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Hilbert’s 19th Problem

Are the minimizers of
∫

Ω F (∇u, u, x)dx analytic?

Remarkable Results:

S. Bernstein (1904): C3 solutions are analytic.

I.G. Petrowsky (1939): C1 solutions are analytic.

E. De Giorgi - J. Nash (1957): With merely assumptions the
solutions are C1,α.
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Main Questions

u← min

∫

Ω
|∇u|2 + 2F (x, u)dx

The minimizers solve the semilinear problem

∆u = f(x, u)

Regularity of the minimizers?

Regularity of the level sets {u = c}?

Morteza Fotouhi (SUT) The Epiperimetric Inequality August 22, 2021 3 / 11



Example: Obstacle Problem

u← min
u≥0

∫
|∇u|2 + 2u dx

satisfies
====⇒ ∆u = χ{u>0}

H. Brezis - D. Kinderlehrer (1973): Solutions have optimal regularity u ∈ C1,1.

L. Caffarelli (1977): Regular part of Free boundary ∂{u > 0} is analytic.

A. Figalli - J. Serra (2019): Singular part of Free boundary is at least C1.5.4. Regularity of free boundaries: an overview 139

{u = 0}
{u = 0}

�u = f in {u > 0}

all regular points

one singular point
(the contact set has zero density)

Figure 5.9. Singular points are those where the contact set has zero density.

Regularity of free boundaries: main results. Assume from now on
that u solves (5.14)-(5.15). Then, the main known results on the free bound-
ary � = @{u > 0} can be summarized as follows:

• At every free boundary point x� 2 �, we have

0 < cr2  sup
Br(x�)

u  Cr2 8r 2
�
0, 1

2

�

• The free boundary � splits into regular points and singular points.

• The set of regular points is an open subset of the free boundary, and � is
C1 near these points.

• Singular points are those at which the contact set {u = 0} has density
zero, and these points (if any) are contained in an (n � 1)-dimensional C1

manifold.

Summarizing, the free boundary is smooth, possibly outside a certain set
of singular points. See Figure 5.9.

So far, we have not even proved that � has finite perimeter, or anything
at all about �. Our goal will be to prove that � is C1 near regular points.
This is the main and most important result in the obstacle problem. It was
proved by Ca↵arelli in 1977, and it is one of the major results for which he
received the Wolf Prize in 2012 and the Shaw Prize in 2018.

Overview of the strategy. To prove these regularity results for the free
boundary, one considers blow-ups. Namely, given any free boundary point
x� for a solution u of (5.14)-(5.15), one takes the rescalings

ur(x) :=
u(x� + rx)

r2
,

with r > 0 small. This is like “zooming in” at a free boundary point.

1
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Higher Regularity in a Semilinear Problem (0 < q < 1)

min

∫
|∇u|2 +

2

1 + q
|u|1+q dx

solves
===⇒ ∆u = |u|q−1u

Priori Regularity: At least u ∈ C2,q. Moreover, u ∈ C∞ in {u 6= 0}.

Question: Which regularity for solutions and free boundaries ∂{u > 0}
and ∂{u < 0} do we expect?
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Higher Regularity (0 < q < 1)

∆u = |u|q−1u = (u+)q − (u−)q

M. F. - H. Shahgholian (2017): The optimal regularity of solution
on the free boundary ∂{u > 0} is C [κ],κ−[κ], where κ = 2/(1− q).
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Regularity of FB

Blow-up: ur,x0(x) := u(x0 + rx)/rκ −→ ux0(x) as r → 0.

Global Solutions:ux0 is a κ-homogeneous solution in Rn,

∆ux0 = |ux0 |q−1ux0 , ux0(λx) = λκux0(x).

half-plane solutions ux0
(x) = ακ(x · νx0

)κ+ for some unit vector νx0
∈ Rn,

Lipschitz Regularity: On the regular part of FB, we have the normal vector
field x0 7→ νx0 .
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Regularity of FB

If ‖ur,x0 − ux0‖L2(∂B1) ≤ Crβ for every free boundary point x0, then

|νx1 − νx2 | ≤ C|x1 − x2|β/(κ+β),

so the free boundary is C1,β/(κ+β).
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Epiperimetric Inequality

Define the energy functional

M(v) :=

∫

B1

|∇v|2 +
2

1 + q
|v|1+qdx− κ

∫

∂B1

|v|2dHn−1,

and the admissible set of blowups

H := {ακ(x · ν)κ+ : ν ∈ Rn is a unit vector}.

There exist ε ∈ (0, 1) such that if φ is a κ-homogeneous function and
enough close to H in topology of W 1,2(B1), then there exists
v ∈W 1,2(B1) such that v = φ on ∂B1 and

M(v)−M(H) ≤ (1− ε)(M(φ)−M(H)).
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Epiperimetric Inequality

Reifenberg E.R. (1964): Analyticity of minimal surfaces.

Weiss G.S. (1999): Regular part of FB in obstacle problem is C1,α.

Colombo M., Spolaor L., Velichkov B. (2018): Singular part of FB in

obstacle problem is C1,log.

M. F. - H. Shahgholian - G.S. Weiss (2021): The regular part of
free boundary in problem ∆u = |u|q−1u is C1,α.
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Thank you for your attention.
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