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2¤�î ßþ� ö¢¤ø�¤¢ ÝÑ÷�� ý�Â� .¢¤ø� ´¨¢�� �¤ °¨��õ Û�ù�¤ ø ¢Âî ��ø´Æ� ø ü¨¤Â�À�ó�� ø À�ª�� ï¤Ã� ¤��Æ� ´¨� ßØÞõ �û�ÜÿÆõ �õ� .¢Âî ù¢�Ôµ¨� 6¢ÂÚÆ� ©ø¤ ¥� ö���üõ�î ´¨� üû�¤ ��ø´Æ� ý�Ìê ßµ¡�¨ ¢øÀ½õ .¢�ª À�î üÜ�¡ Àþ�ª �ûö� ´ó�� ý�Ìê´¡¤¢' ¥� ù¢�Ôµ¨� ,�Î��¤ ßþ� ¤¢ .¢�ªüõ Ýµþ¤�Úó� ý�Â�� ö�õ¥ ���� Û��ì Çû�î °��õý�ûý¥�� Å�� ¥� �î üþ�û�ÜÿÆõ ý¥�¨ù¢��� ¤¢ α− β §Âû ©ø¤ ¥� «�Ê¡�� ,"7ý¥��ý�Ìê Çû�î ý�Â� "8ö�Âî ø ��ãÈ÷�' ©ø¤ ß���Ýû .´¨� ñ�Þãõ À�µÆû ùÂÔ÷ À�� �þ ø¢.¢Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ¤��Æ� ý¥�¨���ú� ý�û�ÜÿÆõ ¥� ü¡Â� ´ó��ý¢�þ¥ ý�ûñ�·õ �� ø ���¤� üê�î ����Ã� �� Û� ý�û©ø¤ ßþ� ��µî ¥� Ç¿� ßþ� ¤¢.À÷�ªüõ ñ�±÷¢Û� ý�Â� �î À�µÆû "9��±�� Û��ì ü±þÂÖ�' ý�ûÝµþ¤�Úó� À�÷�õ ýÂÚþ¢ ý�û©ø¤ �µ±ó���±�� °þÂÖ� ö�Ã�õ �û�ÜÿÆõ ßþ� ¤¢ .À�µÆû ���� ¢¤�õ ¤��Æ� �û�ÜÿÆõ ü¡Â� Õ�ì¢�÷ ø âþÂ¨¾¨�� �î ´¨� 10ý��Ôª�Øõ ©ø¤ ,ö� Â��Â� ¤¢ .¢¤�¢ üþ��� üÞÜä ©¥¤� ¤�î ßþ� ø ¢�ªüõ,¢�ªüÞ÷ ��±�� ýÂÑ÷ �¤�¬�� �ûö� °þÂÖ� ö�Ã�õ �î ¢¤ø�üõ ´¨¢�� �ÜÿÆõ ý�Â� üÖ�ì¢�÷ÛÞä ¤¢ � ûÛ�ù�¤ ¥� ü Ü �¡ .¢�ªüõ �Æ þ� Ö õ � û©ø¤ ÂÚ þ¢ � � ü �Â¹ � �¤�¬� � �Ø Ü �.À÷�ß���ßþ�
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1

×Þî�� .´¨� Àõ�¤�î ©ø¤ ×þ �ÂÖµ¨� ,À÷¤�¢ üµÈð¥�� ´�û�õ �î üþ�û�ÜÿÆõ Û� ý�Â��¤ �ûö� üµ¨¤¢ ,¢Âî ü��ÂÏ °¨��õ ý�ûÝµþ¤�Úó� üþ�û�ÜÿÆõ ß��� ý�Â� ö���üõ �ÂÖµ¨�.¢Âî Û�Ü½� ø ��±��.À÷�ªüõ Û� ©ø¤ ßþ� �� �î Ý�û¢üõ ¼�®�� �¤ �ÜÿÆõ À�� ÛÊê ßþ� ¤¢"¤�úÈõ ýù¤�µ¨' ý�ÜÿÆõ 1-1ýù¤� µ¨' ×þ ý�ûüðÄ þø � î ý¢Â ê ,Â Ô ÷ n ¥� Ç¨Â � üÞî ¢�Àã � ô�¹ ÷� � � Ý � û��¡üõ¥� �¤ ø� ,¢�Âê� ×�×� Âð� ´¨� ù¤�µ¨ ÂÔ÷ ×þ .Ý����� ,¢��ø �¤�¬ ¤¢ ,¢¤�¢ �¤ "1¤�úÈõ¤�¢´ú� üê�Âð ¢�Âê� ßþ� ß�� "´¡��ª' é�Âð .À¨��È÷ �¤ Åîº�û ø� üóø À�¨��È� Ç���� âì�ø ¤¢ �õ� ,Ýþ¤�À÷ ö� ¥� üä�Ï� Ç�� ¥� �õ �î ñ�þ n(n− 1) �� ��� ć ¨¢ ø ùÂð n �� ´¨��î Ý�¨Â³� a ¢Âê ×þ ¥� Ý�µÆû ¥�¹õ �õ .Ýþ¥�¨üõ �¤ö� ¥� üþ�ûÇ¿� ,�ûÇ¨Â� ßþ� ô�¹÷�¤¢ �î ü�ãþ Ç¨Â� ßþ� �� ´±·õ ¾¨�� .´¨� Ç¨Â� ×þ ßþ� ?Â�¡ �þ À¨��ªüõ �¤ b �þ�
celebrity13



�ÂÖµ¨� �� Ýµþ¤�Úó� ü��ÂÏ 1 ÛÊê 4.¢¤�À÷ ¢��ø üó�þ ß��� �î Àþ�ðüõ üÔ�õ ¾¨�� ø ¢¤�¢ ¢��ø a→ b ñ�þ ,´¡��ª é�Âðé�Âð Ý�÷���üõ ,ÂÔ÷ ø¢ Âû ¥� ¤� � ø¢ ,Ç¨Â� n(n − 1) � � ´ó�� ßþÂ�À� ¤¢ �µ± ó� �õý��¤¢ �î ´¨� ý�ùÂð �ú� � ,¢��ø �¤�¬ ¤¢ ù¤� µ¨ ;Ýþ¥�Æ� Ûõ�î ¤�Ï�� �¤ ´¡��ª�ÜÿÆõ ßþ� Ý�÷���üõ �î Ý�û¢üõ ö�È÷ .´¨� ÂÔ¬ ö� ü�øÂ¡ ý��¤¢ ø n− 1 ö� ý¢ø¤ø.Ý��î Û� Ç¨Â� 3(n− 1)− d lg n2 e �� ´ó�� ßþÂ�À� ¤¢ �¤ñø� ÂÔ÷ n− 1 ß�� �¤ ù¤�µ¨ ¢�±÷ �þ ¢�� Ý�÷���üõ �ÂÖµ¨� �� �î Ý��îüõ ­Âê :ñø� Û�ù�¤.Ý�ª�� �µª�À÷ ý�ù¤�µ¨ �îßþ� �þ ,Àª�� ù¤�µ¨ ×þ �ú�� ´¨� ßØÞõ ö�� .Ýþ¤ø� ´¨¢��:´¨� ßØÞõ Âþ¥ ´ó�� �¨ ¥� üØþ,´¨� ñø� ÂÔ÷ n− 1 ß�� ¢���õ ýù¤�µ¨ ö�Þû üþ�ú÷ ýù¤�µ¨ .1�þ ,´¨� ù¤�µ¨ ô� n ÂÔ÷ .2.Ýþ¤�À÷ ù¤�µ¨ .3Ç¨Â� ø¢ �� �ú�� ,ñø� ÂÔ÷ n− 1 ß�� x ô�÷�� ý�ù¤�µ¨ ¢��ø ­Âê �� ,ñø� ´ó�� ¤¢ö� ¤¢ .À¨� �ªüÞ÷ �¤ ø� x ø À¨� �ªüõ �¤ x Ýû ô� n ÂÔ ÷ �î Àª ßÿÞÎõ ö�� �üõ ÂÚþ¢
x � õ� ,À �ª� � � µª�¢ x ô� ÷� � ý�ù¤� µ¨ ñø� ÂÔ ÷ n − 1 Âð� .´¨� �Þû ýù¤� µ¨ x �¤�¬¥�� ,À�ª�� �µª�À÷ ù¤�µ¨ ñø� ÂÔ÷ n− 1 Âð� �õ� .¢¤�À÷ ù¤�µ¨ �ÜÿÆõ ,Àª�±÷ �Þû ýù¤�µ¨.Àª�� �Þû ýù¤�µ¨ ô� n ÂÔ÷ ´¨� ßØÞõÀþ� � ö�� ;Ýþ¤�¢ ¥� � ÷ ÂÚþ¢ Ç¨Â� 2(n− 1) � � �� � ć ¨¢ ,ôø¢ ´ó�� ü¨¤Â � ý�Â ��ûö� ¥� ×þº�û ô� n ÂÔ÷ Ã�÷ ø À¨��ªüõ �¤ ô� n ÂÔ÷ ,ñø� ÂÔ÷ n− 1 ¥� ×þ Âû �þ� �î Ý�¨Â³�.À¨��ªüÞ÷ �¤.¢¤�À÷ ���� �ÜÿÆõ ,À÷¢ÂØ÷ �À�� �¤ ý�ù¤�µ¨ ôø¢ ø ñø� ý�û´ó�� ¥� ×þº�û Âð�ø T (n) = T (n − 1) + 2(n − 1) ü µ È ð¥� � ý� Î ��¤ ¥� � ûÇ¨Â � ¢�À ã � ý� � � È � �é�Âð Ý� µ¨��¡üõ Âð� ;´¨� T (n) = n(n− 1) ö� ¾¨�� �î Àþ�üõ ´¨¢�� T (1) = 0üþ�ú÷ ýù¤�µ¨ Âð� .ÝþÀ�¨¤üõ Ç¨Â� ¢�Àã� ß�Þû �� Ýû Ýþ¥�Æ� Ûõ�î ¤�Ï�� �¤ ´¡��ª©Â�ð¤¢ ø� �î ñø� ¤ø¢ ¤¢ �î üÈ¨Â� ø¢ Ý�÷���üõ ,Àª�� ÂÔ÷ n− 1 ß�� ýù¤�µ¨ ö�Þûù¤�µ¨ ßµê�þ ý�Â� �ûÇ¨Â� ¢�Àã� ý���Þî ,ñø� ´ó�� ¤¢ ,�µ± ó� .Ý�¨Â³ ÷ ù¤� �ø¢ �¤ ù¢��¤�Âì Ç¨Â� ¢¤�õ �î ñø� ÂÔ÷ ø Ýþ¤ø��� Å÷�ª �î ´¨� ü�¤�¬¤¢ ßþ� ø ´¨� 2(n− 1).Àª�� ù¤�µ¨ ¢�¡ , ¢Â�ðüõ×þ Ç¨Â� Âû ¤¢ �î �¤�¬ ßþ� � � ,Ý � � îüõ ÛÞä üêÁ� ©ø¤ � � :Â µú � Û�ù�¤¤� î ß þ� ý�Â � .Ý � � îüõ ñ� ± ÷¢ �¤ Û�ù�¤ �Â Ö µ¨� � � ø Ý � � îüõ éÁ� �ä�Þ¹õ ¥� �¤ Â Ô ÷À÷���üÞ÷ a ,Àª�� ´±·õ ø� ¾¨�� Âð� .À¨��ªüõ �¤ b �þ� �î Ý�¨Â³� a ¥� �î À��î ­Âê



