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REACTION DIFFUSION EQUATIONS
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Travelling wave is a solution of the form 

( , ) ( )U x t V x ct= −
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PULSE WAVE
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PERIODIC WAVE
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EXAMPLE
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STABILITY

If U(x) is a stationary solution of Reaction-( ) y
Diffusion equation, 
we call it stable when for every initial value 

( )t xxU DU f U= +

0u
close to U in some norm, i.e.                 
the solution satisfies 

0 X
U u ε− <

Furthermore  it is called asymptotically stable  if 

(., ) ( )
X

u t U h δ− ⋅ + <

Furthermore, it is called asymptotically stable, if 
it is stable and tends towards                 , for a 
constant h. 

( )U x h+

10(., ) ( ) 0
X

u t U h− ⋅ + →



STABLITY OF TRAVELLING WAVES

( , ) ( , )U x t V x ct t= −�

( )tV DV cV f Vξξ ξ= + +� � � �

( )Travelling wave                  is a stationary 
solution of this PDE. We mean its 
(asymptotically) stability as a stable solution of 

( )V x ct−

( y p y) y
this PDE.
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LINEAR STABILITY

Linearize the equation q

( )tV DV cV f Vξξ ξ= + +� � � �

around the stationary solution ( )V ξ

� � � �( )t UV DV cV f V Vξξ ξ= + +

( )UL D c f Vξξ ξ= ∂ + ∂ +
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SPECTRUM

( )L D L X X

Resolvent set 

: ( )L D L X X⊂ →

has a bounded inverse    ( ) { |L L Iρ λ λ= − }

0 : ! ,( )K h X U X L I U hλ∃ > ∀ ∈ ∃ ∈ − =( )

X X
U K h≤
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( ) \ ( )Spec L Lρ= = Σ ∪ Σ^

: point spectrum or eigenvalue defined as the 

( ) \ ( ) pt essSpec L Lρ= = Σ ∪ Σ^

ptΣ
kernel of             is nontrivial.

i  ti l t

pt

( ) \Spec LΣ Σ

L Iλ−

is essential spectrum

Example: 

( ) \ess ptSpec LΣ = Σ

Example: 
:L ∞ ∞→A A 0 1 0 1( , , ) (0, , , )a a a a" 6 "

is not an eigenvalue but 
because                           doesn’t have 
0λ = 0 ( )Spec L∈

(1, 0, 0, )Lu = "
solution in 14
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SPECTRUM OF LINEAR EQUATION

Proposition:p
If           is a travelling wave solution and 
then
( )V ξ 0,Vξ ≠
0 ( ).Spec L∈

( )UL D c f Vξξ ξ= ∂ + ∂ +

Proof.
Differentiate
W  fi d 

( ) 0DV cV f Vξξ ξ+ + =
We find 

0LVξ =
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NONLINEAR STABILITY

If          is a travelling wave solution of ( )V ξ ( )tU DU f U= +f g f
with          , is a simple eigenvalue of L and the other 
spectrum are located in                                    , then

( )V ξ ( )t xxU DU f U+
0λ =

{Re( ) 0}λ α≤ − <
V is asymptotically stable. 
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CASE1: REST STATE, 

Substitute                          for some 

0( )V Vξ =

0( )u e uνξξ = \ {0}nuν ∈ ∈^ ^Substitute                          for some 
in the equation                    to find eigenvalues.

