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Abstract

We consider the O(n) theory in the n — 0 limit. We show that the theory is described by
logarithmic conformal field theory, and that the correlation functions have logarithmic singularities.
The explicit forms of the two-, three- and four-point correlation functions of the scaling fields and
the corresponding logarithmic partners are derived.
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I. INTRODUCTION

The n-vector model with its Landau-Ginzburg-Willson Hamiltonian, which has O(n) symmetry, may be used to
study physical properties of many critical systems. For example, in the limit n = 1 we obtain Ising-like systems
which describe liquid-vapour transitions in the classical and critical binary fluids. The Helium superfluid transition
corresponds to the limit n = 2. Only for the case of n = 3 does the experimental information come from truly
ferromagnetic systems. The limit n — 0 describes the statistical properties of self-avoiding walks (SAWs), which
describe the universal properties of linear polymers, i.e., long nonintersecting chains, in a dilute solution. These
properties can be computed by such techniques as the transfer-matrix method [1], series expansions [2], and the
scanning Monte Carlo method [3]. More generally, deep insight into the problem of computing the statistical properties
of linear polymers and the SAWSs can be obtained from the O(n) model in the n — 0 limit, a discovery first made by
de Gennes [4, 5].

Recently, it has been shown by Cardy that the O(n) model in the n — 0 limit has a logarithmic conformal field
structure, with its correlation function having logarithmic singularity [7]. The logarithmic conformal field theories
(LCFT) [6,7] are extensions of the conventional conformal field theories (CFT) [8-12], which have emerged in recent
years in a number of interesting physical problems, such as the WZNW models [13-18], supergroups and super-
symmetric field theories [19-25], Haldane-Rezzayi state in the fractional quantum Hall effect [26-30], multi-fractality
[31], two-dimensional turbulence [32-34], gravitaitionally-dressed theories [35], polymer and abelian sandpiles [36-
40], string theory [41-44] and the D-brane recoil [45-55], Ads/CFT correspondence [56-67], Seiberg-Witten solution
to SUSY Yang-Mills theory [68] and disordered systems [69-80]. Moreover, such related issues as the Null vectors,
Characters, partition functions, fusion rules, Modular Invariance, C-theorem, LCFT‘s with boundary and operator
product expansions have been discussed in Refs. [81-119].

The LCFT are characterized by the fact that their dilatation operators Lg are not diagonalized and admit a Jordan
cell structure. The non-trivial mixing between these operators leads to logarithmic singularities in their correlation
functions. It has been shown in Ref. [8] that the correlator of two fields in such field theories has a logarithmic
singularity as follows:

(W(r1)Y(re)) ~ |r1 — T2|*2Aw In|ry —ro| + ... (1)

In this paper, we consider the correlation functions of the scaling fields of the O(n) model and derive explicit
expressions for the two-, three- and four-point correlation functions. In Section 2, we derive the scaling fields and
their scaling exponents. In Section 3, we derive the Jordan cell structure of the theory in the n — 0 limit, while
Section 4 presents the derivation of the two-, three- and four-point correlation functions of the scaling fields and their
logarithmic partners. The details of calculations are presented in the Appendices.

II. SCALING FIELDS IN THE O(n) MODEL

The Landau-Ginzburg description of the O(n) model starts with the effective Hamiltonian:
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where a,b=1,2,--- ,n, and g is the coupling constant of the perturbation, Za,b : 9297 =, to the free model. Suppose

that under a scaling transformation 7 — = AT, ¢, behaves as, ¢, — gi)/a = A"%da ¢a, where 2 is called the scaling

dimension of the field ¢,. Invariance of the Hamiltonian under scaling requires the coupling ?J to have the scaling
dimension, y, = d — 4339%. It would be relevant at the pure fixed point if, d > 4:103)(1 [120-121]. If y, is small, it is
possible to develop a perturbative renormalization group (RG) equation in powers of these variables, which can then
yield the fixed points.