5 "¤�úÈõ ýù¤�µ¨' ý�ÜÿÆõ 1-1ø¢ ßþ� ¥� üØ þ �¤�¬ Âû ¤¢ ;Àª� � ù¤� µ¨ À ÷�� �üÞ ÷ b Àª� � üÔ � õ Âð� ø ,Àª� � ù¤� µ¨�î À÷�õüõ c ô� ÷� � ÂÔ ÷ ×þ �ú� � ,Ý� �î ¤�ÂØ� ¤� � n − 1 �¤ ¤�î ßþ� Âð� .À ÷�ªüõ éÁ�Ç¨Â� 2(n − 1)− 1 �� �î ,Àª�� ù¤�µ¨ À÷���üõ c �ú�� ø Àª�� �Þû ýù¤�µ¨ ´¨� ßØÞõ¢�ªüõ �ûÇ¨Â� Ûî ¢�Àã� ý���È� � ,Ýµþ¤�Úó� ßþ� � � ,ø¤ ßþ� ¥� .¢�ªüõ ßªø¤ ÂÚþ¢¤¢ �î ´¨� ö� ñ�õÂê ßþ� ¤¢ −1 ¢��ø ´Üä .n− 1 + 2(n− 1) − 1 = 3(n− 1) − 1.´¨� ý¤�ÂØ� �ûö� ¥� üØþ Ýî ć ¨¢ ,ôø¢ ¤ø¢ ý�ûÇ¨Â�¢Âê i Âð� �î Ý��îüõ­Âê�þø¤ ßþ� ¤¢ .À�îüõ Û� �¤ �ÜÿÆõ ßþ� Celebrity ý�þø¤.´¨� üÔ�õ �÷Âð ø ´±·õ i Knows j â��� ¤�ÀÖõ ,À¨��È� �¤ j

Celebrity (Knows, n)
1 i← 1
2 j ← 2
3 next← 3

. in the first phase, eliminate all but one candidate
4 while next ≤ n + 1
5 do if i Knows j
6 then i← next
7 else j ← next
8 next← next + 1

. one of either i or j is eliminated
9 if i = n + 1

10 then candidate← j
11 else candidate← i

. Now we check that the candidate is indeed the celebrity
12 k← 1
13 while k ≤ n and

k Knows candidate and not candidate Knows k
14 do k ← k + 1
15 if k = n + 1
16 then celebrity← candidate
17 else celebrity← 0 i.e., no celebrityßØÞõ �î ¢¤ø�üõ ´¨¢�� �¤ ´¨� candidate �þ ¢Ãõ�÷ �î ÂÔ÷ ×þ 9 ÂÎ¨ �� �þø¤ ßþ�� � � þø¤ ßþ� ,Àª �µÔð ��ö��� .¢�ªüõ ü¨¤Â� Àã � ý�ûÂÎ¨ ¤¢ �î Àª� � ù¤� µ¨ ´¨�.¢Âî ÛÞä Âµú� ö���üõ ø ´Æ�÷ ���Þî ¢�Àã� ßþ� �î Àû¢üõ ô�¹÷� �¤ ¤�î Ç¨Â� 3(n− 1)�È�Þû ñø� ý�Ü�Âõ ¤¢ ,´¨� öÀª ¤�úÈõ ýù¤�µ¨ ý�Â� ¢Ãõ�÷ �î c ¢Âî ý¤�î ö���üõ´±� �¤ �ûÇ¨Â� ý�Þû ý�¹�µ÷ Âð� .Àª�� �µêÂð ¤�Âì Ç¨Â� ¢¤�õ üú��� Û��ì ¢�Àã� ��ßþ� ý�Â� .Ý�¨Â³� ù¤��ø¢ �¤ �ûÇ¨Â� ßþ� ´Æ�÷ ô¥� ÂÚþ¢ Ýµþ¤�Úó� ôø¢ ý�Ü�Âõ ¤¢ ,Ý��îô�÷�� üµ¡¤¢ ¤¢ À÷¥Âê ø¢ �� ùÂð ×þ �¤�¬�� ö���üõ �¤ Ç¨Â� Âû �î À��î ���� ¤�î



�ÂÖµ¨� �� Ýµþ¤�Úó� ü��ÂÏ 1 ÛÊê 6(´Æû ø� ö¢�� ù¤�µ¨ ñ�Þµ�� �î üÆî) Ç¨Â� Âû ý"ùÀ÷Â�' �î ¢�¢ ö�È÷ "Ç¨Â� ´¡¤¢'ù¢�¢ ö�È÷ 1-1 ÛØª ¤¢ Ç¨Â� ´¡¤¢ ×þ ¥� ý��÷�Þ÷ .¢øÂ� ��� ´¡¤¢ ¤¢ ¤À� ö���ä���¤ ´¡¤¢ ×þ Ýµþ¤�Úó� ñø� ý�Ü�Âõ ý�ûÇ¨Â� ý�ä�Þ¹õ ,°��Â� ßþ� � � .´¨� ùÀª�� ¤¢ �î ´Æ� ÷ ô�Üãõ ùÀª� ��¤� Ý µ þ¤�Ú ó� ¤¢ .´¨� c ö� ý�Èþ¤ �î Àû¢üõ Û�ØÈ�ßþ� Ç¨Â� ßþÂ¡� ¤¢ c ´¨� ßØÞõ ;´¨� �µêÂð ¤�Âì Ç¨Â� ¢¤�õ c ¤�� À�� ø ý��Ü�Âõ.Àª�� ùÀª Â�ð¤¢ �Ü�Âõ
c