0( )u e uξ

Lu uλ=
0, \ {0}uν ∈ ∈^ ^

We find 

2
0 0 0[ ( )]Uu D c I f V uλ ν ν= + +

2
0( , ) : det[ ( ) ( )]Ud D c I f Vλ ν ν ν λ= + − +
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Theorem:

CASE1: REST STATE, 0( )V Vξ =

for some ( ) { | ( , ) 0Spec L d ikλ λ= ∈ =^ }k ∈ \

Proof.
Assume                                        , we will show that ( , ) 0,d ik kλ ≠ ∀ ∈ \

f                h  l ti  d  
0( ( ) ) ( )UDu cu f V I u hξξ ξ λ ξ+ + − =

h X∈ K h≤for every             , has solution and  h X∈
X X

u K h≤

0u uξ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎟ ⎟ ⎟⎜ ⎜ ⎜ 18( )A
v v h
ξ

ξ
λ⎟ ⎟ ⎟⎜ ⎜ ⎜⎟ ⎟ ⎟= +⎜ ⎜ ⎜⎟ ⎟ ⎟⎜ ⎜ ⎜⎟ ⎟ ⎟⎜ ⎜ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠



0
( )

I
A λ

⎡ ⎤
⎢ ⎥= 1 1

0

( )
[ ( )]U

A
D I f V cD

λ
λ− −

⎢ ⎥= ⎢ ⎥− − −⎢ ⎥⎣ ⎦

1
det[ ( ) ] ( , )

det
A I d

D
λ ν λ ν− =

is hyperbolichyperbolic since ( , ) 0,d ik kλ ≠ ∀ ∈ \( )A λ

stable subspace,                      unstable subspace( )sE λ = ( )uE λ =

( ) ( )s u nE Eλ λ⊕ = ^
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STRUCTURE OF SPEC(L)STRUCTURE OF SPEC(L)

for some ( ) { | ( , ) 0Spec L d ikλ λ= ∈ =^ }k ∈ \f( ) { | ( , ) 0Spec L d ikλ λ∈ ^ }k ∈ \

{ | ( ) }SpecA iλ λ= ∩ ≠ ∅\

All eigenvalues of              lie in 

If                                                          , then there 
0( )Uf V ( )Spec L

0 0 0 0( , ) 0, ( , ) 0d ik d ikλλ λ= ≠
is a curve           defined for              such that 

0 0 0 0( ) ( )λ

( )ikλ 0k k≈

( )ikλ λ= ( ) ( )ik SpecAλ λ∈

As                   , we have 
0 0( ) ,ikλ λ= ( ) ( )ik SpecAλ λ∈

| |k → ∞ Reλ → −∞
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STRUCTURE OF SPEC(L)
Spectrum lies in sector  { } { arg }Rλ λ π δ< ∪ > −

ie ϕ
Assume that

2

e
SpecLλ

ε
= ∈

0 1< � ϕ π δ≤where  
then we show that roots of

0 1,ε< � ϕ π δ≤ −

2( ) [ ( ) ( )]
ie ϕ

are far from                  Let  

2
02

( , ) det[ ( ) ( )] 0U
e

d D c I f Vλ ν ν ν
ε

= + − + =

ν
ν =

�i\are far from      .            Let  

2 2
0det[ ( ) ( )] 0i

UD c e I f Vϕν νε ε⇒ − + − + =� �

ν
ε

=i\
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For              , we have                           is far from0ε =
/2

0

ie

d

ϕ
ν = ±�

imaginary axis   And for

0
jd

0 1ε< � ( )Oν ν ε= +� �imaginary axis.  And for

is far too.                        

0 1,ε< � 0 ( )Oν ν ε= +
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EXAMPLE

t xxu u au= +

0v cv av+ + = 0v cv avξξ ξ+ + =

2( , ) 0d ik k ick aλ λ= − + + − =( , )

For negative parameter a<0 

the rest wave u(x,t)=0 is stable.
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CASE 2: PERIODIC WAVE, ( ) ( )V q Vξ ξ+ =

0 ( ) ( ( ( )) )UL I u Du cu f V I uξξ ξλ ξ λ= − = + + −

1 1

0
( , )

[ ( ( ))]

