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NULL CONTROLLABILITY OF DEGENERATE/SINGULAR
PARABOLIC EQUATIONS

M. FOTOUHI and L. SALIMI

ABSTRACT. The purpose of this paper is to provide a full analy-
sis of the null controllability problem for the one dimensional de-

generate/singular parabolic equation u; — (a(2)ug)z — x%u = 0,
(t,z) € (0,T) x (0,1), where the diffusion coefficient a(-) is degen-
erate at x = 0. Also the boundary conditions are considered to be
Dirichlet or Neumann type related to the degeneracy rate of a(-).
Under some conditions on the function a(-) and parameters 3, X, we
prove global Carleman estimates. The proof is based on an improved
Hardy-type inequality.

1. INTRODUCTION

In the recent years, the study of the controllability for parabolic equa-
tions has become an active research area. After the pioneering works
[9,12,13,17, 18], there has been substantial progress in understanding the
controllability properties of parabolic equations with variable coefficients.
In particular, the null controllability for the following class of nondegenerate
and nonsingular parabolic operators is well-known:

Pu=u; — (a(x)ug)z, x€(0,1),

where the coefficient a(z) is a positive continuous function on [0, 1].

On the contrary, when the coefficient a(x) is zero at some points, the
equation will be degenerate and few results are known in this case, even
though many problems that are relevant for applications are described by
parabolic equations degenerating at the boundary of the space domain. For
instance, in [2,6,7,16], the reader will find a motivating example of a Crocco-
type equation coming from the study of the velocity field of a laminar flow
on a flat plate. In [5,15], where the degenerate/nonsingular model

Pu=wu — (a(z)ug)s, =z €(0,1), (1)
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is considered, observability results for the adjoint problem are obtained
using Carleman estimates. Then the null controllability of (1) on [0,1] is
derived by some standard arguments. Also, in [4] the null controllability on
[0, 1] of the semilinear degenerate parabolic equation

Pu=wu — (a(x)ug)s + f(t, T, u), x € (0,1),
is studied, where f is locally Lipschitz with respect to u.
Now, consider N > 3 and let Q C R be a bounded open set with the
boundary T, of class C? such that 0 € . The heat equation perturbed by
a singular inverse-square potential, namely

Pu=u; — Au + x € Q,

a2
arised in quantum mechanics and combustion theory. When A < (N —
2)2/4, it is proved in [20] that the equation can be controlled to zero with
a distributed control which surrounds the singularity. Next, it is shown
in [10] that this geometric assumption is not necessary, and one can control
the equation from any open subset as for the heat equation. But in the case
A > (N —2)%/4, there exists a sequence of regularized potentials A/ (|z|?+¢€2?)
such that one cannot stabilize the corresponding systems uniformly with
respect to € > 0. Furthermore, Vancostenoble and Zuazua in [20] showed
that in dimension N = 1, the following singular operator is null controllable
for A<1/4,meRand 0 < B <2,

A
Pu:ut—um—i—wu—&—xﬁﬁu, xz € (0,1).

Also, new Carleman estimates (and consequently null controllability prop-
erty) were established in [19] for the one dimensional degenerate/singular
operator

A

ﬁu, T € (0, 1)7

with suitable boundary conditions and under the following assumptions

Pu=u; — (x%Ug)y —

a €10,2), 0<fB<2—a MeR,

1— 2
0e02\(1), f=2-a  A<T0
Also, it has been proved that the null controllability is false when a > 2, [7].
In this paper, we study the following one dimensional operator that cou-
ples a degenerate diffusion coefficient with a singular potential:

— iu, xz € (0,1). (2)

Pu=u; — (a(x)uy), e

Under suitable condition on a, 8 and A, we prove the null controllability for
the operator (2) which completes the results of [4] and [19].
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The paper is organized as follows. Section 2 is devoted to discussing
the assumptions on the coefficient degeneracy a(-) and the parameters 3, .
Then we state functional setting and well-posedness in Section 3. In Section
4, we state main results, especially Carleman estimates and its applications
to observability and controllability. In Section 5, we study the improved
Hardy inequality which is necessary in the proofs of well-posedness, Carle-
man estimates and observability results. Finally Section 6 is devoted to the
proofs.

2. ASSUMPTIONS AND STATEMENT OF THE PROBLEM

2.1. Hypothesis on the degeneracy coefficient. In order to study the
controllability of operator (2), we let some assumption on the degenerate
diffusion coefficient a(z) in the following way.

Hypothesis 1. We suppose that the degeneracy coefficient a(-) satisfies
the following conditions:

(i) a € C([0,1]) N C*((0,1]), a(x) > 0 in (0,1] and a(0) = 0.
(#) 3 a € (0,2) such that za'(x) < aa(z) for every x € [0,1].

(i9i) If o € [1,2), there exist m > 0 and dp > 0 such that for every = €
[0, do], we have
a(z) >m sup a(y).
0<y<z
First of all, notice that every function which is nondecreasing near = = 0,
satisfies in condition (7ii) for m = 1. Thus Hypothesis 1 is weaker than the
conditions of the coefficient a(-) stated in the paper [4],

Ifa € (1,2), 360 € (1, 0]
a(z)

such that z — 7

is nondecreasing near x = 0,

x
fa=1, 36¢c(01) (3)
a(r) . .
such that z — —,~ is nondecreasing nearz = 0.
x

In fact, the condition (3) will imply that the coefficient a(x) is nonde-
cresing near © = 0. As stated in [4], in the case a € (1,2), a sufficient
condition to prove the controllability of the equation u; — (a(2)uz)z = fXw
is that the degeneracy coefficient a(z) satisfies conditions (i) and (i) of
Hypothesis 1 as well as the Hardy type inequality holds, i.e. there exists
C > 0 such that for any locally absolutely continuous function w on (0, 1]
which

u(l) =0, /0 a(x) [/ (x)|2dr < oo,
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A alz), » dx<C/ 2)[2dz. ()

In fact, we replace the condition (iii) of Hypothesis 1 instead of Hardy
inequality, however they are not equivalent. The following example shows
us a degenerate coefficient a(x) which satisfies Hypothesis 1, but the Hardy
inequality does not hold for that. We use the following proposition in this
example which was proved in [4].

we should have

Proposition 2. Let a,b: [0,1] — R be in C([0,1]) N C1((0,1]), a(0) =
b(0) =0, a >0 and b > 0 on (0,1]. Moreover, assume that there exist two
positive constants c¢; and co such that

c1b < a < b,
in a neighborhood of zero. Then Hardy inequality (4) holds for the function
a(+) if and only if it holds for b(-).
Ezample 3. Consider a(z) = ze(®~1? for some o € (1,2), we will have
xa'(x)
a(x)
for every « € [0, 1]. This type of function satisfies the conditions of Hypoth-
esis 1, but the condition (3) or Hardy inequality does not hold. At first, we

a(z) .

