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Abstract—Compressive Sensing (CS) is a widely used technique
for (multiple) target detection in MIMO radars. In this work, our
goal is to enhance the quality of CS-based detection techniques
for a colocated MIMO radar with given location of transmit and
receive nodes. Our approach is to design the transmit waveforms
based on the given antenna locations, and optimally allocate the
total power budget among the transmitters. The design criterion
in this work is the coherence of the resulting sensing matrix.
Based on this criterion, we derive and solve a convex optimization
problem for power allocation. For waveform design, however,
the direct method studied in [2] is non-convex, and although
iterative descent methods could be used to achieve suboptimal
solutions, they might be unfeasible waveforms (e.g. waveforms
with high peak to average power ratios). Here, we first show that
the coherence measure depends only on the covariance matrix of
the waveforms (rather than the waveforms themselves). Next,
we introduce three different convex programs to achieve the
covariance matrix. Finally, we transform the covariance matrix
into realistic waveforms; although multiple solutions exist, a
closed-form expression for all possible solutions is available.
Specifically, we design the waveforms by applying practical
constraints such as constant modulus. Simulation results confirm
that the introduced designs improve the detection performance
of a CS-MIMO radar.
Index Terms—Coherence measure, Compressive sensing,
MIMO radar, Power allocation, Waveform design.

I. I NTRODUCTION
MONG radar systems, MIMO radars have attracted a
lot of attention in recent years [3]–[6]. This popularity
is partly motivated by the fact that a MIMO radar consists of
multiple transmit (TX) and receive (RX) antennas, where there
is considerable freedom in the placement of the antennas and
the transmitting signals. Antenna configuration in a MIMO
radar system can be either colocated [5] or widely separated
[4]. In a widely separated MIMO radar, antennas are far from
each other compared to the distance to the targets. Hence, they
view a given target with different angles and possibly different
reflection coefficients. This property is commonly described
as spatial diversity, which could significantly improve the
detection performance in ideal setups. In contrast, the antennas
of a colocated MIMO radar are closely spaced such that
they all view the targets with almost the same angle and
reflection coefficient. To compensate for the spatial diversity,

A

The authors are with the Electrical Engineering department at Sharif
university of technology, Tehran, Iran, e-mail: ajorloo@ee.sharif.edu,
aamini@sharif.ir, bastani@sharif.ir
Manuscript received xx xx, 2017; revised xx xx, 2015.
A related work with around 50% overlap with Section III
of the current work was previously presented at EUSIPCO2017
and was published in the procedeeing [1]. It is available at
http://ieeexplore.ieee.org/abstract/document/8081545.

a colocated MIMO radar exploits waveform diversity which
improves parameter identifiability, interference rejection and
spatial resolution. Therefore, the waveforms play a crucial
role in the performance of colocated MIMO radars and their
design has been studied in various works such as [7]–[13].
The more common approach in waveform design for colocated
MIMO radars is to focus on the beam-pattern; in this work,
however, we study power allocation and waveform design from
the perspective of compressive sensing (CS). In other words,
we consider CS-based colocated MIMO radars which exhibit
outstanding detection performance.
Due to multiple transmit-receive channels, the signal model
in a MIMO radar system is usually described by highdimensional data structures. However, the desired target space
(e.g. range-Doppler domain) which shall be estimated, is
mainly sparse (the number of existing targets is usually small).
This observation has promoted the use of sparse recovery
methods in multi-target detection and estimation in MIMO
radar systems. The application of sparse modeling to MIMO
radars has been adressed both for colocated MIMO radars (e.g.
in [14]–[17]) and widely separated MIMO radars (e.g. in [18]–
[20]). In both cases, a sparse representation is considered for
the targets in the target space and the estimation of targets is
performed via sparse recovery methods studied in the field of
compressed sensing.
The results in compressed sensing imply that a K-sparse
vector xN ×1 that consists of at most K nonzero elements
(K  N ), can be recovered from M < N noisy linear
measurements yM ×1 = Ψx+n, if the sensing matrix ΨM ×N
is well-behaved. It is standard to invoke the so-called restricted
isometry property (RIP) for ΨM ×N [21].
Although RIP is a strong sufficient condition for stable
recovery, it is an NP-hard problem to verify it for a specific
matrix ΨM ×N .In deterministic scenarios where a ΨM ×N is
given (or dictated by the physics of the problem), it is common
to evaluate the coherence of the matrix:
µ(Ψ) = max
0
l6=l

|ψ H
l0 ψ l |
,
kψ l0 k2 kψ l k2

(1)

