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“If | have seen further,” Isaac Newton wrote in a 1675 letter to fellow scientist Robert Hooke, “it is
by standing on the shoulders of giants.”
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Index Notation:

—

A-B=A;B;, AxB;=¢€jxAjBr,  €ijiepgk = Oipdjq — digdip
det A = €;,4y...5, A1,5, A2jiy - - Anjs,
Rotation of a Vector:
A, = R;;Aj,  Orthogonality: RijRiy. =6,  (R'T =1)
j=1 j=2  j=3
i=1 [cosd) —sing 0 ]

Rotation about z-axis by ¢: R.(¢);; = i=2 | sing cos¢ 0
i=3 0 0 1

Rotation about axis i by ¢:***
R(1, ¢)ij = 0ij cos ¢ + Ninj(1 — cos @) — €ijfig sing .

Vector Calculus:

Gradient: (?cpli = 0ip, 0i = %
Divergence: V-A=09;A;
CUI‘IZ (6 X /I), - E,’jkajAk
Laplacian: V2o =V-(Vy) = T

P ’ L ¥) = Bz.0z;

Fundamental Theorems of Vector Calculus:

Gradient: V- df = o(b) — o(a)
Divergence: / V-Ad’z = f A- da
Jv s

where S is the boundary of V

Curl: /(m,a).da:}{fr.df
JS P

where P is the boundary of S



Coordinate Systems and Vector Derivatives Formula Sheet

Rectangular (Cartesian) Coordinates (r,y. z)

Line element: df = Edr+ jdy + 3dz

Volume element:  dr = drdydz
B ()f of . d

Gradient: Vf= pd +WW+E;

= v,  Ov,  Ov.

i . KF - P=pardec A Rt B Vst

Divergence: V-@ o + By + 9s
oy gy = dv:  duy v, (')v,) " (é)vy Dv,) i
Curl: ﬁxz—-(ay z)l-’-(a: %)+t =5 )¢

Laplacian: Vif = &f  0F &f

F B

Spherical Coordinates (7.0, d)

Relations to rectangnlar (Cartesian) coordinates and unit vectors:

xr = rsinflcoso Z= Fsinﬂcos¢+éc030cos¢-ésm¢
y = rsinfsing il = rsinfsing + @cosfsing + deoso
z = recosf 2 = reosf — fsind
r= Vi +yt+:2 7 = Fsinfcoso+ ysinfsing + 2 cosf
0 = tan~' (/22 + y2/2) 6 = Fcosfcosd+ jjeosdsing — sin
¢ = tan"'(y/z) ¢ = —Ising+ jeoso

Line element: df = fdr+0rd0+ ¢rsinfde

Volume element: dr = r?sinfldrdfdé

s o - Of 18! 1 0[
Gradient: Vf = Ef + ;% 0+ ——— = Sllloa¢
Z : oo X Qg 1 Oy
Divergence: Vi = ﬁb;(r vr) 089(5111019) + —i 5
= ., 1 . IO Ovgl. 171 v, @
Curl: Wacton: rsinf [Gﬂ(sma%) - ao + sinf ¢ ﬂr(r%)
+1 [g(rl‘ )_
rlars ?
) 1 & 1 _—J 1 9
) 2 > 9 vl —t et 2L
Laplacien: Vit ror? (rf)+ r? sinf 96 (sm9 80) r2 sin® 0 9¢?



Cylindrical Coordinates (r, 0. z)

Relations to rectangular (Cartesian) coordinates and unit vectors:

LU~

[T~ W |

Line element:

Volume element:

Gradient:

Divergence:

Curl:

Laplacian:

recos o T = v"oosa—ésincb
rsing i = Fsing + ¢eoso
VT F = Fcosg+jsing
tan~!(y/x) ¢ = —Tsing + jcoso
z 2 =215

df = idr + drdp+ ids

dr = rdrdodz

S, Of. 10f. Of,
Vf= -é-’—_r+-r-67,¢+5;-

1 dv, i3 dv.
rdo 0Oz

1d
V7 = —o(ro) +

i 100, du,] . v,
V”’[:%“ﬁ'*[

2 _lﬁ(ﬂ) 1&f  &f
Vie= oo tasgtsa

du;1- 1[0
= L PR

v,
do

&
<



Conductors:

P
Just outside, E = —n
€0

Pressure on surface: %olE loutside

Two-conductor system with charges @ and —Q: Q =CV, W = %C’V2
N isolated conductors:

Vi= E Pt P;; = elastance matrix, or reciprocal capacitance matrix
J

Q; = Z Cii%5; C;; = capacitance matrix
J

a?

Image charge in sphere of radius a: Image of Q at R is ¢ = —%Q, r= 7
Separation of Variables for Laplace’s Equation in Cartesian Coordinates:

= {omo) fonu) fothrsl i n_

sin ax sin By sinh vz
Separation of Variables for Laplace’s Equation in Spherical Coordinates:

Traceless Symmetric Tensor expansion:

10 d 1
V3p(r,0,0) = 7y (rza—‘f) + :,_,-Vg ¢=0,

where the angular part is given by
1 9 Do 1 8%
Vip= —— (sinf— —_—
0¥ = Sin6 o6 (““ ao) T n?0 047
¢ A . ¢ _— .
vic i Py Py -2 Ry, = —L(L+ l)C,-(lzz_“iln,-lnvi._, i

11i2... 3

¢ : <
where C',-(1 3,““1. , 1s a symmetric traceless tensor and

i =sinfcos ¢ é; + sinfsin g éa + cosh és .