To develop the RG equation for a typical coupling constant g;, we need the operator product expansion (OPE)
coefficients. The general form of the beta-function for coupling g; is given by [6]:
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where [ > 1 is a re-scaling parameter. To derive the OPE coefficients we note that, when m? = g = 0, we obtain the
Gaussian model, i.e., H = % > (Va)? : d¥r. In the Gaussian model, the various components ¢, are decoupled,
so that the two-point correlation function has the following form:

(Galr)ulrs)) = 2t (4)
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where, r;; = |7; —7;|. Considering ® = >, : ¢2¢7 : as the perturbative term in O(n) Hamiltonian, and using Wick’s
theorem, one can evaluate the OPE of the field ® with itself as:

o0 = () o207 (O 625 ),
a,b c,d
= 24n2 4+ 96nE + EaP + - - -, (5)

where, E =" _:¢2 :; n =, dap and & = (8n + 64) (see Appendix A). Therefore, using Eq.(3), one obtains the
following RG equation for g:
By = yg9 — Eag® + -+ . (6)

To check that the field F is a scaling operator, we consider the OPE of F with a scaling dimension zg(n) and ®:
E-@ = () 620> :idi )
c a,b

= 8D+ EpgE 4o, (7)

where, g = (4n + 8). Therefore, this form of the OPE for E - ® shows that the field F is a scaling operator.

As noted by Cardy [7], there is also another scaling field in the theory, E,;, with a scaling dimension z z(n) which

is given explicitly by the following expression in terms of the fields ¢,: Eu =: Gadp : —&#b >, @2 i Its OPE with ®
is given by the following expression:
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with €E = 8.
To derive the scaling dimensions of the fields £ and Eab, we perturb the Gaussian Hamiltonian by these fields with
the coupling ¢; and t5, respectively. Then, it is clear that their scaling dimensions are:

ygl = d_xOEa
vy, = d—x%. (9)

Then, according to Eq.(3), the RG equations for the couplings are given by:

B, = Yut1 —28rgt1 + -+,
ﬂtz = ytzt2*2§égt2+ (10)

Because the fixed points and the RG eigenvalues correspond to the ”zeros” and derivatives of the RG beta function
at the fixed points, respectively, one has:
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Using Egs.(9), we obtain:
9f,
Yty 8t1 07
§

= ¥ —2p (12)



and, similarly:
Yt, = y,?z — 2y2£—é. (13)
13
Substituting the values of &’s, yf. , and yf,, and denoting y;, = d — g and y, = d — x5, we obtain the following

scaling dimensions for E and F:

0o 2(4n+38)
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One can then derive the OPE of the field : ¢,¢, : with the scaling dimension z44(n) and ®. If this is done, one
obtains:

:¢a¢b:~¢:46abE+€E:¢a¢b:+"' s (15)

Therefore, it is clear that : ¢, : and E have the same scaling dimension.

III. SCALING DIMENSIONS IN THE n — 0 LIMIT

It is evident that in the n — 0 limit, Eqgs.(14) reduce to the following:

1
rp(0) = 2% — Zyg +O(y2)2,

20(0) = 25(0) = 2 — 14+ OGY). (16)

Therefore, in the n — 0 limit, there are three fields with the same scaling dimensions. It is well-known in CFT
that two scaling fields with the same conformal weights may constitute a Jordan cell of rank 2. Such theories are
what are referred to as the logarithmic conformal field theories (LCFT). The correlation functions in LCFT may have
logarithmic as well as power-law terms. Before calculating these correlation functions, we can show that E(r) and

. Py (1) : constitute a Jordan cell in the n — 0 limits. Since E(r) and E(r) are two scaling fields in the O(n) model
with scaling dimensions 2z (n) and zz(n), we have:
E(r) = A= E(r),
E(r) = X2 E(r). (17)
We are interested in the scaling behavior of : ¢,¢y(r) : in the n — 0 limit. First, we write : ¢q¢p(r) : in terms of E(r)
and Egp(r) as:
5ab

: Pady(r) i= Eap(r) + 7E(r), (18)

and, then, using Eqs.(17), we find that:
5ab

P dadp(Ar) i= AT EINE B B (r) 4+ — Bl (19)
Since, rg(0) = 25(0), then:
AeEM=es() — 1 L pyln A4+ O0(n?) + -, (20)
where, u = 2%;(0) — 2" (0). Now, it is straightforward to check that:
Tim : 6,0(Ar) 1= XFOL: 6,64(r) : — 0 Mudu £(r))] (21)