c

c

y zc

x

ý�ûÇ¨Â� ø ´¨� ùÀ÷Â� �Èþ¤ ùÂð ,ñ�·õ ßþ� ¤¢ .n = 11 ý�Â� Ç¨Â� ´¡¤¢ ¥� üó�·õ 1-1 ÛØª.À�¨Â� ù¤��ø¢ Àþ�±÷ �¤ ù��¨ ý�ûñ�þ �� ¯��Âõý¤�î ü�ãþ ,Ýþ¤ø��� ¤¢ ö¥��µõ üþø¢ø¢ ´¡¤¢ ×þ �¤�¬�� �¤ �ûÇ¨Â� ´¡¤¢ Âð�ý��Ö� ø À÷Â�Ú� ¤�Âì Ç¨Â� ¢¤�õ (Àã� ý�Ü�Âõ ¤¢ �þ) ñø� ¤ø¢ ¤¢ ¢�Âê� ý�Þû �î Ý��î�î Ç¨Â� ý¢�Àã� ¤¢ ,ßþ� ¥� Ç�� c �î ¢�� Ý�û��¡ ßÿÞÎõ ,Ýþ¥�Æ� ¤�Ï ß�Þû �¤ ´¡¤¢ý�û�µ¨¢ �� �¤ ö�÷�Þú�õ �Àµ�� ¤�î ßþ� ý�Â� .´¨� �µª�¢ ¤�Âì ,´¨� ´¡¤¢ á�Ô�¤� �� °¨��µõ.(À÷�õüõ �ú�� ÂÔ÷ ×þ ,Àª�� ¢Âê n Âð�) Ý��îüõ Ý�ÆÖ� üþ��ø¢ßþ� "ö�ðÀ÷Â�' .À¨��ªüõ �¤ �µ¨¢ ö� ÂcÚþ¢ ¢Âê ø� �þ� �î Ý�¨Â�üõ �µ¨¢ Âû �Ìä ×þ ¥�ô�¹÷� �ûö� �� �ûÇ¨Â� ßþ� ø À÷ø¤üõ Àã� ý�Ü�Âõ �� (À÷�õüõ �î üÆî ü�ãþ) �ûÇ¨Â�×þ ¤¢ ,Àã� ý�Ü�Âõ ¤¢ �î Ý��îüõ ý¤�î ,À÷�õ �ú� � ý��Ü�Âõ ¤¢ ý¢Âê Âð� .À÷�ªüõö�Þû ¢Âê ßþ� .Ý�¨Â� ÂÔ÷ ×þ �� �� Ý��îüõ ¤�ÂØ� �¤ ¤�î ßþ� .¢Â�Ú� ¤�Âì üþ��ø¢ ý�µ¨¢.´¨� öÀªù¤�µ¨ ¢Ãõ�÷.´¨� ùÀª ø� ¥� �î ´¨� üþ�ûÇ¨Â� ¢�Àã� ýùÀ�û¢ö�È÷ ,´¡¤¢ ßþ� ïÂ� Âû ÕÞäÂû ¤¢ ¤�� ×þ ,¢Ãõ�÷ ö¢�µê� �ú�� ñ�Þµ�� �� ���� �� ø ´¨� dlg ne Â��Â� ´¡¤¢ ßþ� á�Ô�¤�
k = d lg n2 e ¤¢ Ýî ć ¨¢ ßþ� ¥� Ç�� ¢Âê ßþ� �î Ý�µÆû ßÿÞÎõ ,�ûýÀ���µ¨¢ ¥� �Ü�Âõ ø¢�î Ý��ÿÞÎõ ,Ç¨Â� 2(n− 1) ¥� ,Ýµþ¤�Úó� ôø¢ ý�Ü�Âõ ¤¢ ü�ãþ .´¨� ù¢�� Â�ð¤¢ Ç¨Â�Â��Â� ��� ć ¨¢ �ûÇ¨Â� Ûî ¢�Àã� Å� .Ýþ�ùÀ�¨Â� ñø� ý�Ü�Âõ ¤¢ �¤ö� ý�� k Ýî ć ¨¢.¢�ªüõ 3(n− 1)− d lg n2 e



7 "¤�úÈõ ýù¤�µ¨' ý�ÜÿÆõ 1-11-1 ý�ûßþÂÞ� (ü�î�Â�Â±¡) 1.1-1���� .Ý�õ�÷üõ bi �¤ ô� i ¢Âê Â±¡ .À÷¤�¢ ¤��µ¡� ¤¢ ýÂ±¡ ô�Àî Âû a1, a2, · · · , an ý�ûô�÷ �� ÂÔ÷ n� � ai Âð� .À÷Â�Ú� §�Þ� Ýû �� ´¨� ßØÞõ ÂÔ÷ ø¢ .À��ø�Ôµõ Ýû �� �û bi üÜî ´ó�� ¤¢ �î À��î
βj ø βi) À �ª� � � µª�¢ �¤ βj ý�ûÂ ±¡ aj ø βi ý�ûÂ ±¡ ,§�Þ � ¥� Ç� � ai ø ¢Â �Ú � §�Þ � ajÀ�û��¡ βi ∪ βj ý�ûÂ±¡ ý�¤�¢ ø¢ Âû ,§�Þ� ¥� Å� ,(À�µÆû �û bi ý��óø� ý�ûÂ±¡ ¥� üþ�û�ä�Þ¹õø ö�õ¥Ýû §�Þ� ,ü�î�Â�Â±¡ ¥� �Ü�Âõ ×þ .À��îüõ ÛÖµ�õ ÂÚþÀØþ �� �¤ ¢�¡ ý�ûÂ±¡ ü�¤�±ä�� .ÀªÇ�� �� À÷���üÞ÷ ¢Âê ×þ ,ü�î�Â�Â±¡ ¥� �Ü�Âõ ×þ ¤¢ �î À��î ���� .´¨� Ýû �� ÂÔ÷ n ßþ� ýø¢��ø¢ö���üõ �÷�Ú� ø �Ü�Âõ À�� ¤¢ Ý��î �À�� �î ´¨� ßþ� �ÜÿÆõ éÀû .¢Â�Ú� §�Þ� ÂÚþ¢ ÂÔ÷ ×þ ¥�.¢�¢ ¤�Âì �û ai ý�Þû ¤��µ¡� ¤¢ �¤ �û bi ý��óø� ý�ûÂ±¡À�û¢ ö�È÷ Ã�÷ ø Àþ¤ø� ´¨¢�� �¤ ü�î�Â�Â±¡ ý�Â� �û�Ü�Âõ ¢�Àã� ý���Þî ,Àª�� n = 7 Âð� (Óó�.À÷Â�Ú� §�Þ� Ýû �� Àþ�� ý¢�Âê� �� �Ü�Âõ Âû ¤¢ �î.À�þ�Þ÷ ��±�� ù¢¤ø� ´¨¢�� n = 2k ý�Â� �¤ �û�Ü�Âõ ¢�Àã� ý���Þî (�(ü¨��¨ ü÷�Þúõ) 2.1-1�Þª .´¨� ü¨��¨ �Ã� ×þ �ú�� �Ìä ô�Àî Âû �î À÷¤�¢ ´îÂª ùÀ�þ�Þ÷ n ü¨��¨ ü÷�Þúõ ×þ ¤¢���µõ Ýû �� ùÀ�þ�Þ÷ ø¢ ¢¤�¡Â� ¥� ÍÖê ø ´¨� �Ã� ô�Àî �Ìä �î À�¨Â³� ùÀ�þ�Þ÷ ×þ ¥� À�÷���üÞ÷ø À�µÆû �Ã� ×þ �Ìä À÷¢�� üÞ�Þ¬ Ýû �� Âð�) Â�¡ �þ À�µÆû �Ã� ×þ �Ìä �þ� �î Àþ�ªüõ,À�µÆû �Ã� ×þ �� ÕÜãµõ ö�ðÀ�þ�Þ÷ ¥� üÞ�÷ ¥� Ç�� �îßþ� ­Âê �� .(À��ø�Ôµõ �Ã� ø¢ ¥� �÷Âð.À�î �À�� �¤ ´þÂ·î� �Ã� ¥� ùÀ�þ�Þ÷ ×þ �� À��î ���¤� O(n) ¥� üÞµþ¤�Úó�(ü÷�Þúõ �� ��ä¢) 3.1-1ô�ª éÂ¬ �� �¤ ö�÷�Þúõ ¥� ¢�Àã� ßþÂµÈ�� Àû��¡üõ ö��Ã�õ .À÷�ùÀõ� Ýû ¢Âð ü÷�Þúõ ×þ ¤¢ ÂÔ÷ n�µª�¢ ö�ðÀª ��ä¢ Âþ�¨ ö��õ ¤¢ ��ª� k Ýî ć ¨¢ ö�ðÀª ��ä¢ ¥� ×þ Âû �î ý¤�Ï�� À�î ��ä¢ßþ� ý�Â� .Ýþ¤�¢ Ç�� ¥� �¤ �ûüþ��ª� ��ä�Ï� ý�Þû �õ ø ´¨� �êÂÏø¢ ý�Î��¤ ×þ üþ��ª� .Àª��.À�þ�Þ÷ ��±�� �¤ö� ø À�û¢ ���¤� ý��ÜÞ�À�� Ýµþ¤�Úó� ×þ ¤�î(Ýû ¥� ÂÔ�µõ ¢�Âê� �� ô�ª) 4.1-1�ø¥ ý�Â � � î Ý � ÷�¢üõ ø ´Æû �ø¥ R � ûö� ß� � ¤¢ �î À � � î ��ä¢ ô�ª � � �¤ Â Ô ÷ n ´¨� ¤�Â ìý���Þî ¢�Àã� Ý�û��¡üõ .À���È�� Ã�õ ×þ Â¨ Ýû �� À�µÆ�÷ Â®�� ø À÷ÂÔ�µõ Ýû ¥� v ø u ,(u, v) ∈ R�î À��î­Âê .À���È�÷ Ã�õ ×þ Â¨ Ýû ¥� ÂÔ�µõ ¢�Âê� �� Ý��î ß��ã� �¤ ¢Âê Âû ßµÆÈ÷ Û½õ ø �ûÃ�õ?´Æû �ÜÿÆõ ßþ� ý�Â� �¤�î Ýµþ¤�Úó� ×þ �þ� .À÷¤�¢ �¤ ö�Þúõ ý¢�þ¥ ¢�Àã� öÀ÷�È÷ Çþ�¹�ð �ûÃ�õ



�ÂÖµ¨� �� Ýµþ¤�Úó� ü��ÂÏ 1 ÛÊê 8ü��÷�±�ê ô� n ¢Àä ý�±¨�½õ 2-1:¢�ªüõ ÓþÂã� Âþ¥ üµÈð¥�� ý�Î��¤ ¥� ,Fn �þ 2ü��÷�±�ê ¢Àä ß�õ� n
Fn =







