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REACTION DIFFUSION EQUATIONS

U, = DU, + f(U)

reR t>0 UeR"




Travelling wave 1s a solution of the form
U(x,t) =V(z — ct)

E=1x—ct

—cV5 — DV55 + f(V)

V=W
| W, = =D YeW + (V)
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EXAMPLE

o FitzHugh-Nagumo

v, =v,_ + f(v) —u







STABILITY

If U(x) 1s a stationary solution of Reaction-
Diffusion equation, U, = DU, + f(U)

we call it stable when for every initial value u,
close to U in some norm, i.e.HU — HX <e
the solution satisfies

|u(.,t) =UC+n)|, <6

Furthermore, it is called asymptotically stable, if
it is stable and tends towards U(z + h) , for a
constant h.

|u(.,t) =UC+h), —0 O




STABLITY OF TRAVELLING WAVES

~

U(x,t) = V(x — ct,t)
V, = DV + ¢V, + f(V)

Travelling waveV/(x — ct) is a stationary
solution of this PDE. We mean its

(asymptotically) stability as a stable solution of
this PDE.




LINEAR STABILITY

Linearize the equation
V, = DV& + ch + f(V)

around the stationary solutionV(f= )

L =D0; +co. + fy(V)




SPECTRUM

L:D(L)Cc X - X

Resolvent set

p(L) = {\ | L — A\l has a bounded inverse }

1K >0:Vhe X3lU € X,(L-X)U =h
[y < KA,




Spec(L) = C\ p(L) = X, UX,

2. pt point spectrum or eigenvalue defined as the
kernel of [, — \] 1s nontrivial.

Eess — Spec(L) \ Ept 1s essential spectrum

Example:

L : ZOO — ZOO (aoaap'”) — (Oaaoaap'”)

A = 0 is not an eigenvalue but 0 € Spec(L)
because Lu = (1,0,0,---) doesn’t have Q

solution in £*°




SPECTRUM OF LINEAR EQUATION

Proposition:
If V(&) is a travelling wave solution and V€ = 0,
then 0 € Spec(L).

L = DO + cd, + fy(V)

Proof.
Differentiate DV, + ¢V, + f(V) = 0
We find

LV, =0




NONLINEAR STABILITY

If V(&) is a travelling wave solution of U, = DU__ + f(U)
with \ = 0, is a simple eigenvalue of L and the other
spectrum are located in {Re(\) < —a < 0}, then

Vis asymptotically stable.




CASEL: REST STATE, V(&) =V,

Substitute U(§) = 6V§Uo for some v € C,u, € C" \ {0}

in the equation [,14 = M\ to find eigenvalues.

We find
Auy, = [v°D + vl + f,(V,)]y,

d(\v) == det[v’D + (v — NI + f,(V)]




CASEL: REST STATE, V(&) =V,

Theorem:

Spec(L) = {\ € C | d(\ ik) = O for some k € R}

Proof.
Assume d(\, k) = 0,Vk € R, we will show that

Duge + cug + (f(Vy) = M)u = h(€)
for every h € X, has solution and HuHX < KHhHX

[ [ AP
U U 0
— A()\) +
v v h
L § ) L) )




0 I

AR = DN~ f;(Vy)] —eD™H
det[A(N) — v1] = d(\,v) detD
A(N)is since (A, k) = 0,Vk € R

E?()\) =stable subspace, FE“()\) = unstable subspace

ES(\) @ E*()\) = C”




STRUCTURE OF SPEC(L)

Spec(L) = {\ € C | d(\ ik) = Ofor somek € R}
= {\ | SpecA(\) N iR = &}
+ All eigenvalues of f;; (V) lie in Spec(L)
It d(N,iky) = 0,d, (N, 1k,) = O, then there
is a curve A(tk) defined for k & k,such that
Aiky) = Ny,  A(tk) € SpecA(N)

\/As‘ k ’_> o0, we have Re A\ — —00




STRUCTURE OF SPEC(L)

v Spectrum lies in sector {‘)\‘ < R} g {‘arg)\ > T — 5}

e'”
Assume that A = — e SpeclL
E

where ) < € < 17‘90‘ <m0

then we show that roots of
iip
d(\,v) = det[v’D + (cv — 6—)] -

82

=0

Q"\:lw

(

are far from 7JR. Let v =

QI AN

= det[-0°D + (cve — %) + £°f,(V,)] = 0




675@/2
For ¢ — (), wehave v, = & is far from
! dj

imaginary axis. Andfor 0 < e K 1, v = ﬁo 0(6)

1s far too.