1S
$9

=l+(a—-lz<l+(a-1) =«

notice that there exists no 6 € (1, o such that the function a.(z) =

increasing near x = 0, because for every 6 > 1,

el D21 — 0 + (o — 1)z]
al(x) = o )

which is negative near x = 0. Furthermore, if Hardy inequality holds for
a(+), according to Proposition 2 we conclude that Hardy inequality should
hold for the function b(x) = x, because of equivalency ¢1b(x) < a(z) <
cab(x) on the interval x € [0, 1] for suitable positive constants ¢; and co.
But by substituting the functions u(z) = z"(1 — z) in the Hardy inequality
(4) for b(x) = x and let r — 0%, we imply that the inequality can’t hold.
So, by the method used in [4] one can not prove the controllability of the
related equation to a(z) = xe(®*~1)*. On the other hand a(-) satisfies the
condition (ii7) of Hypothesis 1 because of its increasing property.

Now we state a lemma which is useful along the paper. This shows

1
p € L'(0,1) in the case of a € (0,1), and 7 € LY0,1) for a € [1,2).

1
Note that if — ¢ L'(0,1), then the null controllability of (2) fails, see [7].

Ja
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1
d
Lemma 4. Let a(-) satisfies the Hypothesis 1, then the mtegml/ 4
0

a(x)

1
is finite for a € (0,1) and/ is finite for a € [1,2).
0

dx
Va(z)
ol
Remark 5. For a € (1,2), the integral / mdz might be finite or
0

infinite, for example consider the functions a(z) = z"e(*=")*

where r < a.

2.2. Assumptions on the singular potential. First note that when o >

2, the null controllability might be false. For example consider a(x) = x*

for a > 2. In this case the necessary condition for null controllability which
1

was proved in [7] does not hold, i.e. 7( does not belong to L'(0,1). On
a(x

the other hand, since a = 1 is a peculiar case in the following “Hardy type”

inequality (which is proved in Lemma 18),

1 12
/ a(x)uidx > )\*(a,a)/ gfdx, (5)
0 o T

this special case is considered separately. Also if & = 0, then the nonnegative
function a(-) is decreasing on [0, 1], therefore a(z) = 0 for every x, which is
impossible since a > 0 in (0, 1]. Now we assume that

a€(0,2)\ {1}
For a given singular potential, Cabré and Martel in [3] proved that existence
versus blow-up of positive solutions is connected to the existence of some
Hardy inequality involving the considered potential, like as the following:
1,2

1
9 U
> —ax.
/o a(x)uzde > A ; xﬂda: (6)
Therefore, the inequality (5) implies that the critical exponent could be
8 =2 — «, so we assume that 5 < 2 — «a. Here, we show well-posedness and
controllability of (2) for

a € (0,2), 0<pf<2—a, AeR, .
02\ {1}, f=2—a,  A<N(wa), @

where A*(a, @) is the optimal constant in “Hardy type” inequality (5).
When o = 1, the fact that \/a(z)u, € L?(0,1) does not imply that
u/+/T belongs to L?(0,1), because \* may be equal to zero. So the case
B8 =2—«a =1 is now forbidden. However, we have the following improved
version of the preceding “Hardy type” inequality which is valid for all values
n > 0,7 < 2— « and some positive constant Cy = Co(a, a,y,n) > 0. (See

Theorem 21)
1 1 1,2
/ a(x)uidm—i—Co/ u2d;v2n/ —dzx.
0 0 o 7
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Applying the above inequality for v = 3, from the fact \/a(z)u, € L?(0,1)
one can imply ﬁL/z S L2(0,1) for all B < 2 — «. Thus, in this case we
assume t

0<fB<2—a=1,

and no condition on A is necessary.

2.3. Statement of the problem. Consider the operator

A

x7u (8)
where the coefficient a(-) satisfies Hypothesis 1. As mentioned in the last
subsection, we will study the operator A under one of the two assumptions
(7). Now let w be a nonempty subinterval of (0, 1) and consider the following
initial-boundary value problem in the domain Q7 = (0,7) x (0,1).

Au = (a(x)ug), +

uy — Au = hxy, (t,z) € Qr,
u(t,0) =u(t,1) =0, in the case o € (0,1), ¢ € (0,T), )
(a(z)uy)(t,0) = u(t,1) =0, in the case a € [1,2), t€(0,T),
U(O,I) = UO(:C), T € (07 1)a

where the initial condition ug is given in L?(0,1) and h € L*(Qr). De-
pending on the value of «, we choose some natural boundary conditions.
The problem is considered in appropriate weighted spaces which will be de-
scribed in the next section. We will see that in these spaces, the Dirichlet
boundary condition makes sense when « € (0,1). (See Lemma 7). But for
a > 1, the trace at x = 0 does not make sense anymore, so we choose some
suitable Neumann boundary condition in this case. (Lemma 10).

We are interested in the null controllability of (9) in time T > 0 with a
distributed control supported in w, i.e. for all uy € L?(0, 1), does there exist
h € L?(Qr) such that u(T,x) = 0 for every = € [0,1]? In this purpose, we
drive Carleman estimates for operator A in Section 4. But before going any
further, we describe in the following section the functional setting in which
problem (9) is well-posed.

3. FUNCTIONAL SETTING AND WELL-POSEDNESS

In order to investigate the well-posedness of equation (9), the unbounded
operator A : D(A) C L?(0,1) — L?(0,1) has to be studied in appropriate
weighted spaces whose definitions depend on the values of a. Indeed a
natural functional setting involves the space

1
HY(0,1) = {u € L2(0,1) N HL((0,1]) : / a(z)uldz < oo},
0
which is a Hilbert space for the scalar product

1
Yu,v € HL(0,1), (u,v) 1 = / wv + a(x)uzvyde.
0
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The elements of H(0,1) are characterized by the following property.

Lemma 6. Fora € (0,2) and everyu € HL(0,1), we have lim,_,¢ xu® =
0 and lim,_,o zu = 0.

Let us mention that for the well-posedness of boundary conditions in
problem (9), we need to define the trace of u at boundary points = 0
and x = 1 for any v € H}(0,1). The trace at = 1 obviously makes sense
which allows to consider the Dirichlet boundary condition at this point.
(Note that the function u € H(0, 1) belongs to the Sobolev space W12 in
a neighborhood of x = 1). On the other hand, if o < 1, the trace of u at
x = 0 is meaningful because of the following lemma.

Lemma 7. If a(-) satisfies Hypothesis 1 and o € (0,1), then for every
u € HL(0,1) we have u € WH1(0,1) = {u € L'(0,1) : u, € L'(0,1)} and
so u(0) is meaningful.

Thus we could introduce the following space H, (}70(07 1) depending on the
values of o

Definition 8. (i) For a € (0,1), we define
Ha0(0,1) := {u € Hg(0,1) : u(0) = u(1) = 0},
(ii) For a € [1,2), we let
H, (0,1) :== {u € H)(0,1) : u(1) = 0}.
There exists an important density result for the elements of H, .

