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A New Interpretation of the Integral Equation Formulation
of Cylindrical Antennas®
C. T. TAT}

Summary—The validity of the conventional integral equation
formulation of cylindrical antennas is often criticized because of an
approximation of the kernel of the integral equation. If the antenna
is of the form of a cylindrical tube there is an exact integral equation
formulation. By means of the variational technique the integral
equation for the cylindrical tube can be solved approximately. When
the length of the tube is large compared to its diameter, the input
impedance of the structure is found to be the same as if one had used
the approximate integral equation at the very beginning of the analy-
sis. This new procedure therefore clarifies one main ambiguity in-
volved in the early works of the theory of cylindrical antennas based
upon the approximate integral equation. It also enables us to treat the
problem of relatively thick cylindrical antennas.

INTRODUCTION

ANY ARTICLES have been written on the
M subject of cylindrical antennas using the in-
tegral equation technique.** Most of them are
based upon Hallén’s original integral equation for a thin
antenna and his iteration method of solving it. Because
of an approximation to the kernel of the integral equa-
tion, the result obtained has often been criticized. In
the case of a transmitting antenna it is known, however,
that the numerical results for the input impedance of
the antenna, based upon various iteration procedures,
are acceptable provided that the proper order of solu-
tion is used. The evidence is partly supported by Schel-
kunoff’s theory of cylindrical antennas,® which is based
upon an entirely different method, yet his result can
also be obtained by a so-called uQ expansion as shown
by Hallén.®
The purpose of this paper is to examine the problem
again, starting with the exact integral equation for a
cylindrical shell. By means of a variational method, the
integral equation can be solved approximately. No at-
tempt is made to simplify the exact kernel of the integral
equation. The exact kernel is retained in the entire
analysis. Approximations are introduced only in evalu-
ating certain definite integrals. These approximations
are valid when the length of the antenna is large com-
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pared to its radius. Under this condition it is found that
the expression for the input impedance of the antenna
is the same as if one had used the approximate integra-
tion equation at the very beginning of the analysis. The
finding demonstrates the fact that as far as the final re-
sult is concerned the use of the approximate integral
equation is justified even though the equation itself
may not have the unique meaning of a properly behaved
integral equation. The new procedure also indicates the
feasibility of treating problems involving relatively
thick antennas. There seems, however, no simple way
of handling some definite integrals except by numerical
integration.

TuE ExAcT INTEGRAL EQUATION FOR A CYLINDRICAL
SHELL AND ITS APPROXIMATE FORM

It is known from the literature’® that the boundary
value problem of a perfectly conducting cylindrical shell
as a center-driven antenna can be formulated exactly
in terms of an integral equation containing the current
distribution function I(z) as the unknown function.
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where Ei(z) denotes the impressed field applied at the
center of the antenna and distributed uniformly around
the cylindrical shell, and
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I=half-length of the antenna

a =radius of the antenna
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Hallén's integral equation is obtained by replacing
the exact expression for G(z—¢’, ¢) by an approximate
expression

e—jkra
Gz — 2, 0) =

(3)

7a

where

re=+/(z — 5): + a2

7 E. Hallén, “Properties of long antennas,” Jour. Appl. Phys.,
vol. 19, p. 1141; 1948,
8 Schelkunoff, op. cit., ch. 4.



126

Eq. (1) is then reduced to
. Joou :
Ei(z) = —

! r 1 ’ ! A
‘ll(z ) (1 + m azz)Gh(d — 7, a)ds. Q)
This approximation creates certain questions regarding
the true significance of this mathematical step and its
consequence. These questions have been raised and dis-
cussed by both Schelkunoff* and Whinnery.2® In this
investigation, we avoid this ambiguous step by consid-
ering (1) as the basic equation.

VARIATIONAL SOLUTION AND THE EVALUATION
OF INTEGRALS

To analyze (1) let us first define a normalized function
f(2) such that

and
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where V, by definition, denotes the applied voltage to
the antenna. A parametric equation can then be ob-
tained by multiplying (1) by () and integrating with
respect to 2z from —/ to [ Dividing the resultant equa-
tion by [[%,f(8)I(z)dz]? one obtains

I pl
- =]'_17-»{_z \[_ZI(z)I(z)K(z—z)dzzh’

| f_if(Z)I(Z)dZ}
S

1207 ohms.

(6)
f ' {(9)I(3)ds
—1

where

1
Kz—7)=k(14+—
(= — %) (Hz

7= (u/O =

Denoting the quantity at the left side of (6) by Z,,
which corresponds to the input impedance of the an-
tenna, it can be shown that the value of Z, evaluated
using the right member of (6) is stationary with respect
to a small variation of 7(z) when the latter satisfies
(1). This variational method of determining the imped-
ance of a cylindrical antenna was first applied by
Storer!! to (4). The method is quite distinct from both
Hallén’s and Schelkunoff’s methods yet it is simple and
attractive. In calculating Z; using the wvariational
formula, one major problem is the proper choice of
trial function for 7(z). The functions which have been
found adequate to use are so far limited to
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I(z) = sink(l — |z]|) + A.[1 —cos k(I — |3]|)] ()
and

I(z) =sink(l— 's|)+A4k(~ z)cos k(i —

). (8)

The constant 4, or 4, is determined according to the
extreme property of Z; such that

o
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= 0.

The first trial function was due to Storer, and the latter
was suggested by this writer.!?

The advantage of using (8) is that the impedance
function will be finite for all values of [ while Storer’s
function is only good for I <A. In the present work, we
can use the same functions as the trial functions. To
perform the integration, it is convenient to change a
variable and write
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It has been shown!!-12 that when [>>£(£ < 2a) the double
integral with respect to 2 and 2’ using the functions

described by (7) or (8) can readily be evaluated. Thus,
if (8) is used as the trial function, one finds that
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The coefficients yu(£), va(¢), and vx(%) consist of a
linear function of ¥ and some terms independent of £,
for example,
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Substituting (11) into (10) and performing the integra-
tion with respect to £, one notices that
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where y11, Y12, and 72 are obtained by substituting Q for
Q: in yu(f), vi2(8), and vye(£). The interesting result of
the present analysis is that (13) is the same as the ex-
pression previously derived using (4) as the basic equa-
tion. The fact that (13) can be derived using this alter-
native but more logical approach should remove the
ambiguity that has often been attached to the approxi-
mation in deriving (4). As far as the final result for the
input impedance is concerned the variational solution
based upon (4) is therefore a good approximate soclution
of the exact integral equation defined by (1).

One further advantage of the present manipulation
lies in the problem of thick antennas. If the condition
specifying the characteristics of a thin antenna > a is
not satisfied, (4) can not be used. On the other hand,
(10) is still valid. The double integration with respect
to z and 2’ can be expressed in terms of generalized sine
and cosine integrals. The remaining integration with
respect to £, however, can not be evaluated in a closed
form although it seems feasible to do it numerically.
Until some numerical values are compiled, we will not
give any detailed discussion.
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