t ª:�^ .

3. Resizeoneor both labels
['\

and
[,l

to length � � O0\PSUO"l �
for eachblockingedge

� Ou\�S�O�l � with bothendsin ¨��^ .

The generatedlabelsareall larger than � sincethereis no
resizeoperationto alengthlessthan � . Moreover, notwo la-
belsmayintersectsince,otherwise,theremustbea(domino
or blocking) edgewith weight lessthat � in ªw�^ hw¨I�^ which
contradicts the validity of ���^ . It is easyto verify that, if
thereis an � -critical edge or ablockingedgewith bothends
in ¨I�^ with weight � , thena label with lengthequalto � is
generated. ¹
Lemma 4 For any Kº�^ , there existsa valid �q�^ .

Proof. Define
v

as the set of points with flipped or re-
sized labels, and

¢ M N � O \ SUO l �Wm O \ S�O l t»v�S � O \ SUO l � t
DominoEdges

Y
. Suppose � is an � -terminating pathstart-

ing from ] . Thispathshouldbein
¢

since,otherwise,either
thereis asequenceof flips alongthispathnotending to a la-
bel with lengthat least � , or � is not an � -terminatingpath.
So,

¢ �^ , which is the union of all � -terminating paths,is a
subsetof

¢
, andhence

v �^ ¥ v
. Sincethe initial labeling

is valid, thereis no blocking edgewith bothendsin internal
nodesof

v
, andhencethereis noblocking edgewith weight

lessthat � in
v �^ . So,a valid �q�^ exists. ¹

FromTheorem2, we canconclude that it is sufficient to
checkthe existenceof valid �´�^ . Lemma5 provesthat we
only needto checkthis for at most

��� ��� valuesof � ’s, and
this canbesearchedmore effectively from thefactgivenin
Lemma6.

Lemma 5 The optimal label length belongs to the setN � �U� �Gm � twj¼Y , which hasat most
��� ��� elements.

Proof. For thefirst part,assumethattheoptimallabellength� doesnot belongto
N � �U� �Gm � tz¢�Y . So, thereshould bea

labelof length � , say
[ \

, in theoptimal labeling. This label
is resizedto � to resolve an intersectionwith someother
label,say

[	l
. Obviously, thebestresizingfor theselabelsis� � O�\PSUO�l �9½$� andhencethevalueof � is notoptimal.

(b)(a)
�C�

Figure3: Maximumnumberof domino andblocking edges
from a givenlabel (shown asdarker label) in (a) and(b) re-
spectively

For thesecondpart,we countthenumberof edges in the
conflict graph f . It is obvious that for each

O�\qt L , there
is at most threeedgesin DominoEdges (Fig. 3(a)) andat
mostsix edgesin BlockingEdges (Fig. 3(b)) startingat

O�\
.

Therefore, m ¢ m0#!¾C� hence theset
N � ��� �Wm � t�¢�Y has

��� ���
members. ¹

It is easyto seethefollowing.

Lemma 6 If there is no valid ���^ thenthere is no valid � ¦^
for all ¤�½$� .

¿ À F @w² ¯I�,3¶³��IJ2�AJ4Á�-�
�3 �GF�³
For eachlabel,we definea region insideit, denotedby flip-
ping region, to shows that the corresponding label mustbe
flippedonly if the moving point is insidethat region. This
region is a simplepolygon with constantnumber of edges.
Laterin thissection,wewill briefly describehow this region
is calculated.

Thekey routinein theoptimal algorithm is “Finding �E�^ ”
thatgeneratesthesubgraph �´�^ with themaximumvalueof� for any given label

[ ^ . This routine hastwo purposes:
in thepreprocessingphaseit is usedto find the flipping re-
gion, andin the onlinepart of the algorithm we extract the
requiredflip andresizeoperationsfrom theoutputsubgraph.
We will show that this routine finds ���^ in

���  "� amortized
time where  is thesizeof thesubgraph(or equally thesize
of theoptimal output).

¿0¬­( À F @g® 
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Thisphaseconsistsof thefollowing steps:

1. Build theconflictgraphf ,

2. Calculatetheweightfunction � ��� � for all edges,

3. Createa sortedlist of all weight of � \ MÂ� ��� � andas-
sumethat � Q #$� � # VGVWV �!a ,

4. Construct a point locationdatastructureon the initial
labels[8],

5. Calculateandstoreflipping region for eachlabel
["\

.
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LemmaÃ 7 Thepreprocessingphaseneeds
��� �¼��� time.

Proof. Theconflictgraphcanbebuilt usingasimplevertical
sweepline algorithm keeping trackof all intersectinglabels
with thesweepline in

��� ���8����� time. Thevalueof � �U� � can
alsobecomputedin

��� a�� time pereachedge. Steps3 and
4 alsotake

��� ��������� time. To calculatetheflipping region,
which hasconstantnumber of edges,in step5, we needto
build �q�iÄ^ thatneeds

��� ��� time for eachlabel.So,theover-
all timerequiredin thepreprocessingphaseis

��� ����� . ¹
¿0¬¶> Å 3 * /23 * Á �©�^
Givenalabel

[ ^ , theroutinestartswith building thesubgraph�©�IÆ^ . Hereafter, the routine builds � �iÄ8Ç Æ^ by adding some
verticesandedges(possiblyempty)to �<� Ä^ . The following
propertiesareusedin constructing � � Ä�Ç Æ^ :

