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Zero Tension Kardar-Parisi-Zhang Equation in
(d + 1)-Dimensions
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The joint probability distribution function (PDF) of the height and its gradi-
ents is derived for a zero tension d + 1-dimensional Kardar-Parisi-Zhang (KPZ)
equation. It is proved that the height's PDF of zero tension KPZ equation
shows lack of positivity after a finite time 7.. The properties of zero tension
KPZ equation and its differences with the case that it possess an infinitesimal
surface tension is discussed. Also potential relation between the time scale #.
and the singularity time scale 7. ,_.o of the KPZ equation with an infinitesimal
surface tension is investigated.

KEY WORDS: Probability distribution function; the Kardar-Parisi-Zhang equa-
tion; strong coupling limit; singularity time scale.

1. INTRODUCTION

Studying the morphology, formation and growth of interfaces has been
one of the recent interesting fields of study because of its high techni-
cal and rich theoretical advantages. On account of the disorder nature
embedded in the surface growth, stochastic differential equations have
been used as a suitable tool for understanding the behavior of various
growth processes. Such equations typically describe the interfaces at large
length scales, which means that the short length scale details has been
neglected in order to derive a continuum equation by focusing on the

Department of Physics, Sharif University of Technology, P.O. Box 11365-9161, Tehran, Iran.

2CNRS UMR 6529, Observatoire de la Cote d’Azur, BP 4229, 06304 Nice Cedex 4, France;
e-mail: rahimitabar@iust.ac.ir

3Department of Physics, Alzahra University, Tehran, 19834, Iran.

“Department of Physics, Isfahan University of Technology, Isfahan, Iran.

1521

0022-4715/04/0900-1521/0 © 2004 Springer Science+Business Media, Inc.



1522 Bahraminasab et al.

coarse grained properties. A great deal of recent theoretical modeling has
been started with the work of Edward and Wilkinson" describing the
dynamics of height fluctuations by a simple linear stochastic equation. By
adding a new term proportional to the square of the height gradient, Kar-
dar, Parisi and Zhang made an appropriate description for lateral interface
growth®. The d + 1-dimensional forced KPZ equation is written as

oh o 2 2

— — = (Vh)*=vV~<h 1

L) +f M
where h(x, t) specifics the surface height at point x (d-dimensional vector)
and o >0. The force f is a zero mean, statistically homogeneous, white in
time, Gaussian process which it’s covariance would be

(fx,0)f(x',1"))=2DyD(x —x")8(1 — 1) ()

Typically the spatial correlation of the forcing is considered to be a delta
function, mimicking the short length correlation. Here the spatial correla-
tion is considered as

, 1 (x—x')?
D(X—X):Wexp (—T> (3)

where o is much less than the system size L, i.e. 0 << L, which rep-
resents a short range character for the random forcing. It is useful to
rescale the KPZ equation as i/ =h/hgy, ¥'=r/ry and t' =1t/1y. If we let
ho=(%)1/2 and tg = ’70, where ry is a characteristic length, all of the

. . 2p
parameters can be eliminated, except the coupling constant g = “U3°. The

limit g — oo (or zero tension limit, v — 0), is known as the strong cou-
pling limit.(13:1% Although originally, this equation appeared as a model
for surface growth,® it is mostly used today in polymer physics,” Burg-
ers turbulence,® nonlinear acoustics® and cosmology,” etc.

The nonlinearity of the KPZ equation includes the possibility of
singularity formations in a finite time as a result of the local minima
instability. Meaning that there is a competition between the diffusion
smoothing effect (the Laplacian term), and the enhancement of non-zero
slopes. Let us mention the main properties of the KPZ equation for the
cases v— 0 and v=0. In the zero tension limit ( v— 0) the KPZ equation
has the following properties: (i) the unforced KPZ equation develops sin-
gularities for given dimensions. In one spatial dimension the sharp valleys
are developed in a finite time f.,_.9. The geometrical picture consists of
a collection of sharp valleys intervening a series of hills in the stationary
state®. In two spatial dimensions the KPZ equation develops three types
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of singularities in finite time. The first singularities are sharp valley lines
with finite lengths, which the height gradients are discontinues while cross-
ing the valley lines. The second type are the end points of the sharp val-
ley lines. As time goes on these sharp valley lines hit each other and the
crossing point of two valley lines produces a valley node. Generically these
end points disappear at large time scales and only a network of sharp val-
ley lines will survive.>>%? In three and higher dimensions, the structure of
the singularities can be more complicated. For instant, in three dimensions
the singularities are, in the language of Burgers equation, shock surfaces,
its boundaries, the intersection line of two shock surfaces and finally the
point which three shock surfaces meet each other. The height gradients are
discontinues while crossing the shock surfaces. A complete classification of
the KPZ singularities, by considering the metamorphosis of singularities
as time elapses, has been done in ref. 10. (ii) Similarly, for white in time
and smooth in space forcing, in the zero tension limit singularities will be
developed in a finite time in any given spatial dimensions. For instance, in
two spatial dimensions the sharp valley lines are smooth curves where in
the stationary state the sharp valley lines produces a curvilinear hexago-
nal lattice® !> (see Fig. 1). In three dimensions it can be shown that the
shape of the polyhedra tiling the space can not be determined uniquely,
nevertheless, the minimal polyhedra in d =3 will have 24 vertices.)