General solution to Laplace’s equation:

oo
» By -y . L
V(r) = E (A[ rt T C',glzemilrzilrz,v2 ..M, , where 7 =ri
=0



Legendre Polynomial / Spherical Harmonic expansion:

General solution to Laplace’s equation:

27 ™
Orthonormality: / do / sinf@déY,:, (0,0) Yen(0,0) = 6¢¢dmim
0 0

Azimuthal Symmetry:

V()= Z (A[r B ﬁ_l)P[(cosf))
=0

Multipole Expansion:

First several terms:

. Q  p-F 177 N )
V(T ) = 47‘(60 [ —r— 1—2' + 5—‘;:;—Q.J + ] ; where
Q= [@2p@). pi= [Poo@)n Q= [ ;=017
Eu 8- )7 — 5] — ——=pid ()
= 47I'60 r3 360 2
Legendre Polynomials:

Polx) = 1
Pix) =x

Py(x) = 3(3x* — 1)
Ps(x) = 3(5x° = 3x)
Py(x) = 3(35x* — 30x* + 3)



Electric Fields in Matter:
Electric Dipoles:
p= -/ds.'rp('i")F

paip(T) = —p- Vi
F=(p-V)E=V(5E) (force on a dipole)
T=pxE (torque on a dipole)

U=-p-E

8% (F — 74) , where 7y = position of dipole

Electrically Polarizable Materials:
P(7) = polarization = electric dipole moment per unit volume
Poousd ==V P,  Obound =Pt
D=eE+ P, 6-D-=p;m_.. \?XE:O(forstatics)

Boundary conditions:

L AP o 1 | =
Enbove - Eheluw T D above — D below — Pfree
all all g5s a1l Il _ pll o1l
Eabow-. = El)eluw =0 Dahove = Dheluw = pnbuw-. — ]Jlmluw

Linear Dielectrics:

P = eox.E, Xe = electric susceptibility
€ = €g(1 4 x.) = permittivity, D=¢E

€. = — = 1+ yx, = relative permittivity, or dielectric constant
€0

. . . Na/e )
Clausius-Mossotti equation: y, = l—{vg— . where N = number density of atoms
= Seo

or (nonpolar) molecules, & = atomic/molecular polarizability (P = aE)
| FRY SR
Energy: W = 3 / D.-Ed*z (linear materials only)
Force on a dielectric: F = —VW (Even if one or more potential differences are

held fixed. the force can be found by computing the gradient with the total
charge on each conductor fixed.)

Magnetostatics:
Magnetic Force:
~ = . = dp =, 5 1
F=q(E4vxB)=—, where p'= ymgv . V= —
dt ] — 22

R
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Current Density:

Current through a surface S: Ig = / J - dd
s

Charge conservation: %tg =-V.J

Moving density of charge: J = pi

Biot-Savart Law:

B‘(F)=£21-/dpx(17—;) ”0/ (')X(r—r)da’

4ir |7 =73 47 |7 —7*

J(F) x (F =)

T — — —— ds.'l,'
47 |F = 7|3

where g = permeability of free space = 47 x 10~7 N/A?

Examples:
Infinitely long straight wire: B = g:_i &

Infintely long tightly wound solenoid: B = pondy 2 . where n = turns per
unit length

T uolR?

Loop of current on axis: B(0,0,z) = W

- - 1
Infinite current sheet: B(r) = -poK % 71, n = unit normal toward 7

IO

Vector Potential:

o J(F = - o
A(r)cuul::‘_n |T( 2,' d*a’ B=§XA9 e'Acmﬂ:()

V.-B=0 (Subject to modification if magnetic monopoles are discovered)

Gauge Transformations: A'(F) = A(F) + VA(F) for any A(F). B =V x A is
unchanged.

Ampere’'s Law:

V x B = pyJ . or equivalently / B -df = pg Loy
P



Delta Functions:

/ o(@)b(z — 2') de = (), / H(F)BYF - 7) &2 = o)
d d
/go(l)aé(.c —z')dz =— E‘p

o) = ¥ o5 o) =

T
<. (’_’> g b . ot g

[E=F | =7

7 - 1\  &;—3~f; 4m _

= 3d-A)f—d 8T o o s
v 3 =g (d- V)o (7)
V x 3(‘1"'2’" i WL W T
r
Electrostatics:

F= qE where
5 1 F—7")q; [ r—r")
E(F) = Z ( ) = ( p(7) d®z’

47eq |7 — 7 dmeo J |7 —7)?

€0 =permittiv1ty of free space = 8.854 x 10~!2 C2/(N-m?)
1
47eg

= 8.988 x 10 N-m?/C?

T 3 1 =/
V(7) = V(7o) — ] E()-df = PT) 3,0
™o

Ameg J |7 — 7|
V-E=£, VxE=0, E=-Vv
€0
vV =-L£ (Poisson’s Eq.) , p=0 = V2V =0 (Laplace’s Eq.)
€0

Laplacian Mean Value Theorem (no generally accepted name): If V2V = 0, then
the average value of V' on a spherical surface equals its value at the center.

Energy:

4iq; 3, 130 P(7)p(r")
W= == AL WS
24‘1‘602 24reo/d L |7 — 7|

Tij

53

1 1
W=5 / Prp(F)V(F) = €0 / |E|? d*x