where ψ i stands for the ith column of Ψ. It is well-known that
α
a matrix with coherence µ(Ψ) ≤ 2K−1
and α < 1 satisfies
RIP of order 2K (required for K-sparse signal recovery)
[22]. Although this RIP bound is rather conservative, it shows
that matrices with small coherence automatically satisfy RIP.
Furthermore, evaluating the coherence value of an M × N
matrix requires O(M N 2 ) operations which is polynomial and
computationally feasible. For design purposes, it is desirable
to keep µ(Ψ) as small as possible.
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Improving the performance of sparse recovery techniques
by reducing the coherence of the sensing matrix in CS-based
radars, and especially in CS-based MIMO radars, has been
studied in some of the previous works such as [2], [16],
[23]–[25]. In CS-based MIMO radars, power allocation and
waveform design can be exploited as degrees of freedom to
reduce the coherence [2], [16], [25]. Waveform design in CSbased MIMO radars was also studied in [26], [27], but not
with the goal of coherence reduction.
A. Related Works
Waveform design in CS-based SISO radars was approached
in [23], [24] by indirectly minimizing the coherence of the
sensing matrix. In particular, in [24] the Gram matrix ΨH Ψ
is expressed in terms of the tunable parameters (e.g. waveform
samples), and using an iterative method, the cost kΨH Ψ−IkF
is minimized. This cost roughly represents the `2 -norm of
the off-diagonal elements of ΨH Ψ, while the `∞ -norm determines the coherence value of Ψ. In [16] which is one of
the primary works on CS-based MIMO radars in the colocated
setting, the problem of waveform design with the aim of
coherence minimization along with the beam-pattern design
has been considered; in this setting, uniform linear arrays are
considered for TX and RX antennas. Instead of the standard
coherence definition of (1), [16] employs the unnormalized
version of the form µ
e(Ψ) = maxl6=l0 |ψ H
l0 ψ l |. The minimization of the latter coherence form is also conducted using
the simulated annealing algorithm of [16], which leads to a
suboptimal solution in general. In [25], a CS-based colocated
MIMO radar with frequency hopping waveforms is studied
where the waveform design problem is reduced to a frequency
code selection scheme. Then, a block coherence criterion is
iteratively minimized to perform the selection. In [2], the
power allocation problem for the widely-separated setting, and
both power allocation and waveform design problems for the
colocated setting are addressed. By adopting the proposed
configuration of [15] in the colocated setting, the TX and RX
antennas of the MIMO radar are assumed to be the nodes of a
small-scale wireless sensor network that are randomly located
in a disk of a small radius. For improving the estimation of
the direction of arrivals (DOA) of the targets in the azimuth
space, the search for a Gram matrix ΨH Ψ as close as possible
(in the `2 sense) to the identity matrix is devised in both
power allocation and waveform design problems. Again this
metric approximates but not equals the coherence value. By
assuming the orthogonality of the transmitted waveforms, the
mentioned minimization in the power allocation problem is
convex; however, it is non-convex in the waveform design
scenario and only a suboptimal solution via iterative methods
(with possibly large computational cost) is achievable.
B. Contributions
In this paper, we consider the same model as in [2] and
consider the power allocation and waveform design problems.
For power allocation, adopting a set of orthogonal transmitted
waveforms, we consider the exact coherence value of the
sensing matrix (according to (1)) as the cost function and
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derive a convex optimization problem to minimize it. For
designing the waveforms, we first show that the coherence
value is solely determined by the covariance matrix of the
transmitted waveforms. Next, we introduce a convex program
to obtain the optimal covariance matrix. Fortunately, there are
infinitely many sets of waveforms with the same covariance
matrix; this gives us some degrees of freedom in selecting a
set of optimal waveforms. For instance, among the optimal
solutions, one might seek the set that better suits practical
considerations such as having constant modulus waveforms or
waveforms with low peak-to-average-power ratios (PARs). It
should be noted that all existing methods, especially the one
proposed in [2] focus on determining the waveforms directly
and ignore the fact that multiple sets of optimal solutions might
exist. For obtaining the optimal covariance matrix, we derive
three different convex programs that can be efficiently solved
using packages such as CVX [28]; numerical simulations
confirm that the proposed methods have considerably less
computational time compared to the iterative method of [2].
For extracting the waveforms from the achieved covariance
matrix, we follow the method of [10] to synthesize waveforms
with constant modulus property.
The rest of the paper is organized as follows. The signal
model and the mathematical formulation of received signals
is discussed in Section II. The proposed power allocation and
waveform design schemes are presented in Section III and
section IV, respectively. Our numerical tests that confirm the
performance of the proposed methods are given in Section V.
Finally, we conclude the paper in Section VI.
II. S IGNAL M ODEL
In this paper, we consider a MIMO radar with the same
configuration as in [15] and [2]. More specifically, we assume
M transmitters and N receivers that are randomly located
in a small area (a small-scale sensor network) which form
a colocated MIMO radar. In polar coordinates, the location
of TX and RX nodes are denoted by (rit , αit ) and (rir , αir ),
respectively. RX nodes, after receiving and sampling the
scattered signals from the targets, send the samples to a fusion
node that combines all the collected data, and detects the
targets. To mathematically describe the radar signals, let us
denote the matrix of the transmitted waveforms in baseband by
XL×M , where each column corresponds to a transmitter and
rows encode the time instances. Under far-field assumption,
the normalized (with respect to the origin) transmit steering
vector at azimuth angle θ denoted by aM ×1 (θ), is given by
2π

t

2π

t

2π

t

a(θ) = [ej λ d1 (θ) , ej λ d2 (θ) , . . . , ej λ dM (θ) ]T ,

(2)

where dti (θ) = rit cos(θ − αit ). If there are K targets in the
far-field of the radar at azimuth angles {θk }K
k=1 and at approximately the same range (common simplifying assumption), the
received signal at the ith RX node in the baseband form can
be approximated by
ri =