EXAMPLE

U

t

= U + au

v€§—|—cv€—|—av:()

d(\ ik) = —k* +ick +a — X = 0

/

—

For negative parameter a<0

—

A\
%

the rest wave u(x,t)=0 1s stable.




CASE 2: PERIODIC WAVE, V(¢ + ¢) = V(¢

0= (L—=A)u = Dug + cu; + (fy(V(E)) — Al)u

[% 0 I
Ye

~ )T - e —en

u
(V)

3

A(§ + q,A) = A(E,N)

" |© = Rie nere [“”]

Floquet representation =




v The point spectrum is empty.

7 Spec(L) = {\ | det(B(\) — ik) = 0 for somek € R}
= {\ | Spec(B(\)) NiR = &}

< Eigenfunctions are of the form u(§) = u,, (€)™

where uper(ﬁ +q) = Uper(ﬁ)

v Sectoriality of spectrum is also true in this case.




CASE 3: FRONT, V(¢) — V, AS £ — %o

L =Dd., +co, + fr(V(€))

0 I

AN = ppr - o)) —en

0
lim A({,\) = AL (N) =

+

as¢ — —oo,where

u
asé — +oo, where

I

—D7 ' — f,(V,)] —cD™!

(V)

()

(&)
(&)

M|
®




O A is in the resolvent set of L if and only if, A, (\)
are both hyperbolic with the same Morse index,

dim E*(X\) = dim EY ())
and

E"(0,\) ® E2(0,\) = C"

O\ is in the point spectrum 2, if and only if, 4. (\)
are both hyperbolic with the same Morse index,
dim E*(\) = dim £ (\)
but
E*(0,A) N EY(0,A) = &




O\ is in the essential spectrum >, if either at least
one of the two asymptotic matrices A, (\)

1s not hyperbolic, or else if it does , but the Morse
indices are different.




CASE 4: PULSE, V(¢) — V, AS € — 400

Special case of front wave with this different that
the Morse indices are always the same.

lim AEN) = 4,(\)

§—Fo0




EVANS FUNCTION

» Choose analytic bases{V/(\)},_, and{V’(\)}
for £°(0,\) and E*(0,)\), respectively.

j=1,...n—k

E()‘) — det[vlu()‘)a"'7Vku()‘)7vls()‘)7'"7Vn8—k()‘)]

Result:
. EQ\N) =0« E“0,A)NE*0,)\) =2 < \is an eigenvalue.
1. The order of A\ .as a zero of the Evans function

1s equal to the algebraic multiplicity of )\*as an

eigenvalue of L. @




EXAMPLE

_ o 3
U, = U, u -+ u

Stationary solution: q(a:) — \/ES echx

Linear equation: v, = v, + (3q(x)2 — v

3g(z)* —1-X 0

L=29, +(3q(z) —

0 1
— Ai()‘) —

> .. = (—o0,—1)

€SS

1)

0 1
—1-X 0




u_(T,\) = emx[l + g — /14 Xtanh(z) — Sech?(z)]

u, (T,\) =e” raery 4 % + 1+ X tanh(z) — Sech?(z)]

(Oa)‘) u+(07>‘) 2
B(\) = det — I - 3T
W =defl 0.0 0.0 A=+
2, ={-10,3)




NEURAL FIELD: INTEGRO-DIFFERENTIAL EQUATION

; aué? %= ) + 1) _ZO w(y)f(u(z —y,t))dy

o Rest state: u(z,t) =u
+00

T =~f(@) | wly)dy

— 00

o Linear Equation:
1 +00
Qulz, t) u(z,t) + Bf u(x — y,t)dy

a Ot
B =~f'(u) o




Lu=—u+3[ " wyul - y)dy

ik

o Eigenfunctions: u(z) = "™y,

A+ 1= Bik)

o If we assume that w(y) = w(—y), thenw(k)is a real
even function of k and the stability condition is

pw. <1

max
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