Proposition 9. (i) For a € (0,1), the space C°(0,1) is dense in
H}(0,1).
(#3) In the case o € [1,2), the subset of C*°([0,1]) which vanishes at x =1
is dense in H_ ((0,1).

Before going to define D(A) we state the following lemma which results
that the boundary condition makes sense in the case a € [1,2).

Lemma 10. Assume that a € [1,2) and the condition (7) holds. Then
for all w € HX(0,1) such that (auy), + x%u € L?(0,1), we have au, €
Whi(0,1).

Definition 11. (i) For « € (0,1), we define

D(A) = {u € H.o(0,1) 0 Hu((0,1)  (ama) + yu € L2(0,1))
(ii) For « € [1,2), we change the definition of D(A) in the following way
D(A) = {u € Hy(0,1) N H,((0,1]) = (aug)at

z%u € L*(0,1), (au,)(0) = 0}.
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Thus, in the case a € (0,1), if u € D(A), then u satisfies the Dirichlet
boundary conditions u(0) = u(1l) = 0 and in the case a € [1,2), every
u € D(A) satisfies the Neumann boundary condition (au,)(0) = 0 and the
Dirichlet boundary condition u(1) = 0.

For the well-posedness of (9), it suffices to show that for suitable & > 0
the operator —(A — kI) is self-adjoint and positive.

Proposition 12. Assume that the condition (7) holds, then there exists
a constant k > 0 such that the operator (—(A —kI), D(A)) is a self-adjoint
and positive operator.

Remark 13. As one can see in the proof of Proposition 12, the bilinear
form associated to —(A — kI) is coercive in Hy (0, 1).

Consequently, we have the following well-posedness result (see e.g. [8]).

Theorem 14. Assume that the condition (7) holds and consider the
problem (9) with h = 0. Then, for all initial condition ug € L?(0,1), the
problem (9) has a unique solution

u e C°([0,T1, L*(0,1)) N C°((0,T], D(A)) N C*((0, 7], L*(0,1)).  (10)
Moreover, if ug € D(A), then
u e C°([0,T], D(4)) N C([0,T], L*(0,1)). (11)
In addition, the inhomogeneous problem (9) with h € L*(Qr), has a unique
solution u € C°([0,T], L*(0,1)) for all initial condition ug € L?(0,1).
4. CARLEMAN ESTIMATES AND APPLICATIONS TO CONTROLLABILITY

As it is well-known, in order to get controllability results, we need to
derive some observability inequalities for the adjoint problem

A
v + (a(2)vg) . + ki 0, (t,z) € Qr,
u(t, 1) = 0, te(0,7),
v(t,0) =0, in the case « € (0,1), te€ (0,7), (12)
(avy)(t,0) = 0, in the case a € [1,2), ¢ € (0,7),
(T, z) = vp(x), x € (0,1).

More precisely, we need to prove the following inequality.

Proposition 15. Assume that the coefficient a(-) satisfies Hypothesis 1,
let T > 0 be given and w be a nonempty subinterval of (0,1). Then there
exists a positive constant C = C(T,a,a, \) such that the following observ-
ability inequality is valid for every solution v of (12),

/0 C2(0.2)dx < C /O ! /w V2(t, ) dadt. (13)

Now, by standard arguments, a null controllability result follows.
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Theorem 16. Assume that (7) holds. Let T > 0 be given, and let w be
a nonempty subinterval of (0,1). Then, for all ug € L*(0,1), there exists
h € L?((0,T) x w) such that the solution of (9) satisfies u(T) =0 in (0,1).
Furthermore, we have the estimate

1Al 20,1y xw) < C'lluollz2(0,1
for some C' = C'(T,a,a, \) > 0.
Here, we summarisely explain how one can deduce null controllability
from observability. For the complete proof, one can see [11] and [14].

Let us fix T > 0 and ug € L?(0,1). We consider for any ¢ > 0, the
functional vy — Je(vr) on L?(0,1):

Je(vr) = % [/OT/wvz(t,x)dxdt 2

where v is the corresponding solution of (12). One can see that vy — J(vr)
is a continuous and strictly convex function on L?(0,1). Moreover, J, is
coercive and achieves its minimum at a unique function v.. From 9., one
can construct a control h. such that

lue(T, )| L2001y < €,

for u,. be the corresponding solution of (9). Now, by observaility inequality
(13), we obtain

1
+€HUTHL2(O,1)+/ (0, x)ug(z)dz,
0

el 20,1y xw) < Clluollz2(0,1)-

Therefore, by extracting an appropriate subsequence, we get
he = h weakly-* in  L2*((0,T) x w).

Since it is for all € > 0, we deduce that h is such that the correspondin
solution u of (9) satisfies u(T") = 0.

For the proof of the observability inequality (13), we need Carleman
estimates for the degenerate and singular problems

v+ (a(2)vg)s + %v —rv=h, (t,x) € Qr,
v(t,1) =0, te(0,1),
v(t,0) =0, in the case e € (0,1), t € (0,T),
av,)(t,0) = 0, in the case a € [1,2), ¢ € (0,T),
(T, z) = vr(z), z € (0,1),
(14)

where r is a nonnegative fixed constant. To define this estimates, consider
0<vy<2—c«aando(t,z) := 6(t)p(x) where
1

o(t) := T

2
kiml+ 2>, (15)
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)= 57 ([ sty ar). (16)

Observe that there exists some ¢ > 0 such that for all ¢t € (0,7T)

6:(0)] < 0" (), [0u()] < cB'TE(2). (17)
1
For the moment we assume ¢; > 0 and ¢o > —————, so that p(z) < 0
a(1)(2 — «

for all € [0,1]. As we shall see, a nice choice is ¢; = 3, and the following
theorem is valid.

Theorem 17. Assume that the function a(-) satisfies Hypothesis 1 and
let T > 0. In the case o € (0,2), f < 2 —«a and X\ € R, for every v <
2 — « there exists Ry = Ro(a, «,7y,\) > 0 such that for all R > Ry and all
solutions v of (14), we have

/ / 33 02 2Ra(tm)dxdt+R/ / fa(z 2 2R (t.2) o 0t
2—a
1_
+ CM / / g— QRUt'L)diUdt
+R / / — 2Rt gt
/ / |h|2 2Ro(t,x) d(Edt

+ Sff(a) /0 0( ) x(t7 1)62R0(t’1)dt. (18)

Also, in the case a € (0,2) \ {1}, 8 =2 — a and A < A\*(a,), for every

v < 2 — « there exists a constant Ry = Rg(a,a,7y,\) > 0 such that, for all
R > Ry and all solutions v of (14), we have

3 T 1 2 T !
(21_%7&)2 / / 03Lv2623”(t’”)dxdt+ic / / 0(a(x)v;
N W U ) 2Ro(t,x d.’:Cdt + R/ / QRU £, dxdt

332 a
< 2/ / |h|2 2Ro(t, x)dmdt

T
+3R“( ) / O(t)v2(t,1)e2 Bt (19)
—a ), p

where C' = min{l,)\p\T\}.
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5. HARDY-TYPE INEQUALITIES

For the proof of Proposition 12, we need to use some “Hardy-type” in-
equalities. One of them is the following.