K
X
k=1

2π

r

βk ej λ di (θk ) X a(θk ) + ni ,

(3)
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where βk s are complex coefficients proportional to RCSs of
the targets, dri (θ) = rir cos(θ − αir ), and ni stands for the
additive noise vector at the ith receiver which is modeled by
a circularly symmetric complex Gaussian random vector with
variance σ 2 .
The azimuth angle of each target is generally a real number.
In practice, however, due to quantization and other resolutionlimiting factors, the estimated angles by the radar have finite
precision and belong to a finite set. In other words, there
are finitely many azimuth angles possible as the output of
the radar. Here, we assume the set of output angles of
the radar form a grid with linearly spaced azimuth angles
γ1 , γ2 , . . . , γNg . Moreover, the grid is fine enough that the
error of the nearest-neighbor map from the exact azimuth
angles of the targets to this set is tolerable. Thus, in the rest
of the paper we only consider the case where the target angles
belong to the grid. This way, the received signal at the ith RX
node can be expressed as

is the receive steering vector at azimuth angle γl , ⊗ is the
b is the element-wise square-root of the
Kronecker product, p
power vector p = [p1 , . . . , pM ]T (pi is the transmitting power
of the ith TX node), and

ri = Ψi s + ni ,

A(γl ) = diag {a(γl )} .

2π

r

Ψi = [ej λ di (γ1 ) Xa(γ1 ), . . . , e

Xa(γNg )]

(5)

is regarded as the sensing matrix of the ith receiver, and s =
[s1 , s2 , . . . , sNg ] is the K-sparse vector of target’s reflection
coefficients (Ng  K); the non-zero elements occur only at
the corresponding location of the targets. Since the radar is
colocated, the vector s is the same for all 1 ≤ i ≤ N .
If we stack all the received vectors from RX nodes at the
fusion node to obtain r, we can write that
r = [rT1 , . . . , rTN ]T = [ΨT1 , . . . , ΨTN ]T s + [nT1 , . . . , nTN ]T .
|
{z
}
{z
}
|
Ψ

b) ,
ul = b(γl ) ⊗ (X A(γl ) p
where

(4)

where
r
j 2π
λ di (γNg )

smaller coherence values lead to stronger recovery guarantees
for sparse signals.
We recall that the matrix X contains all the transmitting
signals, which automatically includes the transmitting power
of each TX node. To separately discuss the role of power and
waveform in our design, we assume the columns of X have
unit norm and consider the amplification factors separately.
More specifically, we represent the lth column of the overall
sensing matrix Ψ with ul as
(7)

T
 2π r
2π r
b(γl ) = ej λ d1 (γl ) , . . . , ej λ dN (γl )

In the power allocation problem, we assume that X with
unit-norm columns is given, and we minimize the coherence
of Ψ by tuning the transmitting powers at TX nodes (elements
of the power vector p, or alternatively, their square-roots
b ). Due to the complicated dependence of the optimal
in p
power values to the waveforms in X, we further assume that
the columns of X are pairwise orthogonal; i.e., TX nodes
employ orthogonal waveforms. By combining the unit-norm
and orthogonality assumptions, we conclude that XH X = I.
With this result, the inner product of the columns l and l0 of
Ψ (ul and ul0 , respectively) simplifies to [2]

2
T
|uH
cll0 cH
(8)
l0 ul | = bll0 p
ll0 p,

n

(6)
This suggests that sNg ×1 could be found as the sparse solution
of (6) with ΨN L×Ng and nN L×1 being the overall sensing matrix and noise vector, respectively. The literature is quite rich
in sparse recovery methods; provided that s is sparse enough,
it can be estimated using a variety of sparse recovery methods
such as [29]–[32]. As we frequently deal with complex-valued
vectors and matrices, we use NESTA proposed in [32] for
the recovery of sparse vectors in this paper. In the noiseless
case, the support of the recovered sparse vector determines the
location of the targets. In the noisy case, however, we compare
the amplitude of the elements of the recovered vector with a
pre-determined threshold to decide about the presence of a
target at a given angle. The threshold itself is determined by
a constant false alarm rate (CFAR) strategy.
A minor but practical point is that the sparse recovery
formulation in (6) is applicable if all the sensor nodes are
synchronized when transmitting their data to the fusion node
and the location of TX/RX nodes are available at the fusion
node.
III. P OWER A LLOCATION
As mentioned in Section I, our design approach is to minimize the coherence of the overall sensing matrix. Obviously,

where
bll0 = |bH (γl0 ) b(γl )|2 =

N
X

r

r

ej λ (dn (γl )−dn (γl0 ))
2π

2

(9)

n=1

and cll0 is the diagonal vector of AH (γl0 ) A(γl ) (note that
A(γi )s are diagonal matrices). By setting l0 = l, we obtain
bll = N 2 and cll = 1M ×1 ; hence, the norm of the lth column
of Ψ is given by
M
 X
0.5 √
kul k2 = N
pm
= N kpk0.5
1 ,

