IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, MAY 1973

{5] H. A. Schenk, “Improved mtegral equation formulation for
acoustic radiation problem,” Acoust. Soc. Am., vol. 44, pp.
41-58, 1968.

[6] K. M. Mitzner, ‘‘Numerical solution of the exterlor scattering
problem at eigenfrequencies of the interior problem,” presented
at the Int. Scientific Radio Union Meeting, Boston, Mass.,
Mar. 1968.

[7] H. Brakhage and P. Werner, “Uber des Dirichletsche Aussen-
raumproblem fiir die Helmbholtzsche Schwingungsgleichung,”
Arch. Math., ch. 16, pp. 325-329, 1965.

(8] P. Filippi, “lefractlon et potentlels de multicouches,” Acustica,
to be published

(9] S G. \Ilkhlm Integral Equations. New York: Pergamon,

1064.
[10] J. C. Bolomey and W. Tabbara, “Sur la resolution numerlque
de I'equation des Ondes pour des problemes complementaires,”’
C. R. Acad. Sci. (Paris), vol. 271, ser. B, pp. 933-936, Nov.
1970.

Communications

363

[11) , “Influence du mode de representatlon de l'onde dlffra,ctee
sur la resolution numerique d'un probleme de diffraction,”
C. 7R Acad. Sci. (Paris), vol. 270, ser. B, pp. 1001-1003, Apr
1970.

[12] R. F. Harrington, Field Coempuiation by Moment Methods.
New York: Macemillan, 1968.

[13] R. Kussmaul and P. Werner, ‘‘Fehlerabshitzungen fiir ein
niimerisches Verfahren zur Auﬂosung lmearer Integralglei-
chungen mit schwachsingulirer Kerner,” Comput. J., vol. 3,

p. 22, 1968.

[14] G Dumery and P. Filippi, “Etude theorlque et numerique
de la diffraction par un Ecran Mince,” Acustica, vol. 21,
pp- 343-350, 1969.

{15] J. C. Bolomey, These d'Etat Universite de Paris XI, Paris,
France, May 1971.

[16] G. Dandeu, “L’'Algorithme de Le Foll,” Journees d’Etudes
sur les Equatlons Integrales Laboratoire d’Etude Mathé-
matique des Signaux, Nice, France, Dec. 1969.

On Numerical Convergence of Moment Solutions of
Moderately Thick Wire Antennas Using
Sinusoidal Basis Functions

WILLIAM A. IMBRIALE axp PAUL G. INGERSON

Abstract—Wire antennas are solved using a moments solution
where the method of subsectional basis is applied with both the
expansion and testing functions being sinusoidal distributions.
This allows not only a simplification of near-field terms but also
the far-field expression of the radiated field from each segment,
regardless of the length L. Using sinusoidal basis functions, the
terms of the impedance matrix obtained become equivalent to
the mutual impedances between the subsectional dipoles. These
impedances are the familiar impedances found using the induced
EMF method. In the induced EMF method an equivalent radius
is usually used in the evaluation of the self-impedance term to
reduce computation time. However, it is shown that only for very
thin segments that the correct equivalent radius is independent
of length. When the radius to length ratio (¢/L) is not small, an
expansion for the equivalent radius in terms of a/L is given for
the self-impedance term. The use of incorrect self-term, obtained
by using a constant equivalent radius term, is shown to be re-
sponsible for divergence of numerical solutions as the number of
sections is increased. This occurrence is related to the ratio of
a/L of the subsections and hence becomes a problem for moderately
thick wire antennas even for a reasonably small number of segments
per wavelength. Examples are given showing the convergence with
the correct self-terms and the divergence when only a length
independent equivalent radius is used. The converged solutions
are also compared to King’s second- and third-order solutions
for moderately thick dipoles.

I. INTRODUCTION

The method of moments is applied to wire antennas as discussed
in other papers [1], [2], but carried to a higher order of approxima-
tion which allows treating the case where the length to radius ratio
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is small. The theory will discuss the straight wire antenna but the
extension to wires of arbitrary shape is straightforward.

Fig. 1 shows a sfraight section of wire of cireular cross section,
and defines the coordinate system. The wire extends from z = 0
to z = L along the z axis and is of radius a. It is assumed that the
radius is small compared to a wavelength but the ratio of a to L
need not be small. The only significant component of current on
the wire is then the axial component, which ean be expressed in
terms of the net current 7(z) at any point z along the wire. The
current distribution will then be modeled as an infinitely thin sheet
of eurrent forming a tube of radius a, with the density of current
independent of circumferential position on the tube.

An operator equation for the problem is given by

o) = J (dz” )j{/

where E.(z) is the z component of the impressed electric field at
the wire surface, I(z’) is surface current density, &, dc represents
the integration around the circumference, and R is the distance
from the source point to the field point. The boundary condition
for the current is I(0) = I(L) = 0.