Therefore, udep E(r) and : ¢q¢p(r) : are degenerate fields in the n — 0 limit which form a Jordan cell:

wapE (1)

: ¢a¢b(r) :



IV. TWO, THREE AND FOUR POINT CORRELATION FUNCTIONS

In this section we first derive the two-point correlation functions of the fields Eab(r) and E(r), for arbitrary n.
As shown in Section 2, these fields have the scaling dimensions zz(n) and 2g(n), respectively. However, to fix the
amplitude of the two-point correlation function and their tensorial structure we note that:

(B(r)B(ra)) = (3 : 67 (r1) ) ¢5(r2) 1)), (23)
i J
where normal ordered is defined as ::= 1— <>. The two-point correlation function of the field Eab(r) is given by:

(Eab(r1) Eea(ra)) = ((: @adp(r1) Z 62(r1) 1)(: Gedalra) Z 2 (ra) : (24)

and similarly for (Eq(r1)E(r2)). The right-hand side of the above equations can be evaluated using Wick’s theorem
and noting that (¢,dp) ~ dap. Therefore:

<: ¢a¢b o ¢c¢d :> ~ Dab,cda

> Gadh 1 67 1) ~ 20a,
Y (il ~ 2, (25)
ij

where Dgpcd = acbd + 0addpe. However, we have fixed their tensorial structures by calculation of the two-point
correlation function using the free Hamiltonian. Indeed, the interaction will change the amplitude and the scaling
exponent, but dose not affect the tensorial structures.

Using the Eqs.(25), we find that:

(Eap(r1)E(r2)) = 0,
2nA(n )TIQME("),

— — 2 Y X n
(Ea(r1)Eea(r2)) = [Davca = —beadu) Alm)ryy” =", (26)
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where A(n) and A(n) are two functions have Taylor expansion at n = 0.

We can now derive two-point correlation functions of fields E (scaling operator) and : ¢, ¢y : (logarithmic operator)
in the n — 0 limit. Singularity of the two point functions at n — 0 limit can be removed by choosing A(0) = A(0),
as has recently been shown by Cardy [7]:

lim (E(r)E(r2)) = 0,

hm< ¢a¢b(rl) (r2)> = 2A(0)5abr122w}9(0),

lm (: Gady(r1) = deda(ra) 3) = {A(o) [Dab.cd — 4Sapdeq InT12] + 2645004[A'(0) — Z’(o)]} e ©), (27)

This is a general property of correlation functions of the Jordan cell components in a LCFT [9].
In what follows we derive various three- and four-point correlation functions of the Jordan cell components. In the
CFT, due to the conformal symmetry, the three-point correlation function of the scaling fields has the following form:

C123
<901(7A1)902(r2)‘»03(7"3)> A1+A2 A%TA1+A37A2TA2+A37A1 ) (28)
13 23

where Ay, As and Aj are scaling dimensions of @1, o and @3, respectively, and Cio3 is a parameter that depends
on the model.

We are interested in various three-point correlation functions of scaling field E' and : ¢q¢p : which is its logarithmic
partner at n — 0 limit. Using Eq.(18) and substitute of : ¢;¢; : in terms of E and E, three-point correlation function
of logarithmic field (: ¢a¢p(r1) 2 @cda(r2) 2 pe@f(r3) 1) can be written as follows:



(: Gady(r1) = Peda(ra) 32 Gedy(rs) ) = A(n)(riariaras) ~*& ")
X [Dab,cd,es — %(&szcd,ef + 8caDapes + 0cDab.ed) + %5@5«154]
"ﬁﬁb (4Dcd,ef - %6Cd6ef> B(n)(7“12r13)—wE(n)r;:f(")%%(n)
1850 (UDgpep — S8aler) B(n)(rigras) 22 tE M =2
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(
)—eE ), (29)
where A(n), B(n), C(n) are functions that have Taylor expansion near n = 0 (see appendix B for details). To obtain
the n — 0 limit, we expand above expression about n = 0 by writing down the Taylor expansion of A(n), B(n)
and C(n), and rij(n)ﬂE ™ 1t is not difficult to see that resulting relation will be divergent in the n — 0 limit for