0 if n = 0,1 if n = 1,
Fn−1 + Fn−2 if n > 1. (1-1).À�µÆû ü��÷�±�ê ý�û¢Àä ß�Þû¢ �� ß�óø� 0,1,1,2,3,5,8,13,21,34 ,ñ�·õ ö���ä��

n ≥ 0 Âû ý�Â� Fn ý�±¨�½õ Óc Üµ¿õ ý�û©ø¤ Û�Ü½� ø ���¤� ´ÞÆì ßþ� ¥� éÀû¤¢ ø ´ì¢ �� �î Ý��î ö��� üªø¤ Ý�û��¡üõ ß���Ýû .´¨� (ï¤Ã� üÜ�¡ Àþ�ª) ù��¡ñ¢.À�î �±¨�½õ �¤ Fn ý��ÜÞ�À�� öc �õ¥üþ�ÂÖµ¨� ©ø¤ 1-2-1.Ý��îüõ ù¢�Ôµ¨� üµÈð¥�� ý�Î��¤ ¥�
Fibonacci (n)

. Computing the nth Fibonacci number
1 if n = 0 then return 0
2 if n = 1 then return 1
3 if n > 1 then return Fibonacci(n− 1)+Fibonacci(n− 2)¤�� Fn − 1 �� Õ�ì¢ ¤�Ï�� Fn ý�±¨�½õ ,Ýµþ¤�Úó� ßþ� �� ,Àõ� ]7[ ��µî ¤¢ ��ö���Û� üþ�Þ÷ ö�õ¥ ¤¢ �¤ �ÜÿÆõ üÎ¡ Âû�Ò�� Ýµþ¤�Úó� ßþ� �õ� .Àû¢üõ ô�¹÷� âÞ� ÛÞä.´¨� log Fn Â��Â� ý¢ø¤ø ýù¥�À÷� ö�� ,À�îüõ

φ = (1+
√5)/2 ø x �� ¼�½¬ ¢Àä ßþÂ�×þ¢Ã÷ 〈x〉 �î Fn =

〈
φn

√5〉 �î Ý�÷�¢üõ �õ�.´¨� 3üþ�Ï ´±Æ÷.¢Âî Û� Ýû Ω(φn) ý�±�Âõ ¥� ö���üõ �¤ �ÜÿÆõ ßþ� ñ�õÂê ßþ� �� ÂÚþ¢ �¤�±ä��ö�õ¥ ÂÑ÷ ¥� �î ¢¤ø� ´¨¢�� φ üó��µõ ö¢Âî ¤øÁ¹õ ¤�� O(lg n) �� ö���üõ �¤ φn �µ±ó��î ´¨��ßþ� ÛØÈõ .¢¤�¢ ü��±¨�½õ ýÀ� ÛØÈõ ×þ üóø ´¨� üÎ¡ Ýµþ¤�Úó� ×þ �Â��
Fibonacci2

golden ration3



9 ü��÷�±�ê ô� N ¢Àä ý�±¨�½õ 2-1ýø�� ¤�î Û¬�� ø ¢�ªüõ ô�¹÷� ¤ø� �ª Ã�Þõ � � ý�û¢Àä ýø¤ Â� ÛÞä ¤¢ ��±¨�½õ´¨¤¢ ´¨� ßØÞõ ùÀõ� ´¨¢�� ¢Àä ,ï¤Ã� ý�û n ý�Â� Å� .´¨� ü��±¨�½õ ý�Î¡.Àª�±÷ü��±¨�½õ ý�Î¡ öøÀ� ø ü÷�õ¥ üÎ¡ ©ø¤ 2-2-1.À��îüõ ëÀ¬ Âþ¥ ý�Î��¤ ¤¢ ü��÷�±�ê ý�û¢Àä 1-1 Ýó
[

Fn+1 Fn

Fn Fn−1 ]

=

[ 1 11 0 ]n

. (2-1)�î ´¨� ¼®�ø n = 1 ý�Â� .Ý��îüõ ��±�� �ÂÖµ¨� �� :��±��
[

Fn+1 Fn

Fn Fn−1 ]

=

[ 1 11 0 ]

.;À÷¤�ÂìÂ� Âþ¥ ý�û�Î��¤ üÜ¬� ÓþÂã� Õ±Ï ø n ≥ 2 ý�Â�
[

Fn+1 Fn

Fn Fn−1 ]

=

[
Fn Fn−1
Fn−1 Fn−2 ]

.

[ 1 11 0 ]

=

[ 1 11 0 ]n−1
.

[ 1 11 0 ]

=

[ 1 11 0 ]n

.

2ÅþÂ��õ Àþ� � Fn ö¢¤ø� ´¨¢�� ý�Â � �î ´¨� É¿Èõ ,2-1 ý�Î��¤ ¥� ù¢�Ô µ¨� � �¤�Ï� � ü�� ±¨�½õ ý�Î¡ öøÀ� ø Θ(lg n) ¤¢ ø ¢Âî �Â® ©¢�¡ ¤¢ ¤� � n �¤ [ 1 11 0 ]üÜ�¡ ´¨� ßØÞõ ü÷��õ ý�û¢Àä �õ� .´¨� üÎ¡ Ýµþ¤�Úó� ×þ ßþ� .¢Âî �±¨�½õ Õ�ì¢üþ�Þ÷ ö���Ýû ï¤Ã� ý�û¢Àä ý�Â� Ýµþ¤�Úó� ßþ� Å� .À÷�ª üþ�Þ÷ ,n �� ´±Æ÷ ø ï¤Ã�ü��Æ� ���ÜÞä ´��� ö�õ¥ ¤¢ ö��µ� �ûö� ýø¤ Â� �î À�ª�� ý¤�Ï �û¢Àä Âð� �õ� ,´¨�.´¨� üÎ¡ Ýµþ¤�Úó� ,¢�¢ ô�¹÷�2-1 ý�ûßþÂÞ� (üþ�Ï ´±Æ÷) 1.2-1.À�µÆû x2 + x + 1 = 0 ý�ó¢�ãõ ý�û�Èþ¤ φ̂ ö� �ø¢Ãõ ø φ üþ�Ï ´±Æ÷ �î À��î ��±��



�ÂÖµ¨� �� Ýµþ¤�Úó� ü��ÂÏ 1 ÛÊê 10(ñ�õÂê �� �±¨�½õ) 2.2-1.À�îüõ ëÀ¬ fi = φi−φ̂i
√5 ý�ó¢�ãõ ¤¢ ü��÷�±�ê ¢Àä ß�õ� i �î À��î ��±�� �ÂÖµ¨� ��

∗ 3.2-1�î ü��÷�±�ê ý�ó�±÷¢ ¥� ü�ø�Ôµõ ý�û¢Àä âÞ� �¤�¬�� N üã�±Ï ¢Àä Âû ,�µØþ ¤�Ï�� �î À��î ´����µ±ó� .|ij − ij−1| ≥ 2 �î N =
∑m

i=1 Fij
,ü�ãþ .´¨� Çþ�Þ÷ Û��ì À�µÆ�÷ üó��µõ ý�ÜÞ� ø¢ Ûõ�ª.Fn+2 = Fn+1 + Fn ø F2 = 2 ,F1 = 1 :Ý�÷�¢üõ ü��÷�±�ê ý�û¢Àä ¢¤�õ ¤¢:ñ�·õ10 = F5 + F2 represented by 1001011 = F5 + F3 represented by 1010012 = F5 + F3 + F1 represented by 10101.

∗ (�÷�Þ�� ¤¢ �±¨�½õ) 4.2-1´¨¢�� r ¼�½¬ ¢Àä ×þ ý�÷�Þ�� �� �¤ ü��÷�±�ê ¢Àä ß�õ� i ö���üõ üþ�¤�î Ýµþ¤�Úó� �� �� À�þ�Ú�.¢¤ø�üÏ�½õ ýùÂþ�¢ ßþÂ�×��î 3-1Â� �þ ,ùÀªù¢�¢ ý�ÎÖ÷ n ý�Þû �î Ý����� �¤ ý�4üÏ�½õ ýùÂþ�¢ ßþÂ�×��î Ý�û��¡üõÝ�û��¡üõ À��î ­Âê ;´¨� ¢�þ¥ �ÜÿÆõ ßþ� ¢Â�¤�î .À�ª�� ö� Û¡�¢ ¤¢ �þ Í�½õ ýø¤���¤e ý�þ�� .Ýþ¤�¢Â� íÂ½µõ ýø¥�� �� ���¤e ×þ ý�Ü�¨ø �� ß�õ¥ ýø¤ ¥� �¤ �µÆ� ý¢�Àã�ñ�·õ ßþ� ¤¢ ?Àª�� ÂþÁ�ö�Øõ� ¤�î ßþ� ,ø¥�� ýù¥�À÷� ßþÂµÞî �� �� Ý�û¢ ¤�Âì �ÎÖ÷ ô�Àî ¤¢ �¤.¢�ª ���Þî �µÆ� ßþÂ�¤ø¢ �� ���¤e ý�þ�� ý�Ü¬�ê Ý�û��¡üõ�� �¨ �þ ø¢ ×ª öøÀ� ���ú� ���� ¤¢ �î ´¨� §�¨� ßþ� Â� "�÷�¤�î¤�î' Û�ù�¤ ×þÂÑ÷ ¤¢ �¤ �û�ÎÖ÷ �¨ ý�Þû ,Å� .À�µÆû ���ú� ýùÂþ�¢ Í�½õ ýø¤ Â� ý¢ø¤ø ý�û�ÎÖ÷ ¥�ü¨¤Â� ø Ý¨¤ ¢¤Áðüõ �ÎÖ ÷ �¨ ¥� �î �¤ ý�ùÂþ�¢ ø ((n3) ¢�Àã� � � �� � ć ¨¢) ÝþÂ�ðüõ,ß���Ýû .Â�¡ �þ À�µÆû ùÂþ�¢ ßþ� Í�½õ ýø¤ Â� �þ Û¡�¢ ¤¢ �û�ÎÖ÷ ý��Ö� �þ� �î Ý��îüõý�ùÂþ�¢ �ÎÖ÷-�ø¥ Âû ÂÎì �� ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ((n2) ¢�Àã� ��) �û�ÎÖ÷-�ø¥ ý�Þûý�ûùÂþ�¢ ßþ� ßþÂ�×��î .¢Â�ðüõÂ� ¤¢ �¤ �û�ÎÖ÷ ý��Ö� �þ� �î Ý��îüõ ü¨¤Â� ø Ý¨¤.´¨� O(n4) ¥� Û�ù�¤ ßþ� �î ´¨� üúþÀ� .´¨� ���� üÏ�½õßþÂ�¤ø¢ ý�÷ø¤ø ¤�¢�Þ÷' ´¡�¨ Â� ü�µ±õ �î ¢¤�¢ O(n lg n) Û�ù�¤ ×þ �ÜÿÆõ ßþ�
smallest enclosing circle4