(10)

m=1

which is the same for all l = 1, . . . , Ng . According to (8) and
(10), the coherence of Ψ can be evaluated as
q
H
bll0 pT (cll0 cH
ll0 )p
|ul0 ul |
µ(Ψ) = max
=
max
. (11)
0
0
l6=l kul0 k2 kul k2
l6=l
N kpk1
Equation (11) reveals that µ(Ψ) remains unchanged by uniformly scaling the power vector p (However the effective
signal-to-noise ratio changes). This
PM in turn shows that, rather
than the total power budget ( m=1 pi ), the relative power
values determine the coherence value. Therefore, to find the
optimal power distribution, we fix the total power budget
to a given value Pt (determined by limitations on energy
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consumption). We also consider a per antenna maximum
power constraint (Pm ) and formulate the following problem.
popt = argmin max
bll0 pT (cll0 cH
ll0 )p
l6=l0
p


1T p = Pt ,


 M ×1
s.t.
p ≥ 0,



 p ≤ Pm .

(12)

For all l 6= l0 , as the scalar bll0 is a non-negative and
the matrix cll0 cH
ll0 is a non-negative definite, the function
bll0 pT (cll0 cH
)p
is convex with respect to p. Consequently,
ll0
maxl6=l0 bll0 pT (cll0 cH
ll0 )p is the maximum of finitely many
convex costs, and is again convex. Hence, we conclude that
(12), which determines the optimal power distribution, is a
convex optimization. (12) could also be reformulated as
popt = argmin t
p, t
 T
1M ×1 p = Pt ,





 bll0 pT (cll0 cH
ll0 )p ≤ t,
s.t.
p ≥ 0,





 p ≤ Pm .

l 6= l0 ∈ {1, . . . , Ng },

(13)
which is easily solvable by convex optimization packages such
as CVX [28]. It is worth mentioning that the optimal power
vector popt does not depend on the shape of the waveforms,
as long as they are pairwise orthogonal.
IV. WAVEFORM D ESIGN
The problem of optimal power allocation among TX nodes
could be viewed as a special case of waveform design,
where the general shapes of the waveforms are given and we
optimize the overall coherence only over the relative gains of
the transmitters. Obviously, the design of the shapes, while
complicates the optimization task, provides more degrees of
freedom and allows for achieving lower coherence values (we
will show this using a simulation in Section V). Thus, in
setups without strict constraints on the waveforms, the design
and optimization of the waveforms could be helpful (in some
setups, due to certain requirements such the required resolution
in the range/Doppler domains, there might be restrictions on
the waveforms that prevent us from optimizing the waveforms;
in such cases, the optimal power allocation is the only solution
to improve the performance).
In [2], by defining xLM ×1 = vec(XT ), the following
optimization is proposed to find the waveforms (columns of
X):
X
X
2
2
xopt = argmin
|uH
|uH
l0 ul | +
l ul − Pt N |
x

s.t.

l6=l0
H

x x = Pt .

l

(14)

Again, ui s are the columns of Ψ that implicitly depend on
x, and Pt is the total power budget. In fact, the first term
in the above cost penalizes the inner-product among different

columns of Ψ, while the second term
√ tries to maintain the
norm of all the columns close to Pt N . The rationale for
this choice of the norm comes from the previous results in
the power allocation scenario with the extra orthogonality
assumption on X columns (which is likely to be violated here).
In addition, the cost function in (14) is not necessarily convex,
and the proposed method in [2] is an iterative method where a
convex optimization problem is solved in each of its iterations;
So, it requires considerable amount of time to converge.
In this section, we focus on the waveform design challenge with a different strategy. We first demonstrate that the
coherence is ruled by the covariance matrix XH X of the
TX waveforms. For instance, the orthogonality assumption
that was used in the previous section, restricts the covariance
matrix to be diagonal (this assumption is no longer required in
this section). Next, we devise a two-step approach: in Section
IV-A, we search for the optimal covariance matrix R , XH X.
In particular, we introduce three convex programs to determine
R. We continue the design in Section IV-B by finding a
set of waveforms that generate the desired covariance matrix
achieved in Section IV-A. This operation is not one-to-one and
multiple sets of waveforms exist. Indeed, we benefit from this
fact by imposing more constraints to obtain a practical optimal
set.
A. Designing the Covariance Matrix of the Waveforms
In Section III, to study the optimal distribution of power,
we assumed that X has unit-norm columns and included a
b (or p) to represent the relative gain of the
diagonal matrix p
b and consider a
waveforms. In this section, however, we drop p
single X without the unit-norm assumption. With this change,
the lth column of Ψ in (7) can be rewritten as
ul = b(γl ) ⊗ (X a(γl )) .