arbitrary values of A(0), B(0), C(0), A’'(0), B’(0) and C’(0). However, the divergent terms will cancel each other if
we choose a special case in which A(0) = B(0) = C(0), and A’(0) = B’(0) = C’(0), so that:

limy,—o(: @a®p(r1) = Geda(re) = dedps(rs) ) = (r1zr13ras) 2=
X {A(O) |:Dab,cd,ef —4u (5achd,ef In % + 5cdDab,ef In % + 5efDab,cd In %)
—+ 8U25ab6¢:d56f [4(1H 12 11’1 13 —+ ln T12 hl T23 —+ ln r13 ln 7"23) — 1I12 (7"127“137’23)}]
+ SapBeader [SA”(0) — 12B”(0) + 4C" (0)]} . (30)

In the same manner other three-point correlation functions obtain at n — 0 limit as follows:

lim (E(r1)E(r2)E(rs)) = 0,

n—0

I (- dadp(r1) : E(r2) E(r3)) BA(0)8ap(r12113723) "), (31)

m (: ¢ap(r1) = deta(ra) : E(rs)) = A(0) [4Dap cq — 16udapdeq Inria] (r1or13723) "2 @,

li
n—0

Finally, the four-point correlation functions of E and : ¢,¢p : can be calculated just as the same as three-point
correlation functions. Some key-functions which are useful in this calculation given in appendix B.

In the n — 0 limit we encounter divergent terms in four-point correlation functions, but the divergent terms will
cancel each other if we choose a special case in which A(0) = B(0) = C(0) = D(0) , A’(0) = B’(0) = C’'(0) = D'(0),
A"(0) = B"(0) = C”(0) = D"(0) and f1(n) = fa(n) = f3(n) = fa(n), Therefore:

lim (E(r)E(r2)E(r3)E(rs)) = 0,

n—0

i{%@ Gadp(r1) : B(ra)E(rs)E(ra)) = 48A(0) f (1)dap(r12r13714723724730) ~ 227 O3,

4 (32)

lim (- Ga0 (1) 5 Gcda(r2) : E(ra) E(ra)) = A(0)f(1)(24Dap,ca + 8 — 16uln 220025, 5,)
34

—2xg(0)/3
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limy,—o(: @adp(r1) = Ge@a(r2) = Gey(r3) : E(ra)) =
A(O)f(n> { [6Dab7cd,ef + 26achd7ef + 260dDab,ef + 266fDab,cd]
+8u[5achd,ef In ( 129724134 4 § g Dopop In AT 4§ D)y g T 1202470

T12713714)°2 (r12723724)2 (ro3ri3T34)?
—0ap0cdle INT12713723] — 16U?04p0cadef[—2In 12 Inrgy — 3Inrio Inrog
—2Inri3lnreyy —3InrigInris — 2InregInriy — 31nriglnreg
+InrigInriyyrey —InrygInrey + InrizInrigrss — Inriglnrsy
+1In 795 Inrourgs — Inroy Inrgy + In® 1y 4 In? rog + In? T34) }

X (1197137142304 34) 22 (0)/3] (33)

and



lim,, o(: @adp(r1) 2 Gea(r2) 2 Pedf(rs) = dgdn(ra) :) = A(0)f(n)
X {Dab,cd,ef,gh + %u [(35achd,ef,gh In ~r23724734 | three terms) — (5ab5cdDef,gh In 7#1‘2“324@3”4 + five terms)}

(r2m13714)2 2,

+ %uQ { [*5ab5cdDef,gh (2(111 r13 +In7r14)? +2(Inres + Inrey)? — (2In7yy — Inrsy)?