11 üÏ�½õ ýùÂþ�¢ ßþÂ�×��î 3-1ù¢�¨ ö�À�� Ýû ö� Ýµþ¤�Úó� ø ´¨� "6ü��±¨�½õ ý�¨À�û' ý���õ¥ ¤¢ �î ´¨� "5�Ü¬�ê.´Æ�÷¤¢ �î Ý��îüõ ���¤� �ÂÖµ¨� Â� ü�µ±õ ø 7üê¢�Ê� ýù¢�¨ Ýµþ¤�Úó� ×þ ´ÞÆì ßþ� ¤¢ �õßþ� ¤¢ .´¨� ù¢�¨ ¤��Æ� Ýû ö� ý¥�¨ù¢��� ø À�îüõ Û� �¤ �ÜÿÆõ ßþ� O(n) ß�Ú÷��õ ö�õ¥.Àþ�ªüõ ��ª� �ûö� Û�Ü½� ýù�½÷ ø �ûÝµþ¤�Úó� ßþ� �� ´ÞÆìÛ�ù�¤ üÈþ�Ãê� ¤�µ¡�¨ 1-3-1üê¢�Ê� �¤�¬�� �î Àª�� ùÀªù¢�¢ ý�ÎÖ÷ n ý�ä�Þ¹õ P = {p1, p2, · · · , pn} À��î ­Âêß þÂ �×��î Di ø Pi = {p1, p2, · · · , pi} À � � î ­Âê ß � ��Ýû .À ÷�ùÀª ý¤�Áðù¤�Þª.´¨� Pi ý�Â� üÏ�½õ ýùÂþ�¢
Di−1 ¢�ªüõ­Âê ô� i ý�Ü�Âõ ¤¢ ü�ãþ ,À�îüõ ¤�µê¤ ,8üÈþ�Ãê� �¤�¬�� Ýµþ¤�Úó�¢�� Di−1 Í�½õ ýø¤ Â� �þ öø¤¢ pi Âð� .Ý��îüõ �¤¢ ö� ¤¢ �¤ pi ý�ÎÖ÷ �õ ø ¢¤�¢ ¢��øÂ� pi ,2-1 Ýó §�¨� Â � �î ´¨� ý�ùÂþ�¢ Di �÷Âð ø Di = Di−1 �î (pi ∈ Di−1 ü�ãþ).¢¤�¢ ¤�Âì ö� Í�½õ ýø¤:Ýþ¤�¢ i = 2, . . . , n ý�Â� 2-1 Ýó.Di = Di−1 ,pi ∈ Di−1 Âð� •.´¨� Di Í�½õ ýø¤ Â� pi ,pi /∈ Di−1 Âð� •.Àþ�üõ Âþ¥ ¤¢ ö� ��±�� �î ´¨� 3-1 Â�ý�ì Ýó ¥� üÈ¿� Ýó ßþ�Ýµþ¤�Úó�.À�îüõ �À�� �¤ P ¯�Ö÷ �ä�Þ¹õ ý�Â� üÏ�½õ ýùÂþ�¢ ßþÂ�×��î MinDisc (P ) ý�þø¤×�×� �¤ �ûö� ø À�îüõ ý¤�Áðù¤�Þª üê¢�Ê� �¤�¬ �� �¤ �û�ÎÖ÷ �Àµ�� ,¤�î ßþ� ý�Â�
pi ý�ÎÖ ÷ Ý µ þ¤�Ú ó� .p1p2 ÂÎì � � ´¨� ý�ùÂ þ�¢ D2 �î ´¨� üú þÀ � .¢Â � ðüõ ÂÑ ÷ ¤¢¤¢ ,pi ∈ Di−1 Âð� ,Àõ� 2-1 Ýó ¤¢ ��ö��� .¢Â�ðüõ ÂÑ÷ ¤¢ �¤ Di−1 ø 3 ≤ i ≤ n ý�Â�

farthest point Voronoi diagram5
computational geometry6

randomized7
incremental8



�ÂÖµ¨� �� Ýµþ¤�Úó� ü��ÂÏ 1 ÛÊê 12
{p1, · · · , pi−1} ý�û�ÎÖ÷ üÏ�½õ ýùÂþ�¢ ßþÂ�×��î Di �÷Âð ø .Di = Di−1 �¤�¬ö�.Àª�� ö� Í�½õ ýø¤ Â� pi �î ¯Âª ßþ� �� ´¨�

MinDisc (P )

. Input: A set P of n points on the plane

. Output: Smallest enclosing circle for P

1 Compute a random permuatation {p1, · · · , pn} of P

2 Let D2 be the smallest enclosing circle for P2 = {p1, p2}
3 for i← 3 to n

4 do if pi ∈ Di−1

5 then Di ← Di−1

6 else Di ← MinDisc1Point({p1, · · · , pi−1}, pi)

7 return Dn .¢�ªüõ ô�¹÷� MinDisc1Point ý�þø¤ ü÷��¡�Âê �� ¤�î ßþ�
MinDisc1Point (P, q)

. Input: A set P of n points and a point q such that,

. there exits an enclosing disk for P with q on its boundary

. Output: Smallest enclosing circle for P with q on its boundary

1 Compute a random permuatation {p1, · · · , pn} of P

2 Let D1 be the smallest circle with p1 and q on its boundary

3 for j ← 2 to n

4 do if pj ∈ Dj−1

5 then Dj ← Dj−1

6 else Dj ← MinDisc2Points({p1, · · · , pj−1}, pj, q)

7 return Dn.¢¤�¢ ���� ÂÑ÷ ¢¤�õ ý�ÜÿÆõ �î ¢�ªüõ ü÷��¡�Âê üõ�Ú�û ôø¢ ý�þø¤ �î À��î �����¤ P üÏ�½õ ýùÂþ�¢ ßþÂ�×��î ,©ø¤ ß�Þû �� Ýû MinDisc1Point (P, q) ý�þø¤,¢¤�¢ ���� �ÜÿÆõ Ý�÷�¢üõ �îö� ­Âê �� .Àª�� ö� Í�½õ ýø¤ Â� q �î ¢¤ø�üõ ´¨¢��ø Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ 1 ≤ j ≤ n ý�Â� ø üê¢�Ê� °��Â� ×þ �� �¤ pj ∈ P ý�û�ÎÖ÷���Èõ .¢�ªüõ �µ¡�¨ üð¢�¨�� �î ´¨� ¤�î áøÂª D1 .Ýþ¥�¨üõ �¤ Dj ýùÂþ�¢ Dj−1 ¥�´¨� ý�ùÂþ�¢ Dj �÷Âðø Dj = Dj−1 �¤�¬ ö� ¤¢ ,Àª�� pj ∈ Dj−1 Âð� ,ß�È�� Ýµþ¤�Úó�
MinDisc2Points ü÷��¡�Â ê � � ¤� î ß þ� .À � µÆû ö� Í�½õ ýø¤ Â � pj Ýû ø q Ýû �î



13 üÏ�½õ ýùÂþ�¢ ßþÂ�×��î 3-1.¢¤�¢ ���� �ÜÿÆõ �î ­Âê ßþ� �� ,¢�ªüõ ô�¹÷� (P, q, pj)

D1 � î �ø� Ô � ß þ� � � ,´¨� Û ± ì À � ÷� õ Ý û MinDisc2Points (P, q1, q2) ý� þø¤
Dk �¤�¬ö� ¤¢ ,pk /∈ Dk−1 Âð� .¢¤Áðüõ q2 ø q1 ,p1 ý�ÎÖ÷ �¨ ¥� �î ´¨� ý�ùÂþ�¢üÏ�½õ ýùÂþ�¢ ´¨� ßØÞõ Dk �î À��î ���� .¢¤Áðüõ q2 ø q1 ,pk ¥� �î ´¨� ý�ùÂþ�¢��óø� ­Âê �� ���� �� üóø ,(À�ª�� �µêÂð ¤�Âì ö� ¥� �¤�¡ �ÎÖ÷ À��) Àª�±÷ {p1, . . . , pk}�î ´¨� ý�ùÂþ�¢ ßþÂ�×��î üµ¨¤¢�� Dn �ÖÜ� ý�úµ÷� ¤¢ ,¢¤�¢ ���� P ý�Â� �ÜÿÆõ �î.À�µÆû ö� Í�½õ ýø¤ Â� q2 ø q1 ø ¢Â�ðüõ Â� ¤¢ �¤ P