Iu u u
A

v v vD I f V cD
ξ

ξ
ξ λ

λ ξ− −

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎟ ⎟ ⎟⎜ ⎜ ⎜⎢ ⎥⎟ ⎟ ⎟= =⎜ ⎜ ⎜⎟ ⎟ ⎟⎢ ⎥⎜ ⎜ ⎜⎟ ⎟ ⎟⎜ ⎜ ⎜− − −⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦[ ( ( ))]Uv v vD I f V cDξ λ ξ⎜ ⎜ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

( , ) ( , )A q Aξ λ ξ λ+ =

Fl i

( , ) ( , )A q Aξ λ ξ λ+

0( )( ) ( ) B
u u

R λ ξξ ξ λ
⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜Floquet representation 0( )

0

( ) ( , ) BR e
v v

λ ξξ ξ λ⎜ ⎜⎟ ⎟⎜ ⎜⇒ =⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠
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Th  i   i  The point spectrum is empty.

for some( ) { | det( ( ) ) 0Spec L B ikλ λ }k ∈ \for some( ) { | det( ( ) ) 0Spec L B ikλ λ= − = }k ∈ \

{ | ( ( )) }Spec B iλ λ= ∩ ≠ ∅\

Eigenfunctions are of the form ( ) ( ) ikperu u e ξξ ξ=

where ( ) ( )per peru q uξ ξ+ =

Sectoriality of spectrum is also true in this case.
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CASE 3: FRONT,              AS( )V Vξ ±→ ξ → ±∞

( ( ))UL D c f Vξξ ξ ξ= ∂ + ∂ +

1 1

0
( , )

[ ( ( ))]U

I
A

D I f V cD
ξ λ

λ ξ− −

⎡ ⎤
⎢ ⎥= ⎢ ⎥− − −⎢ ⎥⎣ ⎦[ ( ( ))]UD I f V cDλ ξ⎢ ⎥⎣ ⎦

0
lim ( ) ( )

I
A Aξ λ λ

⎡ ⎤
⎢ ⎥= = ⎢ ⎥

             h

1 1lim ( , ) ( )
[ ( )]U

A A
D I f V cDξ

ξ λ λ
λ± − −→∞ ±

= = ⎢ ⎥− − −⎢ ⎥⎣ ⎦

0 2u u V+
⎧⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎪ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎪ 0u u⎛ ⎞ ⎛ ⎞⎫⎪⎟ ⎟⎜ ⎜ ⎪as             where

as            where 

0 2
0

0

( , ) : ( )
0

s nE
v v

ξ λ ξ +⎟ ⎟ ⎟⎜ ⎜ ⎜⎪ ⎟ ⎟ ⎟= ∈ →⎜ ⎜ ⎜⎨ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎟ ⎟ ⎟⎪ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪⎩
^ ,ξ → +∞

ξ → ∞

0
0

0

( )
v v

ξ⎟ ⎟⎜ ⎜ ⎪⎟ ⎟=⎜ ⎜ ⎬⎟ ⎟⎜ ⎜⎟ ⎟⎪⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠⎪⎭

0 2( ) ( )u nu u V
E ξ λ ξ −

⎧⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎪ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎪ ⎟ ⎟ ⎟∈⎜ ⎜ ⎜⎨ ^
0( )

u u
ξ

⎛ ⎞ ⎛ ⎞⎫⎪⎟ ⎟⎜ ⎜ ⎪⎟ ⎟=⎜ ⎜ ⎬⎟ ⎟as            where ,ξ → −∞0 2
0

0

( , ) : ( )
0

u nE
v v

ξ λ ξ⎟ ⎟ ⎟= ∈ →⎜ ⎜ ⎜⎨ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎟ ⎟ ⎟⎪ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪⎩
^ 0

