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II1. EXTENSIONS OF THE PROCEDURE
A. Linear Aperture

A similar step procedure for the linear
aperture can be used to synthesize patterns.
In this case the associated function is
ug(u) and is represented simply by a finite
Fourier series. The analysis is then the same
essentially as given in [8], Case 1.

For a cosecant pattern from an aperture
divided into 8 steps, the result of this pro-
cedure is illustrated in Fig. 3.

B. Zones of Varying Width

Considering only the circularly sym-
metrical case and writing 7, the inner
radius of the #th zone, as A7, (4) may be
re-written as
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Letting
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ry = —and — = v we have as before
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The A\, can now be chosen in one of two
ways, to give representations by Fourier-
Bessel series or Dini series [9].
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Calculation of the Current Distribu-
tion on a Thin Linear Antenna

Electromagnetic scattering problems can
often be represented by an integral expres-
sion with an inhomogeneous source term.
Until the advent of the high-speed digital
computer, such representations were largely
academic, since they could not readily be
solved for the scattered field. Now, however,
integrals may be approximated by large
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systems of simultaneous linear algebraic
equations which can be solved by computer.
The transformation of the pertinent in-
tegral equation into its algebraic approxi-
mation is recognized in the physical prob-
lem as a relaxation of the boundary condi-
tions such that they are enforced only at a
discrete set of points over the scatterer,
rather than continuously over the surface.
Experience has shown that if one chooses a
sufficient number of points at which to
match boundary conditions, then such ap-
proximations can give accurate solutions to
problems that heretofore could not be
solved.

One problem that has not previously
been considered by the point boundary-
value matching method is that of calculat-
ing the current distribution on a thin linear
antenna with a source at its center.! Start-
ing with the proper integral equation, an
inhomogeneous system of linear equations
can be obtained by forcing the tangential
electric field to vanish at N—1 points along
the axis of the thin hollow wire antenna.
The Nth equation is obtained by forcing
the current to be unity (or any other non-
zero constant) at the center of the wire. The
system of equations can then be solved to
determine the coefficients of the N terms in
the Fourier series expansion of the current.

This method has certain advantages over
others in that it is simple in concept, is suf-
ficiently accurate, and is applicable to an-
tennas up to several wavelengths long. In
addition, the method can be extended to
radiating structures that are not linear,
such as the Vee antenna and circular-loop
antennas [3].

The field radiated by a current distribu-
tion of the form I(z’) induced on a thin,
hollow, cylindrical wire with open ends and
perfect conductivity is given by an integral
expression derived by Richmond [4], who
considered a plane wave as the exciting
source. In the work presented here, the
exciting source is a unit current generator
across an infinitesimal gap at the wire
center. Since the wire is excited sym-
metrically at the center, the total current
(i.e., the sum of the currents on the inner
and outer surfaces) may be represented by
a Fourier series of odd-ordered even modes.
That is,

x
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n=l
The field generated by this current is the
same as it would generate if it existed in un-
bounded free space. Thus, by the vector po-
tential method the required integral expres-
sion is
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t Zuhrt has treated the cylindrical antenna as a
boundary value problem using the scalar potential to
generate an infinite system of linear equations [1].
However, he retained only three modes, and thus his
results are inaccurate for long antennas, especially
near antiresonance [2].
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Perfectly conducting hollow wire
of length L and radius a.

Fig. 1.

where
G(@) = e-italoost’ [cos ¢’ -+ jha)(2 — 3 cos? &)

+ ka?cos @] (3)

and the limits of integration as illustrated in
Fig. 1 are given by
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There are, however, certain important as-
sumptions implied by these equations. First,
the walls of the hollow wire are taken to be
very thin, which means that the total cur-
rent goes essentially to zero at the ends of
the wire. Second, the points at which the
radiated electric field is set to zero are, for
convenience, chosen on the axis of the hol-
low wire, whereas, strictly speaking, this
boundary condition should be enforced at
the surface of the wire. It can be shown that
the difference in the electric field evaluated
on the axis of the wire and that on its sur-
face is negligibly small for radii less than
about 0.01), except within 3 or 4 radii of
the open ends. Third, the current is as-
sumed to be independent of ¢ by virtue of
the symmetrical geometry.

When the wire is treated as a scatterer
with N modes in the current expansion, N
inhomogeneous linear equations are gen-
erated by forcing the scattered field to equal
the negative of the incident field at IV points
along the wire shown in Fig. 2. However, if
we treat the wire as a radiator and wish to
determine the current distribution on the
wire when it is driven at some point along its
length (taken to be at the center of the wire
in this work), then the procedure mentioned
above must be altered to account for this
source. One method is to assume a unit cur-
rent generator acting in an infinitesimally
narrow gap in the wire, and require that the
sum of all the mode currents at the gap sum
to unity.
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Fig. 2. Hollow wire with N—1 matching

points along its axis.