MinDisc2Points (P, q1, q2)
. Input: A set P of n points and two points q1 and q2
. such that, there exits an enclosing disk for P
. with q1 and q2 on its boundary
. Output: Smallest enclosing circle for P
. with q1 and q2 on its boundary

1 Compute a random permuatation {p1, · · · , pn} of P
2 Let D0 be the smallest circle with q1 and q2 on its boundary
3 for k ← 1 to n
4 do if pk ∈ Dk−1
5 then Dk ← Dk−1
6 else Dk ← the circle on pk, q1, and q2 on its boarder
7 return Dn Ýµþ¤�Úó� üµ¨¤¢ ��±��Â�ý�ì Ýó ×þ ��ßþ� ¤¢ .´¨� ßªø¤ ý¢�þ¥ ¢øÀ� �� 2-1 Ýó �� ���� �� Ýµþ¤�Úó� üµ¨¤¢.Ý��îüõ ��±�� �¤ö� ø ö���ý��ä�Þ¹õ R ,�½Ô¬ ¤¢ ý¢ø¤ø ý�û�ÎÖ÷ ¥� ý��ä�Þ¹õ P À��î ­Âê 3-1 Ýó:À÷¤�ÂìÂ� Âþ¥ ý�ûù¤�Ãð �¤�¬ö� ¤¢ .p ∈ P ø P ¥� �Ã¹õ ý�û�ÎÖ÷ ¥�Â� R ý�û�ÎÖ÷ ø ¢Â�Ú� Â� ¤¢ �¤ P ý�û�ÎÖ÷ ý�Þû �î Àª�� ý�ùÂþ�¢ Âð� .1ø ´¨�µØþ ý�ùÂþ�¢ ß��� ßþÂ�×��î �¤�¬ ßþ� ¤¢ ,Àª�� ö� Í�½õ ýø¤.Ý�û¢üõ ö�È÷ md(P, R) �� �¤ö� �õø ,md(P, R) = md(P\{p}, R) �¤�¬ö� ¤¢ ,p ∈ md(P\{p}, R) Âð� .2.md(P, R) = md(P, R ∪ {p}) �¤�¬ö� ¤¢ ,p /∈ md(P\{p}, R) Âð� .3



�ÂÖµ¨� �� Ýµþ¤�Úó� ü��ÂÏ 1 ÛÊê 14:��±��¥� ÂµÈ�� R ý�û�ÎÖ÷ ¢�Àã� Âð� ,Ý�õ�÷üõ D �¤ö� �î ý�ùÂþ�¢ ß��� ¢��ø �¤�¬ ¤¢ .1ÐÔ� � � ö�� �üõ �¤ D �¤�¬ö� ¤¢ ,|R| ≤ 2 Âð� .´¨� � � �ú � ���� D ,Àª� � 2¢�ª 3 �þ 2 ö� ýø¤ Â� ý�û�ÎÖ÷ ¢�Àã� �� ¢Âî ×��î ¤Àìö� ,ö� ýø¤ Â� R ý�û�ÎÖ÷Ý�¨¤üõ ���ú� ���� ×þ �� �¤�¬ ßþ� ¤¢ .¢Âî ×��î �¤ ùÂþ�¢ ö� ¥� Ç�� ö��µ÷ ø.´¨�µØþ ö� ø.´¨� üúþÀ� .2­Âê ß���Ýû .´¨� x0 ý�ÎÖ÷ D0 ÃîÂõ Ã�÷ ø D0 = md(P\{p}, R) À��î ­Âê .3ýø¤ Â � p üóø Àª� �üõ x1 ö� ÃîÂõ ø ´¨� �Ü ÿÆõ ���� D1 = md(P, R) À� �î.´Æ�÷ ö� Í�½õ
P íÂµÈõ ý�û�ÎÖ ÷ Ûõ�ª À þ� � D1 ø D0 ,¢�ªüõ ùÀ þ¢ 2-1 ÛØª ¤¢ ��ö� ��
P Ûõ�ª ý����÷ ,ÛØª ¤¢ .À÷¤�¢ üì�� z2 ø z1 ý�û�ÎÖ÷ ¤¢ Ýû �� ü�ãþ ;À�ª��.´¨� ùÀª ù¢�¢ ö�È÷ ýÂµÆî�¡ �¤�¬��
p ý�ÎÖ÷ Ûõ�ª �ú�� ,´Æ�÷ D0 ¤¢ üóø ´Æû D1 ¤¢ �î ý�����÷ �î ´¨� ßªø¤Â� �¤ x1 Âð� .Ý��îüõ Ý¨¤ �¤ x0x1 Í¡ù¤�� .¢¤�À÷ ¤�Âì ö� ¤¢ ýÂÚþ¢ ý�ÎÖ÷ ø ´¨��� ý�ùÂþ�¢ ,Ý�¨Â� x(λ) �� �� Ý�û¢ ´îÂ� x0 ´Þ¨�� λ ýù¥�À÷��� Í¡ ßþ� ýø¤ý�Þû Ûõ�ª �î ¢�� Àû��¡ D1 ¥� Â�×��î ý�ùÂþ�¢ x(λ)z0 á�ãª ø x(λ) ÃîÂõï¤Ã� ¤Àìö� �¤ö� .¢�ªüõ Â�×��î ùÂþ�¢ ßþ� ,λ öÀª ¢�þ¥ �� .´¨� P ý�û�ÎÖ÷
D′1 �î ´¨� ßªø¤ .¢¤�¢ ¤�Âì ö� Í�½õ ýø¤ Â� p �î Ý�¨Â� D′1 ýùÂþ�¢ �� �� Ý��îüõ.¢¤�¢ ¤�Âì ö� Í�½õ ýø¤ Â� R ∪ {p1} �î ´¨� ý�ùÂþ�¢ ßþÂ�×��î
2 Ýµþ¤�Úó� Û�Ü½�Âû ,Ýþ¤�¢ �¤ ¥��÷ ¢¤�õ ý�ûDi ý�Þû �îö� ­Âê �� ø �ÎÖ÷ n �� P ý�Â� �î ´¨� üúþÀ�ü÷��¡�Â ê ñ�� .´ª�¢ Àû��¡ �� þÃû O(n) ¤�ÀÖõ � � MinDisc2Points ü÷��¡�Â ê ¤� ��Â�� 6 ýù¤�Þª ¤�µ¨¢ Âð� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ P ¤¢ �ÎÖ÷ ¢�Àã� ö�Þû �� MinDisc1Point¤�µ¨¢ ßþ� �î Ý��îüõ É¿Èõ ñ�� .´¨� O(n) �È�Þû Ýµþ¤�Úó� ßþ� ý�Â�� ö�õ¥ ,¢�È÷ù¢�Ôµ¨� "9§�Øãõ Û�Ü½�' ©ø¤ ¥� ¤�î ßþ� ý�Â� .¢�ªüõ �Â�� ¤�� À�� ß�Ú÷��õ ¤�Ï��

backward analysis9



15 üÏ�½õ ýùÂþ�¢ ßþÂ�×��î 3-1
D0

D1
px0

x1
z1

z2 x(λ)

D′1.À÷¤�¢ ¤�Âì D1 ø D0 ß�� íÂµÈõ ýÂµÆî�¡ ý����÷ ¤¢ P ý�û�ÎÖ÷ .3-1 Ýó ��±�� 2-1 ÛØª×�×� �¤ �ûö� À÷�ª �ê�®� ×�×� �û�ÎÖ÷ �îö� ý���� �î Ý��îüõ­Âê ü�ãþ .Ý��îüõ.¢�ª Â�×��î ���ú� ýùÂþ�¢ pj ý�ÎÖ÷ éÁ� �� �î Ýþ¤ø� ´¨¢�� �¤ üó�Þµ�� ø Ýþ¤�¢Â�.¢�ª �ê�®� pj Âð� ¢�ª Â�ï¤Ã� ���ú� ýùÂþ�¢ �î üó�Þµ�� �� ´¨� Â��Â� ñ�Þµ�� ßþ�,¢¤�¢ ¤�Âì ���ú� üÏ�½õ ýùÂþ�¢ Í�½õ ýø¤ Â� �ÎÖ÷ ø¢ �þ �ÎÖ÷ �¨ ñ�� Âû ¤¢ �î Ý�÷�¢üõ,§�Øãõ ©ø¤�� ø �ÎÖ÷ �¨ ý�Â� .´¨� q �ûö� ¥� üØþ MinDisc1Point ý�þø¤ ¤¢ �îø¢ ¥� üØþ pj Âð� ¢�ªüõ Â�×��î �� �ú � ýùÂ þ�¢ (j = 3 . . . n ý�Â �) ô� j ý�Ü�Âõ ¤¢ÝûÂð� . 2
j−2 � � ´¨� Â��Â� ´ó�� ßþ� ñ�Þµ�� .¢¤�¢ ¤�Âì Í�½õ ýø¤ Â� �î Àª�� ý��ÎÖ÷Âû ¤¢ .¢�ªüõ 1

j−1 ñ�Þµ�� ,Àª� � ùÂ þ�¢ Í�½õ ¤¢ ÂÚþ¢ ý�ÎÖ ÷ ×þ q ¥� Â �è �È�Þû:�� ´¨� Â��Â� MinDisc1Point Ýµþ¤�Úó� ý�Â�� ö�õ¥ ß�Ú÷��õ ,�¤�¬
max{

n∑

j=3 2
j − 2O(j),

n∑

j=2 1
j − 1O(j)} = O(n).ý�þø¤ ý�Â�� ö�õ¥ �î Àþ¢ ö���üõ üð¢�¨�� ,©ø¤ ß�Þû �� ø Û�Ü½� ßþ� ¥� ù¢�Ôµ¨� ��.´¨� O(n) ß�Ú÷��õ ¤�Ï�� Ýû MinDisc ü�ãþ üÜ¬�3-1 ý�ûßþÂÞ� 1.3-1.À�Æþ��� �¤ �ÎÖ÷ n üÏ�½õ ýùÂþ�¢ ßþÂ�×��î ý�±¨�½õ ý�õ�÷Â�



1 ÛÊê ý�ûßþÂÞ� 16
∗ (�À½õ ý�µ¨��) 2.3-1.Àþ¤ø� ´¨¢�� �¤ �ÎÖ÷ n �À½õ ý�µ¨�� ßµê�þ ý�Â� O(n log n) ý�±�Âõ ¥� üÞµþ¤�Úó�

∗ (ÂÎì ßµê�þ) 3.3-1ßþ� ÂÎì �� À��î Û�Ü½� ø ���¤� üÞµþ¤�Úó� .´¨� ùÀª ù¢�¢ ýÀã� -2 ý�Ìê ¤¢ �ÎÖ÷ n ¥� ý��ä�Þ¹õÂ� ¤¢ �¤ �û�ÎÖ÷ ý�Þû �î ý¥��õ Í¡ ø¢ ý�Ü¬�ê ßþÂµÞî �� ´¨� Â��Â� �î ¢¤ø� ´¨¢�� �¤ �û�ÎÖ÷.À��î ¢�ú�È�� ¤�î ßþ� ý�Â� O(n lg n) ¥� üÞµþ¤�Úó� .À÷Â�Ú�4.3-1� � À � � î Û � Ü½ � ø � ��¤� üÞ µ þ¤�Ú ó� .´¨� ùÀª ù¢�¢ ýÀã �-2 ý�Ì ê ¤¢ �Î Ö ÷ n ¥� ý�� ä�Þ¹ õ.¢¤ø� ´¨¢�� �¤ ,��Êµ¿õ ý�û¤�½õ �� ý¥��õ ý�ûâÜ® �� ,�û�ÎÖ÷ ßþ� üÏ�½õ â�Âõ ßþÂ�×��î5.3-1ø ¤ø¢ öøÀ� ø ´ú� öøÀ� é�Âð) ¢�¥� ´¡¤¢ ×þ ÂÎì ßµê�þ ý�Â� O(|V |) ý�±�Âõ ¥� üÞµþ¤�Úó��¤ ¢�¡ Ýµþ¤�Úó� .´¨� é�Âð ¤¢ ùÂð ø¢ ß� � Â�Æõ ñ�Ï ý���È� � ´¡¤¢ ÂÎì .À� �î � ��¤� (ö¥ø.À��î Ó�¬��1 ÛÊê ý�ûßþÂÞ� (üµÈð¥�� ý�Î��¤) 1.1:¢�ªüõ ÓþÂã� �¤�¬ ßþ� �� üã�±Ï ¢�Àä� ýø¤ f ý�ó�±÷¢
{

fi = di 1 ≤ i ≤ k

fi =
∑k

j=1 cj × fn−j i > kÀ�ûÀ� O(lg n) ö�õ¥ ¥� üÞµþ¤�Úó� .À�µÆû ü½�½¬ ø ´��� ý�û¢Àä �û ci ø �û di ,k ≥ 1 ö� ¤¢ �î.À�î �±¨�½õ �¤ (fn) �ó�±÷¢ ßþ� ô�e n ý�ÜÞ� �î2.1
A ¥� � î Ý þ¤�¢ Â Ñ ÷ ¤¢ .´ ¨� ùÀ ª ù¢�¢ ü Ö � Ö � ý� û¢À ä ¥� A[0..n − 1] ý� þ�¤�:Ý � ª� � � µ ª�¢ i ≤ j ý�Â � � î Ý þ¥� Æ � ý¤� Ï �¤ B[0..n − 1, 0..n − 1] Å þÂ �� õý�±�Âõ ø À��î ¢�ú�È�� �ÜÿÆõ ßþ� ý�Â� üþ�¤�î Ýµþ¤�Úó� .B[i, j] = A[i] + A[i + 1] + · · ·+ A[j].À��î �±¨�½õ �¤ö�(1 ü�ØªÂ¨ ý��þÃû) 3.1À����� �¤ i ¥� Â�×��î j ßþÂ�ï¤Ã� (¢��ø �¤�¬ ¤¢) i Âû ý�Â� .À÷�ùÀª ù¢�¢ an �� a1 ý�û¢Àä



17 1 ÛÊê ý�ûßþÂÞ��þ) À��î ü��ÂÏ O(n) Ûî ý�Â�� ö�õ¥ �� üÞµþ¤�Úó� ,�ÜÿÆõ ßþ� ý�Â� .Àª�� ai > aj �î ý��÷�ð��.(Àª�� O(1) Â��Â� i Âû ý�Â� ùÀª ßØªÂ¨ ý��þÃû �îßþ�(2 ü�ØªÂ¨ ý��þÃû) 4.1Âþ¥ ý�û¯Âª �� �û¢Àä ßþ� ¥� üþ���¨ �� k Ý�û��¡üõ .À÷�ùÀª ù¢�¢ a1 ≤ a2 ≤ · · · ≤ an ¢Àä n:Ý��î ��¿µ÷�,Àª�� üþ���¨ ×þ ¤¢ ��� ć ¨¢ ¢Àä Âû •.¢�ª ���Þî ∑k

i=1(yi − xi)
2 á�Þ¹õ ,(xi ≤ yi ≤ zi) Àª�� üþ���¨ ß�õ� i ,zi ø yi ,xi Âð� •.À�û¢ ���¤� �ûüþ���¨ ßþ� ßµê�þ ý�Â� O(nk) ¥� üÞµþ¤�Úó�(ùÀ�»�� ý�þ�¤�) 5.1Âð� Ý�þ�ðüõ "ùÀ�»�� ý�þ�¤�' �¤ A[1..2n + 1] ý�þ�¤�

A[1] ≤ A[2] ≥ A[3] ≤ · · ·A[2n] ≥ A[2n + 1]�� �� À��î ¢�ú�È�� �¤�î üÞµþ¤�Úó� .´¨� ùÀª ù¢�¢ üÖ�Ö� ý�û¢Àä ¥� B[1..2n + 1] °�Âõ�÷ ý�þ�¤�ö� ý��þÃû ø ´Æ�� Ýµþ¤�Úó� á�÷ .¢¤ø��� ¤¢ ùÀ�»�� ý�þ�¤� ×þ �¤�¬�� �¤ B ,�ûÂÊ�äËþ�ã�?´¨� ¤ÀÖ�(�µª¤ ö�¤ød¢d) 6.1
T ′ ý�µª¤ ¥� "ö�¤ø¢' ×þ T ý�µª¤ ×þ �þ� Àû¢ É�¿È� �î À��î ¢�ú�È�� üÎ¡ Ýµþ¤�Úó� ×þ.À�µÆû Ýû ¥� ü÷�¤ø¢ car ø arc ,ñ�·õ ö���ä�� .Â�¡ �þ ´Æû(ü�ØªÂ¨ ý��þÃû ,¤�µ¡�¨ù¢�¢) 7.1âþÂ¨ ö� ¤¢ ��ø´Æ� ø �¤¢ �î ¢�ªüõ üêÂãõ ¢Àä n ýùÂ�¡£ ý�Â� ý¤�µ¡�¨ù¢�¢ �ÜÿÆõ ßþ� ¤¢2i ,ô� i ý�þ�¤� ñ�Ï �î ´¨� ùÀª Û�ØÈ� �þ�¤� dlg ne ¥� ý��ä�Þ¹õ ¥� ¤�µ¡�¨ù¢�¢ ßþ� .¢�ª ô�¹÷�ö¢�� üó�¡ �þ Â� .´¨� °�Âõ �þ�¤� Âû �õ� ,Â� Ûõ�î ¤�Ï�� �þ ´¨� üó�¡ �þ �û�þ�¤� ¥� ×þ Âû .´¨�ö�� ,Àª� � ùÀª ùÂ �¡£ ¢Àä 11 Âð� ,ñ� · õ ý�Â � .¢¤�¢ üÚµÆ� n ¢Àä üþø¢ø¢ Çþ�Þ ÷ � � �û� þ�¤�:´¨� Âþ¥ �¤�¬ �� ¤�µ¡�¨ù¢�¢ ,´¨� 11 =1011