Lemma 18. Let o € (0,2). There exists an optimal constant \*(a, «)
such that for every u € H;,O(O, 1), we have

1 12
/ a(r)uidr > )\*(a,a)/ 1;7 dx. (20)
0 o T

In fact, one has \*(a,a) > a(1)(1—a)?/4. Therefore \*(a, ) > 0 for every
a € (0,2)\ {1}, but X\*(a,1) might be equal to zero.

Remark 19. Observe that in the case a = 1, the inequality (20) doesn’t
1,2

take any estimate for —dx. However, in a similar way one can prove a
x

0
“weaker” Hardy inequality in this case:

! 9 a(l booy?
/Oa(a:)umdxz (4)/0 x(lnx)Qdm’ (21)

for every u € Hy ((0,1).

Remark 20. For a € (0,2), by (20) and (21) we have

/ x)u da:>C/ x, Yu € H, (0,1).
0

Then we can consider the new equivalent norm |lullg1 1) =
a, ’
1

(fo zdx)E on H} ,(0,1).

Another useful inequality to achieve the desired result is the following
improved Hardy inequality.

Theorem 21. Suppose that the function a(-) satisfies Hypothesis 1 and
let A < X*(a, ) be given. Then for alln > 0 and v < 2—a, there exists some
positive constant Cy = Cy(a, a, A, y,m) > 0 such that, for all u € H;’O(O, 1),
the following inequality holds:

1 1 12
/ a(x)uidr + CO/ u?da > )\/ 5
0 0 o T

Proof. For the simplest example of the function a(-), namely z®, Van-
costenoble in [19] proved that if & € [0,2), then for all n > 0 and v < 2 — «
there exists some positive constant C} = Cj(«,~y,n) > 0 such that, for all
u € C2°(0,1), the following inequality holds:

1 1 2 1,2 1,2
1—
/ ;v"uidx—i—Cé/ u2dm2( @) / 7; dac+n/ 2 da. (23)
0 0 4 o T o =7

1,2
adx—i—n/o xi’de‘ (22)
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Also C{(a,v,n) is explicitly given by

2y

2—aty 2 — Q0 — 4 2—a—~y
Now, considering Proposition 9, we imply that the inequality (23) is true
for every u € H,,(0,1) in the case o € (0,1). For a € [1,2), we can
prove the inequality (23) for every u € C*°([0,1]) such that u(1) = 0, by
the similar method used in [19]. Thus the inequality will be true for every
u € H}y(0,1) and a € (0,2). On the other hand for every z € [0,1], we
have a(xz) > a(1)z®, so for all n > 0 and v < 2 — «, there exists some
positive constant Cy = Cy(a, «,v,n) > 0 such that for all u € HiO(O, 1),
the following inequality holds.

1 1 2 1 2 1.2
(1 —a) u u

2d / 245 > U / d / = _de. (24

/o a(r)uzdr+Cy ; u?dx > 1 = T+n o z. (24)

In fact, Cy = a(1)C{(a, 7, %
true for some p < A* = A*(a, «), i.e. for allm > 0 and v < 2— « there exists
some positive constant Cy = Cy(a, cr,7y,n) such that, for all u € H&yo((), 1),

1 1 1,2 1,2
/ a(z)uZdz + C’o/ u?dr > u/ s dr + n/ —dx.
0 0 0o T o 7

By summation with (20), we obtain

1 1 x 1,2 1,2
C A
a(z)ulde + = [ wldz > e Yode+ 2 Y
0 z 2 0 2 0 .1:2—04 2 0 xV

Therefore, if improved Hardy (22) is true for p, then it is also true for
AN+

). Now, suppose that improved Hardy (22) is

. Now, if we define the sequence {ux} with

a(1)(1 — a)? A 4 g
PEIUTCETY R 7%

then the improved Hardy inequality is true for every A < \* = limy_, o0 k-
O

Remark 22. Clearly, if \* = a(1)(1 — «)?/4, Improved Hardy (22) is true
for A*. But if A* > a(1)(1 — «)?/4, the above proof doesn’t work for A* in
the general case. In fact the constant coefficient Cy in the inequality tends
to infinity in the limit case pp — A*. If we let CF = C¥(a,a,,n) the
constant value in the Improved Hardy (22) for py, we have

Co(a,a,v,n) = a(1)Cy (a,% a&) :

1
CetHa, o, v,n) = 506“ (a,,7,2n).
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So, for v > 0, we obtain

1
Cka,a,v,n) = 2708 (a,a,%an) — 00.

Therefore one can not deduce Improved Hardy for A\* in such cases with the
same method used for A < A*.

6. PROOFS
6.1. Proof of Lemmas 4, 6, 7 and 10.
Proof of Lemma 4. Since xza'(x) < aa(x) for every z, the function = —

a(x)

:Z:Oé

is decreasing on (0, 1), so a(z) > a(1)z* and for a < 1
/1 dz </1 dx < too
o alz) = Jo a(l)z® .
O

Proof of Lemma 6. At first, we show that zu? € W', It is obvious that
ru? € LY(0,1) for every u € HL(0,1). On the other hand

(zu?), = u® + 2zun,,

TUU, = (cf(x)u> ( a(x)ux);

and by Hypothesis 1 one can easily see that the function x — —— is

increasing, so

x 1 T
we L%0,1 zuu, € L1(0,1).
Va@ = Vam)  Ja@ ' S H O e e L0

Hence zu? € W1(0,1) and it follows that xu? — L > 0asx — 0. If L > 0,

then one could have
| L
U ~gps0t+ ; ¢ L2(07 1)a

thus L = 0. Similarly one can see that lim, o zu = 0. O

Proof of Lemma 7. For any u € HL(0,1) we have u € L?(0,1), so
u € L*(0,1). We show that u, € L'(0,1).

/01 |ty |dz = /01 |\/c@u$\/:(7)|dx < (/01 a(lx)dx./ol a(x)uidm)é,

1
1

But by Lemma 4 the integral / ﬁdx is finite, so u, € L'(0,1).
o a(z

Now, consider a sequence {u,} of smooth functions which converge to u
in W11(0,1) and let x be a smooth cut-off function such that X|[0,%] =1
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and x vanishes in some neighbourhood of 1. Then one has yu, — xu in
WHL. On the other hand for every x, we have

Xtin() = — / () (),

which means that the lim,_,o yu,(x) exists, thus lim, ¢ u,(x) exists and
we define 4(0) to be equal to this value. O

Proof of Lemma 10. Let us denote w = a(z)u, and choose M > 0, such
that a(z) < M for every = € [0,1]. One has

/|w|dx—/ la(z ux|dx<1/ u2dx<“M/ z)uldr < 400,

since u € H1(0,1). Next we write

/O \wx|dx:/0 |(a(z)ux)x|dx§/0 |(a(x)u$)$+x%u|dx+/0 \x%uklx
1 1
§\//0 |(a(x)uz)m+x%u|2dx+|)\|/o %‘dm.