0

( )
v v

ξ =⎜ ⎜ ⎬⎟ ⎟⎜ ⎜⎟ ⎟⎪⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠⎪⎭



is in the resolvent set of L if and only if, λ ( )A λ±

are both hyperbolic with the same Morse index,

d 
dim ( ) dim ( )u uE Eλ λ− +=

and 
(0, ) (0, )u s nE Eλ λ− +⊕ = ^

is in the point spectrum       , if and only if,
are both hyperbolic with the same Morse index,
λ pt∑ ( )A λ±

yp ,

but
dim ( ) dim ( )u uE Eλ λ− +=

(0, ) (0, )u sE Eλ λ− +∩ ≠ ∅
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is in the essential spectrum       , if either at least λ ess∑
one of the two asymptotic matrices 
is not hyperbolic, or else if it does , but the Morse 
indices are different

( )A λ±

indices are different.
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CASE 4: PULSE,             AS0( )V Vξ → ξ → ±∞

Special case of front wave with this different that Special case of front wave with this different that 
the Morse indices are always the same.

li ( ) ( )A Aξ λ λ0lim ( , ) ( )A A
ξ

ξ λ λ
→±∞

=
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EVANS FUNCTION

Choose analytic bases                    and 1{ ( )}u
j j kV λ = 1{ ( )}s

j j n kV λ = −y
for             and             , respectively.

1, ,{ ( )}j j k= … 1, ,{ ( )}j j n k= …

(0, )sE λ (0, )uE λ

1 1( ) det[ ( ), , ( ), ( ), , ( )]u u s s
k n kE V V V Vλ λ λ λ λ−= " "

Result:
I. is an eigenvalue.

Th  d  f        f th  E  f ti
( ) 0 (0, ) (0, )u sE E Eλ λ λ λ= ⇔ ∩ ≠ ∅ ⇔

λII. The order of     as a zero of the Evans function
is equal to the algebraic multiplicity of    as an
eigenvalue of  L

λ∗
λ∗

eigenvalue of  L. 30



EXAMPLE

3u u u u+

Stationary solution:

3
t xxu u u u= − +

( ) 2q x Sechx=

Linear equation: 2(3 ( ) 1)t xxv v q x v= + −

2(3 ( ) 1)xxL q x= ∂ + −

2

0 1 0 1
( , ) ( )

1 03 ( ) 1 0
A x A

q x
λ λ

λλ ±

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= → =⎢ ⎥ ⎢ ⎥− −− − ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦
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1 2( ) [ ( ) ( )]x Sλ λ+1 2( , ) [1 1 tanh( ) ( )]
3

xu x e x Sech xλ λ
λ λ+

− = + − + −

1 2( ) [1 1 h( ) ( )]x S hλ λ
λ λ+1 2( , ) [1 1 tanh( ) ( )]

3
xu x e x Sech xλ λ

λ λ− +
+ = + + + −

(0, ) (0, ) 2
( ) det ( 3) 1

(0, ) (0, ) 9

u u
E

u u

λ λ
λ λ λ λ

λ λ
− +

− +

⎛ ⎞⎟⎜ ⎟= = − − +⎜ ⎟⎜ ′ ′ ⎟⎜⎝ ⎠

{ 1, 0, 3}ptΣ = −
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NEURAL FIELD: INTEGRO-DIFFERENTIAL EQUATION

1 ( )t∂1 ( , )
( , ) ( ) ( ( , ))

u x t
u x t w y f u x y t dy

t
γ

α

+∞

−∞

∂
= − + −

∂ ∫

Rest state: ( , )u x t u=

( ) ( )u f u w y dyγ
+∞

= ∫
Linear Equation: 

( ) ( )u f u w y dyγ
−∞

= ∫

1 ( , )
( , ) ( ) ( , )

u x t
u x t w y u x y t dy

t
β

α

+∞

−∞

∂
= − + −

∂ ∫
33

( )f uβ γ ′=



( ) ( )Lu u w y u x y dyβ
+∞

−∞
= − + −∫

Eigenfunctions: 

∞∫

0( ) ikxu x e u=

ˆ1 ( )w kλ β+ =

If we assume that                      , then       is a real 
even function of k and the stability condition is  

( ) ( )w y w y= − ˆ( )w k

maxˆ 1wβ <
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