(1

II. TaEory

The procedure is basically one for which the wire is divided into
subsections, and a generalized impedance matrix (Z) obtained to
describe the electromagnetic interactions between subseetions. The
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problem is thus reduced to a matrix one of the form
2111 =[V] 2)

where [I] is related to the current on the subseetions and [V] to
the electromagnetic excitation of the subsections.

Matrix inversion is a simple procedure for high-speed digital
computers, and hence the problem is considered solved once a
well-conditioned matrix [Z7] is obtained. Of considerable importance
is the ease and speed of evaluating the matrix elements and the
realization of a well-conditioned matrix [Z].

The solution to be deseribed uses sinusoidal subseetional currents
and Galerkin’s method [3], which is equivalent to the reaction
concept [4], and the variational method [5]. Let the wire be broken
up into N segments each of length 2H and let 7(z) be expanded
in a series of sinusoidal funetions

N-1
I1(z) =~ Z I.8(z — nH) 3)

n=1

where I, are constants and

sin k(H — | 2]), lz|<H
S(z) = (4)
07 | z l >H.
" Substituting (3) into (1), and using the linearity of £, one has
N-1
E I.,88(z — nH) = E,(z). (5)
n=1

Each side of (5) is multiplied by S(z — mH), m = 1,2,+«+ N — 1,
and integrated from 0 to L on z. This results in the matrix of (2),
where the elements of [I] are I, those of [Z] are

L
Zoy = f S(z — mH) 88z — nH) dz ®)
(i}
‘and those of [V] are

L
Vi = f S(z — mH)E (z) de. )

0
In solving thin wire antennas, the integration around the current
tube is normally removed by replacing the integral with the value
of the integrand at one point. This then reduces the equation to
a single integral and obviates the singularity of the integrand which
oceurs when the source and field points coincide during the caleula-
tion of the self-term and first-adjacent mutual terms. The singularity
is of course integrable, and by suitably expanding the integrand,
special series for these terms can be obtained and the integration
performed in closed form. However, many authors have used an
“gverage” value equal to the radius a. This approximation is
described as assuming the current to be totally located on the center
axis and the distance ¢ is used to represent an average distance
from the current filament to the true current surface. One of the
purposes of this communication is to show that the value used in
this approximation is eritical to the convergence of the solution
as the number of segments N and hence the ratio of relative half-
length H to radius @ becomes comparable to unity. In fact, the use
of a single value of the equivalent radius will be shown to be in-
correct at any time but less important for a small radius. To show
this, first consider the evaluation of the general term Z., of an
infinitely thin current filament. Since S(z) is the same sinusoidal
function used in evaluating radiation and impedancesvia the induced
EMF method and £8(z) is the 2z directed electrie field radiated by
the subsectional dipole, it can easily be shown that (see [6], [7],

and Fig. 2) Z.., is given by

Hop +1, > : . .
—jexp (—jkE:) jexp (—jkRs)

Zmn = 30 -—

f ( B, R,

eﬁp;ﬂ")sm B(Hn — |2]) do.  (8)

Hp—1

+ 2j cos kH,
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Fig. 3. Geometry for self-term calculation.

The only problem occurs for the self~term and the first-adjacent
subdipole when the source and field points coincide and hence the
impedance calculation for infinitely thin dipoles would yield a
value of infinity. It is evident that in computing the impedance of
these terms the finite diameter of the antennas will have to be
considered.

The self-impedance of the finite diameter subsegment can be
accomplished as follows: Consider the finite diameter segment to
be made up of & number of very thin strips of height 2H arranged
in a circle of radius a as shown in Fig. 3. The strips are all assumed
to be center-fed with a voltage V'; hence, the voltage can be written
as follows:

V= Zn]l + ZuIz ‘|' e + ZlnIm (9)

Sinee the currents Iy,fs,«--,In are all identical and are equal to
the total current on the dipole divided by the width of the sirip
and the impedance Zy,Zy,+++,Z1, are the self~ and mutual-
impedances of the thin strips, (9) can then be rewritten as a sum
over the impedances
Ir
V=—dé Y, Zi. (10)
27 ™
Transferring the sum into an integral using the impedances as a
function of r = (2)12g(1 — cos ¢)1? and also using the definition
of self-impedance as being the voltage divided by the current, we
have

V 1 2=
Zgelt = — = —f Z(r) do 11
Ip 2 0

where Z(r) is the mutual impedance between two infinitely thin
dipoles separated by a distance 7.

It is possible for special cases to come up with a closed form
approximation for the self-impedance of a subsegment. First,
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consider the very thin wire case where ¢ < 1 and ¢ « H. Writing
the impedance Z = R + jX and considering the resistance part
first, we can write R as a function of r as follows:

R(r) =60 [sin (kH) cos (kH) (Si (4kH) — Si (g) — 2 8i (2kH,

k2 cos (2kH) k2
28 (23)) L (2 i (2 H)
kr?