A0: [5]
A1: [4, 8]
A2: empty

A3: [2, 6, 9, 12, 13, 16, 20, 25].´¨� üþ�ûÂÊ�ä �� ýø�� ý��þ�¤� Âû �î À�îüõÉ¿Èõ üú� ¤�µ¡�¨ù¢�¢ ¤¢ �û�¤¢ °��Â�¤�Âì 1 ñ�Ï�� B0 ý�þ�¤� ¤¢ �¤ x ¢Àä �Àµ�� :Ý��îüõ ÛÞä �÷�ðßþ� ¤�µ¡�¨ù¢�¢ �� x ¢Àä �¤¢ ý�Â�üó�¡ �¤ A0 ,� ÷Âð ø .´¨� ô�Þ� ¤�î ø Ý�û¢üõ ¤�Âì B0 Â��Â � �¤ö� ,Àª� � üó�¡ A0 Âð� .Ý�û¢üõüó�¡ A1Âð� .Ý�õ�÷üõ B1 �¤ö� ø Ýþ¥�¨üõ B0 ø A0 ô�è¢� ¥� Û¬�� ,2 ñ�Ï�� ý��þ�¤� ø Ý��îüõ.Ýþ¥�¨üõ B1 ø A1 ô�è¢� �� �¤ B2 ø Ý��îüõ üó�¡ �¤ö� ,�÷Âð ø .Ý�û¢üõ ¤�Âì B1 Â��Â� �¤ö� ,Àª��



1 ÛÊê ý�ûßþÂÞ� 18¤�µ¡�¨ù¢�¢ ßþ� ¤¢ 10 ¢Àä Âð� ,ñ�·õ ý�Â� .¢�ª üó�¡ Ai �î ü÷�õ¥ �� Ý�û¢üõ �õ�¢� °��Â� ß�Þû��:(n = 12 =1100) ¢Âî Àû��¡ Â��ç� Âþ¥ �¤�¬ �� 3 �� °¨��µõ ý���þÃû �� ¤�µ¡�¨ù¢�¢ ,¢�ª �¤¢
A0: empty

A1: empty

A2: [4, 5, 8, 10]
A3: [2, 6, 9, 12, 13, 16, 20, 25]âÞ� ,�¤¢ ×þ ý��þÃû ��ßþ� ¤¢ .´¨� 2m Â��Â� ,m ñ�Ï �� �þ�¤� ø¢ ô�è¢� ý��þÃû �î À��î ����.´¨�ûô�è¢� Ûîø ¢�ªüõ ô�¹÷� �÷�Ú� ÂÊ�ä ×þ ßµê�þ ý�Â� ��ø´Æ� ,ÂÊ�ä n �� ¤�µ¡�¨ù¢�¢ ßþ� ¤¢ (Óó�?´¨� ¤ÀÖ� ö� ý��þÃû?´¨� ¤ÀÖ� ´ó�� ßþÂ�À� ¤¢ �¤¢ ×þ ý��þÃû (�ßþ� ¤¢ �¤¢ ÛÞä ü�ØªÂ¨ ý�� þÃû À� � î ��± �� (aggregate) �û�± ÷� ©ø¤ ¥� ù¢� Ô µ¨� � � (�.´¨� O(lg n) ¤�µ¡�¨ù¢�¢¤�µ¡�¨ù¢�¢ ßþ� ¤¢ �¤¢ ÛÞä ü�ØªÂ¨ ý��þÃû �î À��î ��±�� Û�Æ÷�µ� â��� ©ø¤ ¥� ù¢�Ôµ¨� �� (�.´¨� O(lg n) 8.1,´¨� N �� 1 ý�û¢Àä ¥� üµÈðý�� ýø�� �Àµ�� ¤¢ �î A[N ] �� A[1] ÂÊ�ä N �� A ý�þ�¤� ýø¤ Â�?´Æ�� �þø¤ ßþ� ñ�Øª� .Ý��îüõ �Â�� �¤ Âþ¥ ý�þø¤

MaybeSort (A, N )
1 k← 0
2 repeat
3 k← k + 1
4 for i = 1 to N
5 do B[i]← A[A[i]]
6 for i = 1 to N
7 do A[i]← B[i]
8 until ∀1≤i≤NA[i] = i
9 return k (üê¢�Ê� Ýµþ¤�Úó� ,¢Âê ßþÂ�ÀìÀ�Ü�) 9.1ßþÂ�ÀìÀ�Ü� Àì ýù¥�À÷� ´¨� ¤�Âì ñ�ÿÆõ .À÷�ªüõ ���� ×þ ¢¤�ø Ó¬ �� üê¢�Ê� °��Â� �� ÂÔ÷ n�¤ ý¢Âê Âû Àì ø� .´¨� �µª�÷ ÂÔ¬ ö� ýø¤ Â� �Àµ�� ¤¢ �î ¢¤�¢ �ðÂ� ×þ ø� .¢¤ø� ´¨¢�� �¤ �ûßþ�,Àª�� Â�ï¤Ã� �ðÂ� ýø¤ Â� ùÀª�µª�÷ ¢Àä ¥� Àì ßþ� Âð� ø À�îüõ ýÂ�ðù¥�À÷� ¢�ªüõ ���� ¢¤�ø �î"üþ������' ÛÞä ø� ¤�î ßþ� �� .ÀÆþ�÷üõ �¤ ùÀª ¢¤�ø ¢Âê Àì ö� ý���� ø À÷¥üõ Í¡ �¤ �ðÂ� ¢ÀäÛÞä ß�Ú÷��õ ¢�Àã� ,ö�þ�� ¤¢ ,Àª�� ¢Âê ßþÂ�ÀìÀ�Ü� À÷��µ� ö�¨×þ ñ�Þµ�� �� ÂÔ÷ Âû Âð� .Ý�þ�ðüõ.À��î ñ�Àµ¨� ø �±¨�½õ ?´¨��À�� üþ������



19 üÏ�½õ ýùÂþ�¢ ßþÂ�×��î 3-110.1
P (0) ø B(0) ,A(0) Â ð� .À � îü õ �Â® Ý û ¤¢ �¤ B ø A ü Ô � õ� ÷ ¼ � ½¬ ¢À ä ø¢ ,Â þ¥ ý� õ� ÷Â �ý�û¤�ÀÖõ P (k) ø B(k) ,A(k) ø 2 ýù¤�Þª ¤�µ¨¢ ý�Â�� ¥� Ç�� P ø B ,A ý�ûÂ�çµõ ý�û¤�ÀÖõ?´¨� ¤�ÂìÂ� �ûÂ�çµõ ßþ� ß�� ý��Î��¤ �� ,Àª�� �ÖÜ� ß�õ� k ý�úµ÷� ¤¢ �ûÂ�çµõ ß�Þû

Mult (A, B)
1 P ← 0
2 while (A 6= 0)
3 do if A mod 2 = 1
4 then P ← P + B
5 A← A div 2
6 B ← B × 2
7 return P (ÅþÂ��õ ¤¢ ��ø´Æ�) 11.1¥� ö� ÂÎ¨ Âû �î À��î ­Âê .´¨� ùÀª ù¢�¢ Ãþ�Þµõ ý�û¢Àä ¥� n×m ýù¥�À÷� �� A ÅþÂ��õ ×þ�� Ý�û��¡üõ .À�µÆû °�Âõ ý¢�ã¬ �¤�¬�� ��� - �� - ß�þ�� ¥� ö� ö�µ¨ Âû ø ´¨�¤ - �� - ²�.Ý�÷�¢ÂðÂ� �¤ �Ï��Âõ ý�þ�¤¢ ¢¤�¢ ¢��ø Âð� ø Â�¡ �þ ´Æû A ¤¢ x �þ� �î Ý��î É¿Èõ x ´ê�þ¤¢�þ�¤� ¥� ÂÊ�ä ø¢ ý�Æþ�Öõ �þ �þ�¤¢ ×þ �� x ý�Æþ�Öõ ü�ãþ) �û�Æþ�Öõ ¢�Àã� ý���Þî �� Ýµþ¤�Úó� ×þ(O �¤�¬�� �÷ ø) Õ�ì¢ �¤ ¢�Àã� .À�þ�Þ÷ Û�Ü½� ø ��±�� �¤ö� .À�û¢ �þ�¤� �ÜÿÆõ ßþ� Û� ý�Â� (Ýû ��.Àþ¤ø� ´¨¢��(ý���þ�-k ý�µª¤) 12.1(¢�ª ùÀ÷��¡ ö�¨×þ éÂÏ ø¢ ¥�) Àª�� ý���þ� �µª¤ ¢�¡ Âð� ´¨� ý���þ�-k ,n ñ�Ï �� �µª¤ ×þý� k ý���È�� �¤ �µª¤ ×þ ý��¤¢ .À�ª�� ý���þ�-k Ã�÷ ö� bn2 c ñ�Ï�� ý�ûÀ÷�Æ� ø À÷�È�� øý�û��¤¢ á�Þ¹õ s ý�µª¤ ý�¥��� �î À��î ���¤� �¤�î üÞµþ¤�Úó� .Àª�� ý���þ�-k �µª¤ ö� �î Ý�õ�÷üõ.¢¤ø� ´¨¢�� �¤ s ý�ûÀ÷�È�� ý�Þû

�ûâ±�õ.À÷�ùÀª ��ú� Âþ¥ ý�ûâ±�õ ¥� ÛÊê ßþ� ý�û´ÞÆìý�û¢Àä ý�±¨�½õ ý�ÜÿÆõ .´¨� ùÀª �µêÂðÂ� ]16[ ��µî ¥� ¤�úÈõ ýù¤�µ¨ ý�ÜÿÆõ¥� üÏ�½õ ýùÂþ�¢ ßþÂ�×��î .¢�ªüõ ´ê�þ ]5[ �ÜÞ� ¥� üÔÜµ¿õ ý�û��µî ¤¢ ü��÷�±�ê.´¨� ùÀõ� ]4[ ¤¢ �ÜÞ� ¥� �µª¤ ßþ� ý�û��µî ¤¢ �î ´¨� ü��±¨�½õ ý�¨À�û ý�û�ÜÿÆõ


