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Are the minimizers of [, F(Vu,u,z)dx analytic?

Remarkable Results:
o S. Bernstein (1904): C® solutions are analytic.
o L.G. Petrowsky (1939): C*! solutions are analytic.
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Hilbert’s 19th P em

Are the minimizers of [, F(Vu,u,z)dx analytic?

Remarkable Results:
o S. Bernstein (1904): C® solutions are analytic.
o L.G. Petrowsky (1939): C*! solutions are analytic.

o E. De Giorgi - J. Nash (1957): With merely assumptions the
solutions are Ch2.
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in Questions

u min/ |Vu|? + 2F (z, u)dx
Q

The minimizers solve the semilinear problem

Au = f(x,u)

o Regularity of the minimizers?

o Regularity of the level sets {u = ¢}?
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u<—m1n/|Vu]2+2ud %Au—x{uw}

H. Brezis - D. Kinderlehrer (1973): Solutions have optimal regularity u € C**.
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mple: Obstacle Problem

u min/ |Vu|? + 2u dx soticles Ay = X{u>0}
u>0

H. Brezis - D. Kinderlehrer (1973): Solutions have optimal regularity u € C**.

L. Caffarelli (1977): Regular part of Free boundary d{u > 0} is analytic.
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ample: Obstacle Problem

u min/ |Vu|? + 2u dx soticles Ay = X{u>0}
u>0

H. Brezis - D. Kinderlehrer (1973): Solutions have optimal regularity u € C**.
L. Caffarelli (1977): Regular part of Free boundary d{u > 0} is analytic.

A. Figalli - J. Serra (2019): Singular part of Free boundary is at least C*.

all regular points R

— T~
— /Au =1in {u>0} // A\
Ve >~ - - :/ {u=0} /‘
\\ {u=0} ///1 . ~_ -
~~_ " one singular poin
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Priori Regularity: At least u € C*9. Moreover, u € C* in {u # 0}.
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Higher Regularity in a Semilinear Problem (0 < g < 1)

mm/\vuP ]u\qu solves nyy — [yfo=1y

Priori Regularity: At least u € C*9. Moreover, u € C* in {u # 0}.

Question: Which regularity for solutions and free boundaries 9{u > 0}
and 0{u < 0} do we expect?
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Au = [ul = (ug)? — (u)?

o M. F. - H. Shahgholian (2017): The optimal regularity of solution
on the free boundary d{u > 0} is Cl*5=[8 where k = 2/(1 — ¢).
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Blow-up: ¢y g, () 1= u(zo + 72) /7" — Uy () as r — 0.
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Blow-up: ¢y g, () 1= u(zo + 72) /7" — Uy () as r — 0.
Global Solutions:ug, is a kK-homogeneous solution in R",

Aug, = |uzo|q_1uz0, Uzy (AT) = Nug, ().
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Blow-up: ¢y g, () 1= u(zo + 72) /7" — Uy () as r — 0.
Global Solutions:ug, is a kK-homogeneous solution in R",

Aug, = |uzo|q_1uz0, Uzy (AT) = Nug, ().

@ half-plane solutions ., (x) = ax(x - v4,)" for some unit vector v,, € R™,
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Blow-up: ¢y g, () 1= u(zo + 72) /7" — Uy () as r — 0.
Global Solutions:ug, is a kK-homogeneous solution in R",

Aug, = |um0|q_1umo, Uzy (AT) = Nug, ().

@ half-plane solutions ., (x) = ax(x - v4,)" for some unit vector v,, € R™,

Lipschitz Regularity: On the regular part of FB, we have the normal vector
field xg > Vg, .-
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Regularity of FB

If [|tr 2o — UaollL2(8B,) < CrP for every free boundary point g, then
|V501 - Vw2| < C|Il - 3;2’5/(“_/6)7

so the free boundary is C1A#/(v+5),
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Epiperimetric Inequality

Define the energy functional

2
M(v) := / Vo2 4+ ——|v|* Tz — K/ v 2dH" 1,
B1 1 +q 0B1

and the admissible set of blowups
H := {ax(z - v)] : v € R" is a unit vector}.

There exist € € (0,1) such that if ¢ is a k-homogeneous function and
enough close to H in topology of W12(B), then there exists
v € W2(By) such that v = ¢ on 9B; and

M(v) — M(H) < (1 — €)(M(¢) — M(H)).
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o Reifenberg E.R. (1964): Analyticity of minimal surfaces.
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Epiperimetric Inequality

o Reifenberg E.R. (1964): Analyticity of minimal surfaces.

o Weiss G.S. (1999): Regular part of FB in obstacle problem is C1.

e Colombo M., Spolaor L., Velichkov B. (2018): Singular part of FB in
obstacle problem is C1:1°8,
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o Reifenberg E.R. (1964): Analyticity of minimal surfaces.

o Weiss G.S. (1999): Regular part of FB in obstacle problem is C1.

e Colombo M., Spolaor L., Velichkov B. (2018): Singular part of FB in
obstacle problem is C1:1°8,

e M. F. - H. Shahgholian - G.S. Weiss (2021): The regular part of
free boundary in problem Au = |u|9™ u is C12.
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Thank you for your attention.
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