The first integral in the right hand side of the latter inequality is finite since
(a(®)ug)e + Au/z? € L?(0,1). Furthermore we have

1 1 1 1
|ul 1 ul / 1 / u?
Mae = [ == g < — | L
/O {DB . 0 xﬁ/Q :[;B/Z *= 0 :Zjﬁ 0 x/B z

Note that < 1since 1 < a < 2, thus the first integral in the right hand side
is finite. Also the second one is finite by (22) using the fact that § <2 — «
forae(1,2) and 8 <2 —a for a = 1. O

6.2. Proof of Proposition 9 and Lemma 18. We first state the following
lemma which will be useful for the proof of Proposition 9. For the proof
see [4].

Lemma 23. Suppose that o € (0,1), then for every u € H}(0,1) such
that w(0) = 0, we have

/0 2 2 () de < )2/0 (@)l (2) Pdz. (25)

(1-«

Remark 24. As one can see in [4], the inequality (25) is true for o €
(0,2) \ {1} by the hypothesis on the function a(-) defined in [4]. But our
hypothesis is weaker than one defined in [4] for « € (1,2) and the inequality
fails in this case (See Example 3). We will prove a similar inequality for

€ (0,2) in Lemma 18.
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Proof of Proposition 9. (i): Since C2°(0,1) is dense in H}(0,1) and the
embedding of Hj(0,1) into H} ((0,1) is continuous, it suffices to prove that
H;(0,1) is dense in Hj (0,1). Let v € H, 4(0,1) be given and define the
family {vs}s>0, with 6 € (0,1) in the following way

%v(x), 0<x <9,
vs(x) =
v(z), od<z<l1.

We want to show that:
(1) vs € H}(0,1) for all § € (0,1).
(2) vs = v in H} ((0,1) as § — 0.
One has

/01Ufs(x)de:/5|1U(x)+xv/(x)|2dx+/1 (@)
<2/ 52 v(@) |2+ |v |da:+/ W/ (2)[2dz.  (26)
a(x)

By Hypothesis 1 the function z + —5= is decreasing on (0, 1], so a(x) >
x

a(1)z? for every = € [0, 1]. Therefore for every § > 0 we have

6 .2 §
/0 §—2|v'(m)|2dx§ﬁ /O a(2)|v' (2)|2d. (27)

On the other hand, since a(z) > 0 in (0, 1], there exists M;s > 0 such that
a(x) > Mg in [4,1], So

/|v |d1:<M/ 2)[2da. (28)

Combining (26), (27) and (28) we obtain C5 > 0 such that

/0 [ () P < C / lo(@)[? + a(@)|' (2)|2dz

The right part of the last inequality is finite since v € H1(0,1). Then
vs € H}(0,1). Also

1
v — vs||3 . z/ lv — wvs|? + a(z)|v — v|*dx
@ 0
R

5 o 12 5
= v— =V dx—|—/ a(x
J o5l e [ - 5=
5 5 5 02
§/ v2d1:+2/ a(:ﬂ)|v’|2da:—|—2/ a(x)§—2dx.
0 0 0

dx
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Now f06 vidz + 2f06 a(x)|v'[*de — 0 as 6 — 0, since v € H, ;(0,1). On the
other hand by Lemma 23 we obtain

s 02 s 02 4 s o
/0 a($)5—2dx §/0 a(m)?dx < m/o a(z)v'(x)|*dz.

Indeed, we can rewrite the proof of Lemma 23 in the interval [0, §] instead of
[0,1] and derive a new inequality with the same constant (1:%)2. Now the
right part of the last inequality tends to zero as § — 0, because v € H(},O(Ov 1)
and the proof of (i) is complete.
(é): Similarly in this case, for v € H} ((0,1) it suffices to construct functions
{vs}s>0 such that

(1) vs € H'(0,1) and vs(1) = 0.

(2) vs = v in H} ((0,1) as § — 0.

Define
v(20 —x), 0<z <4,
vs(z) =
v(x), 0<z<l.
We have
(26 —x), 0<x<,
vs(x) =

v'(x), d<z<Ll
Since a is strictly positive on (0,1] and in the computing of fol |v§|2dz, we
are far from the boundary, it is easy to see that vs € H'(0,1). Also
[vs = vl 10,1y = llvs = 0l F10.6) < 201001 F010,6) + 10517 0.6

Since v € H,g(0,1), the term [|v]|%: 5 tends to zero as & — 0. Also if

0 < 6o/2 where Jy is the constant introduced in property (#iz) of Hypothesis
1, then

8 6
/ vi(x) + a(2)|vy(z)|*dx :/ v?(26 — x) + a(2)|v' (26 — x)|?dx
0 0

e 1 2(Sa:n V' (z)|dx
<[ @t [ @@,

which tends to zero as 6 — 0. Observe that vs(1) = 0, so the subset of
C°°([0,1]) which vanishes at 2 = 1 is dense in H} ((0,1). O

Before proving Lemma 18, we remark that for € (0,1) this lemma is
a simple consequence of Lemma 23 and the fact that a(z) > a(1)xz® for
x € [0,1]. But our proof works for o € (0,2).

Proof of Lemma 18. Note that by Proposition 9 it is enough to prove
(20) for u € C2°(0,1) in the case a € (0,1) and for u € C*°([0,1]) such that
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u(1) = 0 in the case a € [1,2). In these two cases we write

1 2
(3 ]. -
/<x2uz— a 2ua> dz > 0.
2 o
0 xr 2
Thus we get

1 2 plo 2 1
1- 1- 1
/ r®uldr + (1=a) / Y e — (1=a) / (u?)pdz > 0.
0 0

0 r2—o 2 rl-o

Now, if we use integration by parts, in the case a € (0, 1] there exists no
boundary term, also in the case o € (1,2), since u € C*°([0,1]) the term

U .
—— tends to zero as x — 0. Therefore, we obtain

21
1 2 1,2
1—
/Jco‘uidm—( @) / 1; dzx > 0.
0 4 0o T

a(z)

Note that the function z — ——= is decreasing on (0,1], so a(z) > a(1)z®

T
for every = € [0,1] and deducely

1 1— 2 1 2
/ a(x)uidz > a(1) (1=a) / 12{04 dx.
0 4 o T

O

Proof of Proposition 12. (i) —(A — kI) is positive: Let k > 0 arbi-
trarily for the moment, then for all uw € D(A) we have

1
(—(A = kDu,u) = / a(x)u? — %uz + ku?.
0 X

Now, we distinguish three different cases:

case I:  a#1, B<2—qa, I<A(a,a),
case 2: a#£1l, B<2-—qa, A>X(a,a),
case 3: a=1, f<2—aq AeR.