(15)

For the sake of simplicity, from now on we denote a(γl ) and
b(γl ) by al and bl , respectively. With the new notation and
some properties of the Kronecker product, we can simplify the
inner product of ul s as
2
H H
|uH
l0 ul | = bll0 al0 X Xal

2

,

(16)

where bll0 was defined in (9). As claimed earlier, (16) can be
expressed in term of R = XH X in the form
2
2
|uH
l0 ul | = bll0 |Tr{All0 R}| ,

(17)

where All0 = al aH
l0 . Also, note that the total power budget is
given by Tr{R} = Pt . To determine an optimal R, we now
introduce our first convex program inline with the approach
of [2].
Program 1 (P. 1):
X
X
Ropt = argmin bll0 |Tr{All0 R}|2+N 2 |Tr{All R}−Pt |2
R

s.t.

l6=l0

Tr{R} = Pt ,

l

R ≥ 0.

(18)

The cost function in P. 1 is the same as (14); we have
only used the identity bll = N 2 and included the positivity
(positive-semidefinite) constraint on R. One can check that
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the cost function in P. 1 is quadratic and convex in terms of R
(due to the squared sums of affine forms), and the constraints
are convex. Thus, P. 1 is a convex program that can be solved
using packages such as CVX [28].
As (18) shows, P. 1 simultaneously aims at minimizing the
cross correlation between different columns
of Ψ and keeping
√
the norm of each column close to Pt N . In our second
approach, we drop the column-norm penalty from the cost
function and include it as a constraint to enforce exact norm
equality among the columns.
Program 2 (P. 2):
Xp
Ropt = argmin
bll0 |Tr{All0 R}|
R

l6=l0



 Tr{R} = Pt ,
s.t.
R ≥ 0,


Tr{All R} = Pt ,

(19)
l = 1, . . . , Ng .

Please note that the cost in P. 2 slightly
 differs from P. 1
as it involves the `1 -norm of the values Tr{All0 R} l,l0 (P. 1
employs the `2 -norm). Nevertheless, since `1 -norm is a valid
norm, the cost in P. 2 is also convex, and P. 2 is again a convex
program.
As explained earlier, (14), P. 1, and P. 2, all indirectly
minimize the coherence of Ψ. In our last approach, we directly
minimize the coherence. For this purpose, we need to express
the coherence value in terms of R:
√
b 0 |Tr{All0 R}|
p ll
,
(20)
µ(Ψ) = max
l6=l0 N
Tr{All R} Tr{Al0 l0 R}
where we have employed (17). The above expression of the
coherence, because of the denominator, is not convex in terms
of R. However, if we constrain the sensing matrix Ψ to have
equi-norm columns (i. e. Tr{All R} = Pt , ∀l = 1, . . . , Ng ),
then, we can formulate the following convex minimization:
p
min max
bll0 |Tr{All0 R}|
0
R l6=l

 Tr{R} = Pt ,
R ≥ 0,
s.t.
(21)

Tr{All R} = Pt , l = 1, . . . , Ng .
The above minimization can be reformulated as a standard
convex program in the following form:
Program 3 (P. 3):
Ropt = argmin t
t,R


 Tr{R} = Pt ,


 R ≥ 0,
s.t.
√

bll0 |Tr{All0 R}| ≤ t, l 6= l0 ∈ {1, . . . , Ng },




Tr{All R} = Pt , l = 1, . . . , Ng .
(22)
Similar to the power allocation program (13), we can impose
per antenna maximum power constraints in each of P. 1 to P.
3 waveform design programs as:
[R]i,i ≤ Pm ,

i = 1, 2, . . . , M

(23)

Including these constraints could be beneficial in comparing
the performance/computational-cost of the power allocation
and the waveform design programs. In particular, we apply
these constraints only in one of our experiments in Section
V (Fig. 6) to provide a fair comparison between the two
programs. Nevertheless, we exclude these constraints in other
experiments to simplify the waveform design process.
B. Signal Synthesis
Our three programs in Section IV-A determine a valid
covariance matrix R. In this section, we shall determine a
set of waveforms whose covariance matrix equals or nearly
equals R.
Note that the constraint R > 0, which implies that RM ×M
is non-negative-definite, exists in all of the proposed methods.
This property confirms that R1/2 exists and is well-defined.
Now, it is well-known that any matrix XL×M that satisfies
XH X = R can be written as
X = UR1/2 ,

(24)

where UL×M is a semi-unitary matrix (UH U = I). This
reveals that there is no unique set of optimal waveforms. Fortunately, all possible optimal sets are known through UL×M .
This enables us to determine UL×M in such a way that the
resulting waveforms benefit from additional useful properties.
An incomplete list of practical considerations include small
PAPR values [33], [34], constant modulus waveforms [9],
[13], similarity of the waveforms to a given set with desired
ambiguity features [35], [36], and a combination of such
consraints [11], [37]–[39]. Here we focus on the constant
modulus property as the design constraint. In fact, waveforms
with constant modulus are necessary when the radar amplifiers
work in the saturation mode. The problem of synthesizing the
waveform matrix with almost-constant-modulus constraint can
be formulated as:
min kX − UR1/2 k2
X,U