If we force the tangential electric field to
vanish at N—1 equally spaced points along
the axis with 0 <azy <L/2—4a, by using (2)
we generate N—1 homogeneous equations
of the form

N
Z Condn = 07 (’7” = 1: 2: M) N — 1)7 (6)

Neal

and one inhomogeneous equation of the form

i I, =1 )

n=1

This inhomogeneous system of N equations
in N unknowns can be solved by a digital
computer with no severe limitations on the
number of modes that may be used to rep-
resent the current. It is important, however,
in any case where the antenna is several
wavelengths long that a sufficient number of
modes be used to ensure that the points at
which boundary conditions are matched
are not too far apart. Also, it is important
when evaluating (2) that sufficient in-
tervals be taken in the numerical integra-
tion, especially when the wire radius is
small (i.e., less than 0.0013).

The far-zone field of the thin finite
length wire shown in Fig. 1 has only a @
component, which is given by

E@) =2 it
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L
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L

For the case of symmetrical excitation,
with the current expressed as a Fourier
series, (8) becomes

E@) = —ILvu/e %0 gin @
i)
— 1) I, cos (=L’ cos )
,g = — 1)2 — (2L cos0)? O

COMMUNICATIONS
1.2
1.0 >
2] D~
w \:\
a 0.8
. \
Z 086
- ———cos % ‘\\\
= — —a=0.0lx
[FX}
@ 0.4 —— ~ —a=0.0051 ’%
> — -—a=0.00I) \\\
o N\
0.2+ ¢ o o 0 eq=0000I) \\\
0 0 0 0 OMEAS.BY MORITA“
0 [ I
5
C ‘R P® o o0
S \\ R \l\- ® 40 00
'&:J -5 \ T e—
a \ 0N
~
E -10 \\ o T\\
w ~ o “hk.
2 -5 AN o ~
g <
a. \ o
™~
_20 e
-25
0 005 0I0 0I5 020 0.25
WIRE LENGTH (L/)
Fig. 3. Current distribution on a half-wave thin

linear antenna as a function of its radius.

from which a pattern factor F(#) can be de-
fined as
F() = Lsing
1)1, cos (L’ cos )

N . (2n —
Z; =D (21 — 1)% — (2L cos8)? (10)

where L'=L/x.

The results obtained by the point
boundary-value matching method generally
compare quite well with results obtained by
other methods used to treat the thin linear
antenna. Figure 3 shows the amplitude and
phase variation on a half-wave dipole for
various wire radii. It is interesting to note
that as the radius becomes smaller, the
current amplitude approaches the usually
assumed sinusoidal distribution and the
phase becomes more nearly constant. The
amplitude plot for ¢ =0.0001X is not shown
because it lies only slightly above the cosine
plot. Twelve modes were used in calculating
each curve and 1000 intervals were used in
evaluating the integral in (2) by the fifth-
order Newton-Cotes formula. However, the
curve for ¢=0.0001\ required the use of
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2000 intervals since the integrand varies
quite rapidly in the vicinity of the observa-
tion point. For comparison, the experi-
mental results obtained by Morita are also
shown in Fig. 3. They were taken from the
coarse graphs in the literature [5], [6] and
scaled to a current amplitude of unity at
the wire center.

Further excellent results were obtained
for cases for which antenna length L was
1.5%, 1.25), and 1.46)\. The first two cases
were compared with the measured results
of Morita (a=20.003\) and the last case with
the calculated results of Einarsson
(@=0.017) [7]. The current in all three
cases was scaled to unity at the center.

In the anti-resonant case, in which the
wire length is 1.0X, good correlation exists
between the phase calculated by point
boundary-value matching and that ob-
tained by Morita and Einarsson. Although
the positions of current maxima and minima
also agree with theirs, the variation in the
current amplitude differs slightly, even
when the number of modes is doubled to
24, tending to agree slightly better with the
above-mentioned measured results than
with those calculated. Unfortunately, results
reported in the literature were limited and
did not permit a more thorough investiga-
tion of the anti-resonant case.

The calculation of the far-field pattern
in the E-plane was accomplished by calculat-
ing the pattern factor F(§) defined by (10).
Excellent agreement was obtained with
Einarsson’s results for the pattern shape
with ¢ =0.01). Since the excitation source in
the present work is a unit current source,
while that of Einarsson is a unit voltage
source, comparisons between relative pat-
tern amplitudes for antennas of different
length are not possible. Such a direct com-
parison could be made if the gap voltage
were calculated by the point-matching
method. This will be attempted in the
future.
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