For the first case, we can write

/ ol - A% > (1 . M) / ooy

it (oo (o))

Therefore, by Lemma 18, we obtain

1 2
2 u A 2
[ o235 2 (1= sy el
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Hence the result holds with £ = 0. In the second and third case, since
B < 2— a, one can use (22) with v = 8 and n = 2, so there exists Cy > 0

such that ) ) )
/ <a(x)ui - 2)\u5) + C’o/ u® >0,
0 T 0

1 2 1
u C 1 1
| ot =A%+ St = 5 [ et = Sy,

Therefore the result holds with k& = %
(ii) —(A — kI) is self-adjoint: Clearly, it is sufficient to show that A is
self-adjoint, i.e. that (A*, D(A*)) = (A4, D(A)). We have

D(A*) = {v e L*(0,1) : 3C > 0,Vu € D(A), [(v, Au)| < C||ul|r2(0.1) }-
We first show D(A) € D(A*) and A*|pay = A. Suppose that v € D(A),
for every u € D(A), we have

then

(v, Au) = (v, (a(x)ug). + Au) = /0 —a(z)uzv, + iuudac = (Av,u),

b b

so v € D(A*) and A*v = Av. Now we show that D(A*) C D(A). If we
define

1
A
(wohi= [ kuo+ a()us, - Suds,
0 X
then by the part (7):

1
A
_ 2 2 _ 2 100112
(u,u)l—/o ku® + a(x)uy pvle de > C Hu||Hi,07

and by Lemma 18 there exists C, > 0 such that (u,u); < Cillul?, .

a,0
Thus ( , )1 defines a scalar product on H, 570 which corresponding norm is
equivalent with || - [z , therefore H, o with the inner product ( , ); is a

Hilbert space. So for every f € L?(0, 1) there exists a unique u € H(},o such
that

1
woh = [ fods,  voe L,
0
Thus \
b (ala)u)s — = .

then u € D(A), and satisfies in the equation (kI — A)u = f. Now suppose
that v € D(A*), we want to show v € D(A). Let w := kv — A*v € L? and
consider the solution (kI — A)u = w. So for every ¢ € D(A), we will have

(v, (kI = A)p) = (kI = A%)v,¢) = (w, ¢) = (kI = A)u, ¢) = (u, (k] — A)¢),
since u,¢ € D(A) and A*[pay = A. Now let ¢ be the solution of (kI —

A)¢p = v — u, we can imply that v = u. Therefore v € D(A) and Av =
A*v. O
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6.3. Proof of the Carleman estimates. In order to prove Theorem 17
we define the function w(t,z) := e®®%)y(t, x), where v is the solution of
(14) and R > 0 is a positive constant. Then w satisfies

(e Bow); + (a(z) (e Fow),) . + I%(e_R"w) —re Boyw = h, (t,x) € Qr,

w(t,1) =0 € (0,7),
w(t,0) =0, for o € (0,1), €(0,7),
(awz)(t,0) = R(ogaw)(t,0), for a € [1,2), € (0,7,
w(T,z) = w(0,z) =0, (O( 19))

Thanks to the definitions of p and o, we have (cgaw)(t,z) =
F2-a0(t)w(t,x). Since, for t € [0,7], the function w(t,-) is in H_(0,1),
we deduce that zw(t,z)|z—0 = 0 for ¢t € [0,7] using Lemma 6. Thus
(ogaw)(t,z)|z=0 = 0 and the previous problem can be recast as follows.
Set

A
Lv = v + (a(z)vg)s + P ACP Lrpw := eRaL(e_Raw).
T

Then (29) becomes

Lrw = hefio, ( x) € Qr,

w(t,1) =0, € (0, 1),

w(t,0) =0, in the case a € (0, 1), €(0,7), (30)
(awg)(t,0) =0, in the case « € [1,2), €(0,7),

w(T,z) = w(0,z) =0, € (0,1).

We have the following proposition which implies the Carleman estimates.

Proposition 25. Let T > 0 be given.
(7) In the case a € (0,2), B < 2—a, A € R, for every v < 2 — « there
exists a constant Ry = Ro(a,a,y,A) > 0 such that, for all R > Ry and all
solutions w of (30), we have

1 3 T 1
QR / /93 2da:dt+2R/ /Ga(a:)wg.dxdt
1_0‘ R/ /9 dxdt+R/ /G—dxdt
§§/ / |h\262R"(t’z)dxdt+3Ra /9 2(t,1)dt. (31)
0 0

(i3) In the case a € (0,2)\ {1}, B=2—a, A < X*(a,q), for every vy < 2—«
there exists a constant Ry = Ro(a,a,v,A\) > 0 such that, for all R > Ry
and all solutions w of (30), we have

3 2
mR / / 93 wdz dt—i——/ 0(a(x)w? — \—g—)dadt
T




592 M. FOTOUHI and L. SALIMI

T 1 w2 1 T 1
+R/(/9—Mﬁ§f/t/MWmW@Mﬁ
o Jo 7 2J)o Jo

+%?[W%WW(%

For the proof of this proposition, separate self-adjoint and skew-adjoint
terms. Then one has

Lrw = L;gw + Lpw,
where
A
Liw = (a(z)w;),; — Royw + R%a(x)o2w + YT,
Lyw :=w; — 2Ra(x)o,w, — R(a(x)o,)w.
Therefore, we have
Ihe®)|* = || LEwl* + [ Lgwl® + 2(Lfw, Lzw) > 2(Lfw, Lyw),  (33)

where || - || and (,-) denote the usual norm and scalar product in L?(Qr),
respectively. The proof of Proposition 25, is based on the computation of
the scalar product (Ljw, Lyw), which comes in the following lemma. The
proof is similar to one stated in [4,19].

Lemma 26. The scalar product (L}w, Lyw) may be written as a sum
of a distributed term A and a boundary term B, (Ljw,Lpw) = A+ B,
where the distributed term A is given by

T 1 T 1
A= 72R2/ / 00,p2a(x)widxdt + R / / Oy pw? ddt
o Jo 2 Jo Jo

T 1
+R/O /0 0(20° (x)paz + a(x)d' (z)py )wydxdt

T 1
R / / 0320 (2)pse + a(2) (2)p,)p2 e dadt
0 0

T 1
a(@)
_,BAR/O /0 Hpmxﬂﬂw ;
whereas the boundary term B is given by

—Ralley / "ot D,

2—« 0

where 6(t) and p(z) defined by (15) and (16).

B =

Now we estimate the distributed term A in the following lemma.

Lemma 27. (i) In the case a € (0,2),8 < 2 —«a, A € R for every
v < 2 — q, there exists a constant Ry = Ro(a,a, 7y, \) > 0 such that, for all
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R > Ry we have

1 3 T 1
A> 29R / / 93 2dacdt—i—?R/ / a(z)w?dzdt
— O[
1 —
@) R/ / 0 dxdt+R/ / G—da:dt.