 UH U = I
p
s.t.
 |xm (l)| = rmm
L

(25)
1≤m≤M
1≤l≤L

where rmm is the mth diagonal element of R.
To find the minimizer of (25), an iterative method is
proposed in [10]. In this approach, matrices X and U are
alternatively updated. In other words, after initializing the
method, at each iteration, one of X and U are kept constant,
while the other one is tuned to maximally decrease the cost
value. The details and convergence analysis of this technique
are studied in [10]. It should be highlighted that the stagewise minimizations have closed-forms and are computationally
affordable. If we denote the final matrices found with this
b and U,
b then, X
b does not necessarily regenerate
technique by X
R in the exact form. Now, there are two options: 1) either we
b 1/2 with small PAPR-valued waveforms that exactly
adopt UR
generate the covariance matrix R, or 2) directly employ the
b that consists of constant modulus
obtained waveform matrix X
waveforms that approximately generate the covariance matrix
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R (degradation of the performance). In our experiments, we
observed that the latter degradation is rather negligible and
could be ignored. Therefore, we adopt the second approach
that ensures waveforms with constant modulus.
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V. P ERFORMANCE A NALYSIS
We consider a colocated MIMO configuration in which
TX and RX nodes are randomly located on a small disk of
radius rd = 10 m following a uniform distribution both for
their ranges and their angles. Moreover, carrier frequency is
f = 5 GHz and NESTA method is employed for CS recovery
[32]. Our main focus is to evaluate the CS-based multi-target
detection performance of the proposed schemes of power
allocation and waveform design for this radar. Specifically,
using numerical simulation, we obtain plots of probability of
detection Pd versus signal-to-noise ratio (SNR) at a given
probability of false alarm Pf a . Before we proceed to the
simulation results, which will be given in two separate parts
for power allocation and waveform design, we discuss about
choosing the angular grid that impacts the columns of the
sensing matrix in (6).
Since we estimate the azimuth angle in our radar, each target
could be located at any angle between 0◦ to 360◦ . In our
CS-based radar, however, this angular range is replaced with
a uniform grid; i.e., the continuum of angles is represented
via finitely many grid points. In this scenario, the location
of each target is rounded to its nearest grid point. Obviously,
the angular resolution rγ (the distance between two adjacent
angular grid points) potentially describe the accuracy of the
system. Unfortunately, by increasing the resolution of the
angular grid (decreasing rγ ), we do not necessarily improve
the accuracy of the radar. To illustrate this fact, we present a
simulation scenario with Mt = 20 transmitters and Nr = 20
receivers. The TX/RX nodes are randomly placed inside a disk
of radius rd with uniform distribution. This implies that the
aperture of the radar is limited to 2rd (the aperture of the
resulting virtual array is about 4rd ). Further, we consider orthogonal Hadamard sequences for the transmitting waveforms
and uniform power allocation. To study the role of angular
resolution rγ in the overall performance, we consider two
equi-size targets at angles 0◦ and rγ with independent phases
(uniformly distributed from 0◦ to 360◦ ). Finally, we attempt
to estimate the targets from the gathered measurements in a
high SNR situation (SNR = 30dB where SNR is defined
as 1/σ 2 ) using the NESTA sparse recovery method. In each
run, if the location of two largest elements of the recovered
vector (using NESTA) coincides with the original location of
targets, we count this detection as successful. For each value
of rγ , we perform 1000 trials with independent realizations for
the placement of TX/RX nodes. The percentage of successful
detection is reported as the rate of correct support estimation
in Fig. 1. This figure reveals that for each rd , the rate of
success starts to degrade below a certain level of rγ . In other
words, although the angular resolution of the grid is improved,
the recovery method is not able to properly resolve the two
adjacent targets. For instance, with rd = 10m, the additional
computational costs for rγ below 0.1◦ is not justifiable. Thus,

80

75
0.05

0.1

0.15

0.2

Fig. 1: Rate of correct support estimation vs. angular resolution (rγ ).