+ In(r137r14723724) In :1%‘2‘ —5(nrislnreyy +InrgInrey + Inrislnres + lnrgln 7"23)) + five terms]

+ OabOcddefOghn [— (ln2 r1o + five terms) + (Inriglnris +Inriolnryy +Inrglnrgy

+ three terms) + (41nri2Inrgy + two terms)|}

+ 19—6u35a55cd5ef5gh {(3 In? 75 In(r137m14723724) + 413 119 — 6102 ris lnrsy + five terms)

— (121n(r127m13) Inreg Inrgy + five terms) + (24Inrizlnriginreg — 301nrie Inrag Inrey + three terms)}

+ SapOcadeSgn[—24A"(0) + 648" (0) — 48C""(0) + 8D"(0)]} (1127137147 23724734) 25 E(0)/3, (34)

Because of avoiding lengthy expression we didn’t write explicit form of all terms in the above equation, but it is easy
to write them by symmetry considerations.

V. SUMMARY

We have studied the correlation functions of self-avoiding walks and derived their two-, three-, and four-point
correlation functions using the O(n) model in the limit n — 0. One can directly check that the three- and four-point
correlation functions have the general properties of a logarithmic conformal field theory, and that the logarithmic
partner can be regarded as the formal derivative of the ordinary fields (top field) with respect to their conformal
weight [9]. In this case, one can consider the field : ¢,¢p : as the derivatives of field F with respect to n. We
emphasize that the derivative with respect to the scaling weight can be written in terms of the derivative with respect
to n. These properties enable us to calculate any N-point correlation function that contains the logarithmic field
D PadPp :, in terms of the correlation functions of the top fields. The general expression of the correlation functions
of the LCFT are given in Ref. [9]. Here, we have determined the unknown constants in the logarithmic correlation
functions in terms of the details of the SAWs. It is noted that the formal derivations with respect to the scaling
dimensions cannot predict the unknown constants in the quenched averaged correlation functions of the local energy
density operators. The constants depend on the detail of the statistical model.

Our analytical results can also be checked numerically. Our analysis is valid in all dimensions below the upper
critical dimension. These results can be generalized to other problems, such as percolation, random phase sine-Gordon
model, etc.

This paper is dedicated to Professor lan Kogan.



VI. APPENDIX A

Here, we present the details of the calculations for the operator product expansion of ®-®, E-® and Eab -

the definition ®, one finds that:
= ond ). d2en )
ab cd

=4 Z(éac + 5ac¢a>¢a¢c¢l2;¢(2i +4 Z(éad + 5ad¢a)¢a¢d¢l2)¢z +4 Z(ébc + 5bc¢b)¢b¢c¢z¢%

abed abod abod
4 (Bud + 00ad) Dp0adid? + 2D (Sac + Saca) (dac + daca) B30

abed abed
+2 ;d(aad + 0ad®a) (Gad + Oadda) By 02 + 2 ;d(abc + Gpe6b) (Obe + Bbep) $267
+2 ;j(ébd + Gbatn) (Obd + Sbady) P + 8 ;i(%c + Sacha)(bad + Oada) Py dcda
+8 Ebjdwbc + Gpe0) (o + Gpaho) o bea + 16 %jd(aac + Gaca) (Gbd + Gbadp) Padbvdeda
+16 %}d(éad + Gada) (Ghe + Obetp) budpdeda + 8 %}d(aac + Bacta) (Obe + Opedh) Pap
+8 ;l(%d + Sad®a) (6bd + Obdde) PaPp®y + ..,

= 24n? 4+ 96nE + (8n + 64)® +

= (36203 362 )
a be

=4 (0ab + 0aba)a®b0? + 4 Y (Jac + Sacha)Padedy

abce abce

+2 (Jab + Savda) (Bab + Sab@a) B2 + 2 (Jac + Saca) (Sac + Sactda) )

abe abe

+8 Z((;ab + §ab¢a)(5ac + 5ac¢a)¢b¢cv
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=8P + (4n+ 8)E + ...

and,
Eap.® = (: ¢aty : Z o7 ). 0207 )
cd

+2 (Jac + Gacda) (Goe + 6e®s) 05 + 2 Y (Oad + SadPa) (b + Shachs) O

cd cd

+4 Z(gac + 5ac¢a)(5bd + 6bd¢b)¢c¢d +4 Z((sad + 5ad¢a)(6bc + 5bc¢b)¢c¢d
cd cd

— 2 (4n +8) Z o7t +..