(i1) In the case o € (0,2)\{1}, B=2—a, A< X(a,a), for every vy < 2—a,
there exists a constant Ry = Ro(a, o, 7y, A) > 0 such that, for all R > Ry we
have

3 w?
A> —"~— 107 / / 93—w2dacdt—|——/ / O(a — )dxdt
(2—a)
+R / / 0 g,
o Jo 7

Proof . By Lemma 26, assumption za'(z) < aa(z) and the fact that p, =
C1x

(2 —aa(z)’

2R2 2 2
3
+ Re / / o(wyuidedt + oo R / / O R dvdt

—mRCl/ /Hw—dxdt.
2704 0 0 xﬂ
Let

2 2
A= — Re / / 99t Qd:cdt,
2—04
AQ = E/ / Qttprdxdt,
3.3
Az —Rcl/ / Oa(x dedt—i—(QRi/ / 93x—w2dxdt
— )

Ay = mRCl/ /0 dzdt.
2 —«

First, we estimate the term A;. According to the relation (17), we know
that [66,| < 62t < @3, and obtain

2 2
|A1\<(}EJ/ /93x—w2dmdt

one can estimate A in the following way:

Therefore
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3.3 2
Az <(2R_2)2 (23_20)/ / 93Lw2dxdt

+ Rey / / Qa(z)widrdt + Ay + Ay (34)
o Jo

In the following, we produce estimates of the last two terms As and Ay
to complete the proof. We distinguish two cases: the case of a sub-critical
exponent 8 < 2 — « and the case of a critical exponent 8 =2 — a.
First case: o € (0,2),0<3<2—«wand XA € R.

We want to prove the result for all v satisfying 0 < v < 2 — a. However, if
the result holds for any 7 such that § < v < 2 — «, then it obviously also
holds for all v such that 0 < v < 2 — «. Therefore, we consider here «y, such
that 8 <y < 2 — « and we study the term Ay. In the case A > 0, we apply

the improved Hardy inequality (24) with n =

T 2—-«
which gives:

1 1 2 1 2
1)(1 -
/ a(:r)w?cdx—i—Co/ w?dr > ol )(4 @) / ;U_adx
0 0 o T

BAcy /111)2
—|—<2_ +3 ) | f/da:,

for a suitable Cy = Cy(a, a,n,v) = Co(a, o, A, v, c1). Therefore we can write

A4:—5AR61/ /G—d dt>—w/ /H—dxdt
2—«
1_
@) R//9 _dwdt — R//Ha Yyw?dzdt
R(3 - a) / / G—dxdth’oR / / Qw?dxdt.
o Jo a7 o Jo

For A <0, we have
Ay = BAR“ / / H—dxdt > 0.

Applying (24) with n =3 — a, that is

1 1 2 1 2 1,2
9 5 a(l)(1—a) w w
A a(x)wac + CO /0 w Z 4 o $2_a + (3 — Oé) 0 e )

we obtain the same estimate as in the case A > 0. It follows that

3.3
P Clc / / 03—w2dzdt
2—a)2 (2-a)?
+ R(c1 — 1)/ / a(z)widrdt
o Jo
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1 —) / / _dudt
+R(B—a) /0 /0 Hx—vdxdt
T 1
+ Ay — CoR / / Owdadt. (35)
0 0

Finally, we need to estimate the two last terms in the above inequality. By
(17), we have

2
102l [pllco < KO,
for some K > 0. It follows that

T 1
Ay — CoR / / Ow?dxdt
0 0

for some K’ = K'(a,a, A,v,¢1) > 0. At this stage, we use the special choice
of k, that is

T 1
< RK' / / 0" Fwldadt,  (36)

2
k=1+=,
5

and consider ¢ = % and ¢’ = k, so that % + % = 1. Then, for all € > 0,
we have

/ / 01+ 2 wdrdt = / / R ﬁx;ﬁ’zw%) (9%33%@71 %) dxdt
T 1 2
/ / gt =9 T w2drdt + Ce )/ / 03 - wdxdt,
o Jo a(z)

(37)
where C(€) = (eq) qqq’ 1. Note that
2 3 2q
1+2-2)=1, _,
o(1+3-2)-1 x,
Now if K" > 0 be such that a(z ) < K" for every x € [0,1], then we obtain
T o T (1,2
R/ / o't Fwdadt < eK”R/ / 0— dudt
o Jo o Jo 7

T 1 2
3.2 _w2dudt.
+c<e)R/0 /09 Syt (38)

Putting the estimate (38) in (36) and using (35), we obtain

R3¢ 2R200
4> i 1 OK / / 93 widedt
—<@—®2 @ a2 R) e
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+R(c; — 1) / / Oa(x Qdazdt—i— R/ / 0
+R(B—a—eK"K / / O—dxdt

Now take € = e(a,a, \,y,¢1) > 0 such that 3 — a — eK"K’' = 1, also let
¢1 = 3. Thus there exists Ry = Ry(a, a, A,7y) > 0 such that for all R > Ry

1 3 T 1
A 19R / / 03 Y Rdudt + 2R / / fa(z)w?drdt
2—a 0
l_a R/ /9 dxdt+R/ /G—d:rdt

Second case: o € (0,2)\ {1}, 8=2—a and A < \*.
Let us fix y such that 0 < v < 2 — a. In the present case, we observe that

T 1 2
A4 = —)\Rcl/ / 0 ’121}_0('
o Jo T

Therefore by (34) one has
4> < R3c3 2chlc)/ / 9T x? w?
“\2-a)? (2-0
w?
+ Rey / / 6 (a(x)wi - A 2_a) + As.
o Jo z

Now, if we apply (22) with n = 2, we obtain

1 12 12 1
/ a(x)w?dr — )\/ sdr >2 [ —dv— Co/ wdz,
0 0o T z7 0

for a constant Cy = Cy(a, a, 7). Therefore

3
AZ(@R% Sods) [ eagutanan+ B2 [ [ o
— —Oé
//O—d R‘”CO/ /Gdea:+A2.
2 0 0

Next we need to estimate the term As and the last term in the above
inequality. Proceeding as in the previous case, similar to the relations (36)

and (38), we get
T 1,2
< GK/K/IR/ / 0 —dxdt
o Jo 7

T 1
Ay — RC;CO / / Ow?dadt
o Jo
T o2
e)K’R/ / 03 ——w?dzxdt,
o Jo a(x)

da;dt
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for suitable positive K’ and K”. Then as in the previous case, we can set

¢1 = 3 and there exists Rg = Ro(a, 7, A) such that for every R > Ry, one
has

3
I (*R [ [0
—O[

2 T 1 2
/ / ( Ay >dxdt+R/ /Hw—dxdt.
oo o Jo =7

O

Now from Lemma 26, Lemma 27, the inequality (33) and the fact that

c1 = 3, we can easily imply Proposition 25. On the other hand, since
Ro

v =-e "*“w and ¢; = 3, one has

9R? x?
2 <92 —2Ro 2 92 2 .
v, < 2e wy + 7(2 — a)2 f(x)Zw

So, the left hand of (18) is smaller than

R3 18R3 5 2 02 Tt )
2
((2—@)2 —l—( )/ / 0° ——w*dxdt + R/ / Oa(z)widxdt
1_0‘ R/ /9 dxdt+R/ /H—d:cdt