1. � � Æ^È¥ �©�iÉ^È¥ �©�iÊ^È¥ VGVGV (definition of �:�iÄ^ ),

2. All edgesof � �CÄ�Ç Æ^ connectedto a leaf vertex of � �iÄ8Ç Æ^
haveweightsat least � \ (Def. 2),

3. Thevalue ¤ \�Ë Q M$����� � N � �UÌ SPÍ �Wm �UÌ SPÍ � t ¨ � Ä�Ç Æ^ Y � is an
upper boundof theoptimallabellength(Def. 5),

4. � �iÄ8Ç Æ^ is valid if andonly if ¤ \�Ë Q �$� \�Ë Q (Def. 5), and

5. Finally, therecursive definitionof � � Ä8Ç Æ^ (definitionof� � Ä8Ç Æ^ andDef. 5) is asfollows:

� �iÄ8Ç Æ^ M{� �iÄ^ h N � �CÄ�Ç ÆÎ m �UÌ SPÍ � t ª �iÄ^ S � �ÏÌ S�Í ��MÐ� \.Y�V
Using the above recursive definition of � � Ä8Ç Æ^ a simple

incremental algorithm canbeproposed:

Finding �©�^
Input: Conflictgraphf , anda label

[ ^ ,
Output: Thesubgraph � �^ with themaximumvalueof �
Algorithm:

1. Let Ñ·MÒa andconstruct ����Æ^ .

2. while true do

(a) Compute
N � �iÄ8Ç ÆÎ m �ÏÌ S�Í � t ªq�iÄ^ S � �UÌ SPÍ ��MÓ� \�Y

andbuild � �iÄ8Ç Æ^ .

(b) Compute setsª � Ä�Ç Æ^ , ¨ � Ä�Ç Æ^ , and ¤ \�Ë Q .
(c) if ¤ \�Ë Q �$� \�Ë Q then

i. return � �iÄ^ andterminate.

(d) Let ÑuMÐÑ0�Ða .
3. end while

Lemma 8 The � � Ä^ for all values of � \ canbeconstructed
in ascending orderof � \ in overall

��� ��� time.

Proof. Any edgein the conflict graphis visited at most a
constant numberof times:A domino edgeis visitedat most
once, anda blockingedgeis visitedat mosttwice (a block-
ing edgeis checked whenever one of its endsis addedto
theinternal vertex set). With appropriatedatastructuresfor
maintaining sets̈ and ª , eachvisit to anedgecanbeimple-
mentedin

��� aT� . ¹
Having � �CÄ^ for an

[ ^ , wecanconstruct theflipping region
of
[ ^ as follows. Shrink all flipped labels

[ l
(according to�©�iÄ^ ) that have intersectionwith original location of

[ ^ to
size � , andthenobtaintheflipping region of

[ ^ , which is a
polygon,fromtheintersectionof

[ ^ with thoseshrunk labels.
It is easyto seethat theflipping region for eachlabelhasa
constant number of edges,hence decidingto flip the label
containing thequerypointcanbedonein

��� a�� time.
It is obviousthat if themoving point goesinto

[ ^ but not
in theflipping region of

[ ^ , the � �iÄ^ will generatea labeling
with sizelessthan � \ . So,theoptimalsolutionis to resize

[ ^
insteadof flipping it.

¿0¬¶¿ À F @E² ¯I�,3¶³���J�ÔI�"� @ JuÕ_¯2/����,3 * ÁÖ�AJ Á�-I
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Usingthe“Finding ���^ ”, thelabelupdating algorithm canbe
assimpleasfollows:

The Optimal Label Updating Algorithm

For eachposition ] of the moving point do the following
steps:

1. Locatethelabel
[ ^ containing ] .

2. if nosuchlabelexiststhen
Z

is theoptimallabelingand
terminate.

3. if ] is not in theflipping region of
[ ^ , then resize

[ ^ to
obtainoptimallabeling,

4. Call “Finding �q�^ ” andwrite therequiredoperationsac-
cording to ���^ .

Theabove algorithm alongwith Lemma8 yields the fol-
lowing theorem:

Theorem9 Given a moving point ] on a labeling K , the
timerequiredto generatean updated ] -avoiding labelingis��� �������× "� where  is thenumberof operationsrequiredto
update K .

Ø Ù�- * 
CJ¶1I�G3Ú- * �
In this paper, we introduced the problem of updating a
squared axis-parallel labeledmapto avoid a moving point.
We modeledthe initial labelingandupdate operations with
a directedmulti-graphwith at most

��� ��� edgesandvertices
calledconflict graph. We alsoshowed that given a point ] ,
the optimal ] -avoiding labelingcorresponds to a subgraph
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of theconflictÛ graph thatcanbe found in time
��� �8���w�Ü "�

where is thenumberof updateoperations.
If thepathof the moving objectis known initially, saya

straightline, we cannotgainany performance with thetech-
niqueusedhere.Knowing wherethemoving objectwill go,
only let usforetell thenext event (whena labelupdatingac-
tion is requiredto updatethemap).

The proposeddatastructurein this paper only supports
onemoving point, but it cansimplybeextendedto aconstant
numberof moving pointsthatgivestheoptimallabelingwith
thesametimebounds.

Thetechniqueusedin this papercanbeextendedto other
labelingschemes,like axis parallelrectangular labels. The
only difference is that the conflict graphmay have

��� �_���
edges.The algorithm still producesthe optimal labelingin��� �������z "� timewhere is

��� ���T� .
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