we fix rγ = 0.1◦ in this case (and in our simulations for
performance evaluation of the proposed methods). Another
observation from Fig. 1 is that as expected, the angular
resolution is inversely proportional to the aperture size rd ;
the rate of success is roughly a function of rγ rd . It should
be mentioned that by adopting an angular grid in a CS-based
scenario, targets that lie in the same bin of the grid are detected
as a single target with the overall reflection coefficient. Also,
the extent of the grid can be potentially from 0◦ to 360◦ .
However, there might be some prior information on possible
angles of arrival of targets. In such cases, the extent of the grid
can be confined. Another case is when the TX/RX antennas are
not omnidirectional and illuminate only a portion of azimuth
angles. In our simulations, we consider a confined range of
angles for performance evaluation to keep the computational
complexity low.
A. Power Allocation
In
this
section,
an
azimuth
angle
grid
[−15◦ , −14.9◦ , . . . , 14.9◦ , 15◦ ] is considered. Orthogonal
Hadamard sequences with L = 32 are employed as the
transmitted waveforms (with unit norm). The total power Pt
is set equal to the number of transmiters M and maximum
power for each TX antenna is set to Pm = 8W . Then,
the optimtal powers of the transmitters are obtained by
solving (13) using CVX package. We also compute the
powers using the method proposed in [2] in which a sum
of squared inner products of all the cross columns in the
sensing matrix is minimized. To obtain the plots of Pd vs
SNR for a probability of false alarm Pf a = 10−4 , a Monte
Carlo simulation is conducted with 20000 independent runs.
In each run, three targets are generated on the considered
grid with reflection coefficients βk s coming from a complex
Gaussian distribution with zero mean and covarince matrix
Σβ = 12 I2×2 (E{|βk |2 } = 1). This is the case in the
traditional Swerling case I model which yields exponentially
distributed RCS values [40]. Locations of the generated
targets on the grid are also determined randomly. Received
signals at the receivers are corrupted by zero mean complex
Gaussian noise with variance σ 2 and SNR is defined as 1/σ 2 .
After recovery of the sparse target scene using NESTA, we
compare the resulting values associated with angular bins
against a threshold to detect the targets. The value of this
threshold is determined such that the probability Pf a of false
alarm (defined as the percentage of the bins with values above
the threshold that actually contain no targets) achieves a given
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Fig. 2: Pd vs. SNR for different power allocation methods, Pf a = 10−4 , L = 32.

value (here 10−4 ). Then, Pd is defined as the percentage of
runs (among the total 200000 trials) in which all the three
targets are correctly detected. The curves of Pd versus SNR
for 6 different configurations and different parameters have
been shown in Fig. 2 for our proposed method, the method
proposed in [2], and the uniform power allocation. As can be
seen from the curves, our proposed method outperforms all
the other methods in all the configurations.
B. Waveform Design
Here, before we proceed to performance evaluation of the
proposed methods, it should be noted that the most relevant
waveform design technique to the ones considered in this paper
is the method of [2]. Therefore, it is desirable to compare
our results with this method. However, the iterative procedure
presented in [2] is rather slow and computationally complex.
Furthermore, our P. 1 method essentially performs the same
task with a different setting. Ideally, the two methods (P. 1 and
the method of [2]) shall perform equally. However, due to finite
numerical precision and stopping conditions of the iterative
methods, they are not identical. To compare the performance
of P. 1 and the method of [2], we perform two simple tests
using (L, M, N ) = (8, 6, 6) and (L, M, N ) = (16, 8, 8). In
both tests, we randomly generate the location of TX and RX
nodes in 50 different trials and run both P. 1 and the method
proposed in [2] in each trial. We also apply the signal synthesis
procedure of Section IV-B to the covariance matrix found by P.
1 which results in constant modulus waveforms. In Fig. 3, we
have plotted the final cost values of the waveforms obtained
using the method of [2], covariance matrices obtained by P. 1,
and the P. 1 method followed by the constant modulus signal
synthesis (P. 1 + signal synthesis) in each of the trials. Notice
that the increase in cost due to signal synthesis procedure is

so small that could be neglected. Moreover, although both
the method of [2] and P. 1 aim at minimizing the same
cost, we observe that P. 1 consistently achieves lower cost
values (around 10%). On average, P. 1 stops at cost values
10% less than the method of [2] (horizontal lines). The main
advantage of P. 1 is, however, its speed. Indeed, the method
of [2] is an iterative method that minimizes a convex cost in
each iteration (actually, it requires many iterations to reach
the solution). As a comparison, we performed a test on our
platform with Intel Core (TM) i7-3610QM, 2.30 GHz and 12.0
GB of memory using L = 32 and M = N and an azimuth
grid as [−4◦ , −3.6◦ , . . . , 3.2◦ , 4◦ ] (we consider a small and
undersampled grid to not exceed the available memory on our
platform while running the method of [2] and to reduce the
total simulation time). In Fig. 4, we have plotted the run times
for our proposed methods P. 1 - P. 3 followed by the signal
synthesis process along with the run times of only one iteration
of the method of [2]. The results suggest that the proposed
methods (and in particular P. 1, which performs the same task
as the method of [2]) are much faster than the method of [2].
With these two observations regarding P.1 and the method
of [2] (lower cost values and computation time of P. 1), we
no longer include the exact method of [2] in our following
tests for detection performance evaluation, and only consider
its alternative P. 1.
To obtain performance curves, here we consider a smaller
azimuth grid as [−4◦ , −3.9◦ , . . . , 3.9◦ , 4◦ ]. The reason for this
choice is to compensate for the high computational complexity
due to the larger size of the waveform design programs
than the ones in the power allocation. Firstly, we obtain
optimal waveform covariance matrices by solving each of
the three programs introduced in Section IV-A. Then, using
the method introduced in section IV-B, constant modulus
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Fig. 4: Run Time vs. the number of TX/RX nodes for different methods. For the
method of [2] we plotted the run times of only one iteration of the algorithm. Run
times for P. 1 - P. 3 also include the signal synthesis process.