Also, note that w,(t,1) = v, (t,1)ef?7®D since v(t, 1) = 0. Now, by Propo-
sition 25 part (i) of Theorem 17 follows 1mmed1ately
For the proof of part (i7), note that the left hand of (19) is smaller than

3 2
107 / / 03—w2da:dt+RC’/ / (z)w? — ))d:rdt
2 — ) x 2-o
)\RC/ / 0 dwdt—f—R/ / H—dxdt

Now, if A < 0, the above expression is smaller than the left hand of (32)
and similar to (i) we can prove the desired result. But for A > 0, we use
Lemma 18 to get

ARC / / Sadadt < S ARC / / ( )\;20_2&>dxdt
<3 /O /0 G(a(m)wi—/\;(xiw2> dxdt. (39)

Therefore we can easily complete the proof of part (ii).
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6.4. Proof of the observability inequality. In this subsection we will
prove Proposition 15 as a consequence of the Carleman estimates stated in
Section 4. First, define (¢, x) := e"v(t, ), where v is the solution of (14)
and r will be defined later. Then v satisfies

O+ (a(2)0s)e + 250 — 10 =0, (t,z) € Qr,
o(t,1) =0, te(0,7),
0(t,0) =0, in the case a € (0,1), ¢€(0,7)
(av4)(t,0) =0 in the case a € [1,2), ¢ € (0,7),
(T, z) = e"Tvr(x), z € (0,1).
(40)

Furthermore, it is obvious that if the observability inequality (13) is true
for v, then it is also true for v. First, let us state the following standard
inequality to be proved later on.

Lemma 28. (Caccioppoli’s inequality) Let w' CC w, then there exist a
positive constant C such that for every solution v of (14),

T _ T
/ / v2e* 0 drdt < C / / o2 dxdt.
0 w’ 0 w

Proof of Proposition 15. We consider w’ = (z(,2}) CC w = (x,21)
and a smooth cut-off function 0 < ¢ < 1 such that ¢ = 1 in (0,2() and
¥ = 0 in (29,1). Also define w := v where ¥ is the solution of (40).
Then w satisfies (14) with some right-hand side h explicitly given in term
of ¥ and v, and supported in w’. Applying Theorem 17 with v = 252 and
Ry = Ro(a,a, \), we get (note that w,(t,1) = 0):

T 1 T 1 ’LU2
Ro / / Hw?e* oo dxdt < Ry / / 0 — e R0 ddt
o Jo o Jo 7

T
<C / / (02 + %)e2Foo ddt.
0 w’
According to Lemma 28, we obtain

T 1 _ (T
Ry / / Ow?e?Fo dudt < C / / 2 dxdt,
0 0 0 w

next we use the definition of 4 to obtain a bound for v on (0, ()

T o Cv T
/ / 052 Bo0 dupdt < — / / 2dxdt.

Using the properties of (¢) and p(x), for a positive constant ¢(T') we have

o [ [ o [ f

Clearly, using a similar cut-off argument, ¥ can be estimated on (x1,1) in
the same way. In this case, we use the classical Carleman estimates, since
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the operator A is neither degenerate nor singular on (z1,1). Therefore we

get
& Cec(MRo T . T
/ / 2 (t, x)dedt < ———— / / 7?2 < Ce(DEo / / o2 dxdt.
T Jo Ry 0 Jw 0 Jw

Now, consider the function ¢ — fol 02(t, x)dx, its derivative is
1 1 A

200pdx =2 | 0 |—(a(x)0y)e — —50+ 70| dx
0 0 af

! 2 Ao 2
_ 9 2 Ao 52
/0 a(x)v; ekl + 7o

and if let 7 = Cy where Cy be as defined in (24) when we set n = A, then
the last term is positive. (Note that this is true in the case f < 2 — a.. For
B =2 — a, we can set r = 0 and use Lemma 18). Therefore the function

t— 01 9%(t, r)dz is nondecreasing in [0, 7] and we obtain

1 3T 1 ~ T
9 ) ¢(T)Ro
/ 92(0,2)dx < —/ ' / % (t, x)dadt < L/ /T)dedt.
0 T z Jo T 0 Juw

O

Proof of Lemma 28. Let us consider a smooth function £ : R — R such
that

0<¢(x) <1, Vz € R,
&(z) =1, rEW,
&(x) =0, r<xzy and x> x7,

and £ > 0 for z > xp and « < z1. Then
T g ot T 1

0= / — / 22 R dudt = / / (2RE%01e*R7 52 + 262217 0, ) dadt
o dtJo o Jo

T 1
=2 / / RE%0,e?Rop? ddt (41)
0 0

T /1 \
+ 2/ / ¢2e2R05 <ﬂf; — (aly) s + rf;) dxdt
o Jo z
T 1 T 1 A
=2 / / RE%0,e2B0 52 dadt — 2 / / 75%”%2@:&
o Jo o Jo T
T /1
+2 / / (£2e*R79) yat, dadt (42)
o Jo
T /1
—|—2r/ / £2e2o 2
o Jo

T 1 T 1 /\
=2 / / RE%0,e2R0 52 dadt — 2 / / —55262R”172dxdt
o Jo o Jo ¥
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T 1 T 1
+2/ / a(fzeQR”)iﬁﬁxdxdt—FQ/ / a&?e*Ro 52 dxdt (43)
o Jo o Jo
T 1
+2r / / g2 o2,
o Jo

Hence,

T /1
/ / e anidudt = —2 / / RE20,e2R7 5 dudt
o Jo
! T 1y
,2/ /a(§262R0)z§@mdxdt+2/ / 76526230@2
o Jo o Jo =

T 1
— 27’/ / £2e2Ro 32 dgdt.
o Jo
Casel: For A < 0, we obtain

T 1
/ / £2e2Ro a2 dadt < —2 / / RE%0,e®Rop? dadt
0 0
1 T 1
-2 / / a(€?e*19) o dadt < —2 / / RE%0,e2Rop% dadt
0 0

T 1 52 2Ro’
- / / (VageRv,) dxdt + / / 25)2dadt.
0 0
Thus,

T 1 T 1
/ / 27 a2 drdt < -2 / / R0, 52 dadt
0 0
62 2Ro’) 2 _ T
/ /( Ra%) d:vdth/ /ﬁdedt.
6 0 w

T T
mina(x)/ / 2052 drdt < C’/ /172dxdt.
w’ 0 w’ 0 w

Case 2: For A > 0, since the support of £ is located in w, then

/ / £2e2R0 ~2da:dt<c / / 2dudt,

for some suitable C' > 0. So, rewriting the relations of the case 1, we get

T T
mina(:v)/ / Rop2drdt < (C + é)/ / v?dxdt.
@’ 0 Jur 0 Juw

Therefore
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