—2Ci (kr) + 2 Ci (2kH) — Ci (4kH) — Ci (E))

- (Ci (—g;—;) —-2Ci (kr) + Ci (2kH))]

Ir\2
zCl+C2(_>

I (12)

where Si and Ci are sine and cosine integrals. Substituting (12) into
(11) and integrating, we have

1 27

R = 5- [ B0) do =2 R((2#h. (13)

27 0
Equation (13) states that for thin dipoles the self~resistance ean
be obtained by evaluating the mutual resistance between two
infinity thin dipoles at a distance equal to (2)2¢ and is the same

result as obtained in [6]. Next, we write the reactive part of the
impedance as a function of r as follows:

X@) = —30 {sinZ(kH)
H . -
.[_ . +ln(——~) +2Ci 2kH) — Ci (4kH)]
kr?

~ cos (2kH) [2 Si (2kH) — Si (4kH)] —28i (2kH)}

(14)

where v = 0.5772... is Euler’s constant. Again, substituting (14)
into (11) and integrating we have
2T
Ko = - [ X(h) do = X (ko). (15)
2x J,

Equation (15) states that for thin dipoles the self-reactance can be
obtained by evaluating the mutual reactance between two infinitely
thin dipoles at a distance equal to the radius a. This is different than
the result for the real part and that given in [6] where (2)12 g is
used instead.,

Continuing on for the case where the radius is still small compared
to a wavelength (@ >> 1) but comparable to the height A, we can
expand the reactance in a series of (r/H) as follows:

H\? 7
X(r) > CY — Cz'[ln(——) -[—3—r~ +...]
T H

where C,’ and C; are constants that are not dependent on (r/H).
Substituting (16) into (11) and integrating, there follows:

H 2
i)

Seeking an expansion of the equivalent radius (ie., a value of
r = @, which will make (16) and (17) equal) in terms of a/H we
find

(16)

12¢a -
+:E+] (17)

2 = a(l - 0.409761% +) (18)
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Fig. 4 is a plot of the reactance of a dipole versus half-length com-
paring the results of using the first two terms of the equivalent
radius series (18) to the result obtained when the actual integration
(11) is performed. For comparison, the corresponding values using
a constant equivalent radius a are also shown.

I11. ExamerLES

The importance of the utilization of the correct equivalent
radius and its effect on the relative convergence of moments solutions
is displayed in the following examples.

As a rather extreme case, let us choose a half-wavelength linear
dipole with a half-length to radius 2/a = 12.5. When the dipole is
divided into 12 segments the H /o per segment is approximately
equal to unity. The caleulation of the input impedance for various
equivalent radii and different numbers of subdipoles is shown in
Fig. 5. Note that for this 2/a it was necessary to use the complete
integration for the selfi-term to get a solution that converged as
the number of subdipoles increased. Using an equivalent radius of
(2)Y2g,a, and even the two term equivalent radius was not, sufficient
to yield a convergent solution.

The same type of plot (Fig. 6) is made for a k/a = 50. Here,
the two term equivalent radius is sufficient whereas using ¢ and
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(2)!2q is not. Plots of the input impedance versus number of sub-
dipoles for various /e ratios are shown in Fig. 7 using the two
term equivalent radius for the self-term. Fig. 8 compares the results
of the converged solutions to results given by [9].
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Comparison Between the Peak Sidelobe of the Random
Array and Algorithmically Designed Aperiodic Arrays
BERNARD D. STEINBERG

Abstract—Thinned arrays (mean interelement spacing greater
than one-half wavelength) are made aperiodic to suppress grating

_ lobes. Many thinning algorithms were created in the 1960’s and

tested by computer simulation. Seventy such algorithmically
designed aperiodic arrays are examined and the distribution of
their peak sidelobes, relative to the expected values for random
arrays having the same parameters, is obtained, The distribution
is compared to that of a set of 170 random arrays. Both distributions
are found to be nearly log normal with the same average and
median values. They differ markedly in their standard deviations,
however, the standard deviation of the random array distribution
(1.1 dB) is approximately half that of the algorithmic group. The
compactness of the random distribution almost guarantees against
selection of a random array with catastrophically large peak side-
lobes. Among the several algorithms examined, the method of
dynamic programming produced the lowest peak sidelobe on the
average.

INTRODUCTION

A first-order property of an antenna array is the width of its
main lobe, which is approximately the reciprocal of the number
of wavelengths across the array. Thinning the array, i.e.,, mean
spacing between elements is larger than one-half wavelength, can
materially reduce the number of elements and, therefore, the cost
with little effect upon the beamwidth. Thinning introduces grating
lobes into the radiation pattern unless the periodicity in the locations
of the antenna elements is destroyed [1]. Many aperiodic designs
have been created for this purpose (e.g., [21-[13]). Randomizing
the element locations also eliminates periodicities [147]. In this
paper the peak sidelobe resulting from random design is compared
with the results of many algorithmic procedures developed during
the last decade.

In a random array, the location of the nth element is a random
variable drawn from a population described by a probability density
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