signals are achieved for each waveform covariance matrix.
Now sensing matrices for different methods are determined
and the Monte Carlo simulation with the same details as
in the Section V-A can be conducted to obtain curves of
Pd vs SNR for Pf a = 10−4 . The obtained curves for 4
different scenarios have been shown in Fig. 5, where along
the waveforms obtained from the proposed programs, the
Hadamard waveforms are also considered. The results indicate
that the waveforms related to P. 3 (exact minimization of
the coherence) consistently outperform other methods. At low
to moderate number of transmitters, the waveforms obtained
from P. 1 and P. 2 exhibit almost the same performance but
slightly better than that of the Hadamard waveform. However,
when the number of transmitters increases, the curve of P. 1
start to overtake that of P. 2. Finally, since our P. 3 method
(followed by the signal synthesis) consistently outperforms
other methods, and does not impose more computational cost
(as observed in Fig. 4), we identify P. 3 as our proposed choice
of the waveform design for CS-based MIMO radar.
Our last experiment is designed to compare the power
allocation and waveform design methods in terms of the
achieved coherence value (which controls the overall CSbased detection performance) and the run time. For the power
allocation program, we use (13) with Hadamard waveforms.
For the waveform design, we use P. 3 with the additional per
antenna maximum power constraints as stated in (23) (direct
minimization of coherence is approached in both considered
programs). We also include the results for synthesized constant
modulus waveforms. We use M = N , L = 32, and the

azimuth grid as [−4◦ , −3.9◦ , . . . , 3.9◦ , 4◦ ]. In Fig. 6a, we
depict the run time of each method for various values of
M . Unlike the waveform design, the computational cost of
the power allocation program is not much influenced by the
increase in M in the considered range. In addition, the power
allocation program is consistently faster than the waveform
design procedure. In fact, the size of the optimization problem
grows quadratically with M in the waveform design problem,
while it remains linear with M in the power allocation
problem. Another observation is that the contribution of signal
synthesis process in the run time for the constant modulus
waveforms is marginal. The achieved coherence values are also
plotted in Fig. 6b. As expected, the waveform design consistently outperforms the power allocation program by providing
lower coherence values. If the waveforms in the waveform
design problem had been constrained to be orthogonal, then,
the off-diagonal elements of R would have vanished (what
would remained were the diagonal elements which indeed
represent the transmitting powers). This meant that the two
methods of waveform design and power allocation would
result in the same covariance matrix, and consequently, the
same coherence value (note that the orthogonality constraint
also ensures Tr{All R} = Pt in the waveform design program;
however, the reverse is not true). Thus, the superiority of the
curve of the waveform design method in Fig. 6b, indicates
that the obtained optimal waveforms are not orthogonal, yet,
they perform better than an orthogonal set with the same power
constraints. As expected, the coherence values associated with
constant modulus waveforms are slightly more than the ones
obtained with the optimized covariance matrix, however, the
increase is not considerable. In applications where this slight
increase is not acceptable, one can opt for waveforms with
low PAPR (instead of constant modulus) that coincide with
the optimal covariance matrix (as explained in Section IV-B).
In summary, Fig. 6 shows a trade-off between the computational complexity and the performance in using the two
methods. However, the required computations in the two
methods could be considered as an offline preprocessing part
in most scenarios. This fact downgrades the role of the
computational cost, and identifies the waveform design as the
superior approach, whenever feasible.
VI. C ONCLUSION
Improvement of the multi-target detection capability of a
CS-based colocated MIMO radar with given location (random placement) of TX/RX antennas was investigated in this
paper through power allocation and waveform design. Our
approach was based on reduction of the coherence of the
sensing matrix to improve the CS-based detection. For power
allocation, adopting a set of orthogonal transmitted waveforms,
we derived a convex optimization program to minimize the
coherence of the resulting sensing matrix (subjected to total
power and maximum per antenna power constraints). Simulation results showed that our proposed method outperforms
the method proposed in [2] and the uniform power allocation
from the viewpoint of multi-target detection quality. For the
waveform design, we demonstrated the sole dependency of coherence measures on the covariance matrix of the transmitting
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Fig. 5: Pd vs SNR for different waveform design methods, Pf a = 10−4 .
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for the waveforms. Simulation results showed that the method
based on P. 3 in which the mutual coherence is minimized
directly presents better detection performance compared to the
others. We also conducted a simulation to compare power
allocation with waveform design which showed the tradeoff between performance and complexity in using the two
procedures. To make this comparison possible, we derived and
considered a per antenna maximum power constraint in the
waveform design program.
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signals and aimed at designing this covariance matrix rather
than the waveforms themselves. Then, due to existence of
infinitely many solutions for transforming a covaraince matrix
into a set of waveforms, we were able to also consider some
practical constraints on the waveforms while transforming
from the covariance matrix. Specifically, intending to reduce
the coherence, we derived and solved three different convex
programs (P. 1, P. 2, and P. 3) for achieving the covariance
matrix. Then, we followed the method proposed in [10]
to obtain constant modulus waveforms. Unlike the method
of [2] in which waveforms are designed directly using an
iterative algorithm, our two-step strategy not only reduces the
computation time but also ensures some practical constraints
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