®. Using

(35)

(36)



VII. APPENDIX B

The detail of the derivation of the three- and four-points correlation functions are presented in this Appendix. The
three-point correlation function of the field E,;(r) has the following explicit expression in terms of the fields : ¢,y ::

(Ean(11) Eea(ra) By (r3)) = (: Gat(r1) : =2 32,2 93(m) 5): dea(ra) : =260 5,5 62(r2) 2)
X(: Gy (1) : =258 50,1 03(r5) 1)) (38)
Tensorial structure of the right-hand side of the above equation has the following terms:
(: Padb = Gcbd 2 Pedf 1) ~ Dapcdes,
> baty = peda 1 $7 1) ~ ADgpca;

?

Z(: baty P i (;53 D)~ 8dap,

ij
STt g i gf ) ~ 8n, (39)
ijk
where Dy cd,ef = OacDbd,et + 0adDie,ef + daeDedpf + 0afDipe,ca- According to Eq.(28) and the above equations:

4 16
<Eab(T1)Ecd(T2)Eef(T3)> = |:Dab,cd,ef - E(aachd,ef + 5cdDab,ef + 5efDab,cd) + ﬁaab(scdaef (40)

X A(TL) (7‘127”137"23)71’57(”) .

Other three-point correlation functions which are used in deriving Eqs.(30,31), obtain by the same method:

(Eap(r1)E(r2)E(r3)) = 0,

(E(r1)E(ro)E(r3)) = 8nC(n)(rigr13ras) ~“2 ™), (41)

8 xT n)—zxr (n
(Buo(r1) Boa(ra) E(rs)) = | 4Dt ea naabacd} B(n) (rigras)~=£ (M =205 ()

Four-point correlation function of four scaling fields @1, @2, ¢3 and ¢4 with scaling dimensions Aj, Ay, Az and
Ay, respectively, has the form:

(p1(r)pa(ra)ps(ra)pa(ra)) = [ i f(m), (42)
1<i< <4
with A;; = %Zi:l A —A; — Aj and f(n) is the unknown function of cross ratio n = 212754,
13
According to above equation some key functions that are used for deriving the four-point correlation functions are
as follows:

<Eab(’l“1)E(T2
(E(r1)E(rs

(Eap(r1)Eea(r2)Ecy(r3)E(ry)) =

E(r3)E(r4)) = A(n)f1(n)(r12r13r1ar23724734) =272 (M3 (480 + 12n?),
(n) f2(n)(r12713723) 2B FZE)/3 (1) g gy ) ~20E (/3

(
24 96
X [6Dab,cd,ef - (5achd,ef + 6cdDab,ef + 6efDab,cd) + n2 6ab60d66f] )

n

Sy

<Eab(T'1)Ecd(TQ)E(Tg)E(T4)> = C(’Il)fg('r]) [(271 + 24)Dab,cd - (4 + %) 5ab5cd]

y (r;24mg(n)/3+2m3(n)/3)(ngl:;(n)/?)lezz:}a(n)/?))( —mE(n)/3—$E(n)/37

<Eab(7"1)Ecd(Tz)Eef(Ts)Egh(m)) = D(n) f4(n)(r12r13714723724734) ~ 228 (M/3
X [-Dab,cd,ef,gh - %aabcdefgh + (% - %) ﬁabcdefgh + (% - %) 5ab5cd56f69h] . (43)

713714723724

where

Dopcdef.gh = Oac(OvaDef,gh + Dod.ef.gh) + 0ad(0veDef,gh + Doc.ef.gh) + Oae(0bf Ded,gh + Dot cd,gh)
+0af(Ope Ded,gh + Doe,cd,gh) + 0ag(OohDed,ef + Don,cd,ef) + 0an(0vgDed,et + Dig,ed,ef)
Qabedefgh = OavDed,ef,gh + 0cdDab,ef,gh + OefDab,ed,gh + OghDab,cd,ef (44)
Babedefgh = OapOcdDef,gh + davbefDeda,gh + 6abOghDed,et + dcabefDab,gh + 0cadgnDab,ef + OefdgnDab,cd-
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