The KPZ equation with vanishing surface tension (v =0) produces
multi-valued solution after time scale tc’vzo.(s) In Fig. 2 we demonstrate
the multi-valued solution of the unforced zero tension KPZ equation in
two dimensions. We have used the Lagrangian method to simulate the
KPZ equation with v=0 and initial condition A(x, y, 0) =sin(x)sin(y)®.
The sinusoidal function is a typical initial condition and has been used
only for simplicity. With this initial condition the time scale that the
KPZ equation produces the multivalued solution can be found exactly
as fey—0 = 1.9 As shown in Fig. 2-a, it is evident that for time scales
t <t.,=0 the height field is single-valued. At the time scale t =¢. ,—o the
height field become singular (see Fig. 2-b). Finally in Fig. 2-c we have
plotted the height field for time scale 7 > #,,—¢ in which the height is
multi-valued. The singularities in the limit v— 0 can be constructed from
multi-valued solutions of the KPZ equation with v=0 by Maxwell cut-
ting rule,® which makes the discontinuity in the derivative of height field.
Indeed the Maxwell cutting rule states, that for x’s which the height field
h(x,t) becomes multi-valued, the physical solution can be chosen so that,
hpn(X, 1) =Max{hi(x, 1), ha(x,1),... ,hy(X, 1)}, where N is the number of
the multiple solutions of the field i(x,t) at position x.

In this paper, an exact master equation is derived from the zero ten-
sion (v=0) KPZ equation for the joint probability distribution function
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Fig. 1. Different time snapshots of height fields of randomly driven two dimensional KPZ
equation in the zero tension limit (v — 0). Two upper snapshots are belong to the height
fields before singularity time scales #.,_o. In the lower figure which is for time scales ¢ >
te.v—0, the field A(x,y) is not differentiable in singularity curves.0? In this simulation the
relation between the forcing length scale o and the sample size L, is o >~ L/3. The forcing
strength Dy is equal to unity.

(PDF) of height and its gradients. The master equation enables us to
determine the time evolution of the PDF of # —h and all of the moments
((h —h)"). Tt is proved that the derived height’s PDF for the v =0 case,
shows lack of positivity after a finite time z.. Potential relation between the
t. and the singularity time scale (¢, ,_0) of the KPZ equation having an
infinitesimal surface tension is discussed. Details of calculations are pre-
sented in the appendices A, B and C.
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Fig. 2. Different time snapshots of height fields of the zero tension (v =0), unforced two
dimensional KPZ equation with initial condition k(x,y,0) = sin(x)sin(y). In this case the
time scale 7. ,—o is equal 1. In the upper figure the height field is single valued ( for time scale
t <tcy=0). In the middle we demonstrate the height field in time scale  =#.,-¢ which is the
singularity time scale. In the lower figure, which is for time scales ¢ > 7. ,—¢, the field A(x, y)
is multi-valued.

2. JOINT PDF OF HEIGHT AND ITS GRADIENTS FOR ZERO
TENSION KPZ EQUATION

Let us define P(h, u;, pij,t) as the joint PDF of h=h—h, u; =h,, and
pij=hyyx;, where i, j=1,2,....d. Using the zero tension KPZ equation,
it is shown in Appendix A, that the P(h, u;, pij,t) satisfies the following
equation

o 2
Pi=yOP+3 ;u, Pp—a(d+2)Y  puP

/
—a Z Pik Pim Ppy,, +k(0) P;; — k" (0) Z Py,
]

Lk<m
+2K"(0) Y Py oy HE(0) > Poupy
) 1<k
—2k""(0) Y " Py 4)

I<k
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where y(t) = h;, k(x—X) =2DgD(x —X'), k' (0) = ky,;(0) and k" (0) =
kx;x;ixix;(0). Eq. (4) enables us to calculate the joint PDF P(h, uj, Dijt)
and all the moments S, = (k") in d-dimensions. Various moments has
been calculated explicitly for the three- dimensional case in Appendix B.
To derive a closed expressmn for P(h — h,u;,t) one needs to know the
moments such (h"u]" ul. Dij)- As appeared in Appendix B, using Eq. (4) one

can show that such moments are identically zero.) Using the identity
mentioned above, it can be shown that P(h, u;, t) has the following expres-
sion (see Appendix C);

d
Pl = [ 5 H—exp(zx(h—fz(r)mme)xz(x,m,o (s)
I

where,

Z(On, ir ) =F1(, ) Fa (ks ). Fa (L pa) exp (—2%k(0)r) (6)

and,

Fi(ho 1y, 1) = (1 — tanh?(y/2ikyy (O)arhr)) ™ #
exp|: 3 ak” (0)At? —2' ,/2lkxX(0)tanh(w/2lkxx(0)a)»t):| (7)

Indeed Z (A, u;, 1) is the generating function of the 4 and u;’s. There-
fore expanding Eq. (6) in powers of A, all the moments S, can be derived.
For instance, the first five moments are as follows

o-(i) [ +]

i 8d ( kkz/fz)(;)) (_>6

o= (2 (552 () - (1) (2
= () [ea(-0) ()" 2(2) ]

£(0,0) 1/ 3
Zk"Z(O 0)

where ¢, = (
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The important content of the exact expressions derived above is that
through them the time scale that the height’s PDF P(h —h,t) lacks pos-
itivity condition after z.. The positivity of PDF means that all the even
moments of ((h —h)*") must be positive. In fact the above moment rela-
tions indicate that different even order moments become negative in some
distinct characteristic time scales. Closer looking at the even moment rela-
tions reveals that the higher the moments are, the smaller their character-
istic time scales become such that asymptotically tends to #. =ayt, for very
large even moments. The coefficients ay are of order of unity.®:11) Indeed
it can be shown that after time scale #. the right tail of the probability dis-
tribution function (PDF) of height fluctuations (i.e. P(h—h, 1)) is going to
become negative, which is reminiscent of the singularity creation. In what
follows we argue that the two time scales 7. and f.,—o are related each
other and tcztc,vzo.(&“)

We note that the Eq. (6) has the property that Z(0,0,0,7) =1
which means that fj;o P(h —h,u,v;0)d(h — h)dudv =1 for every time
t (0<1<00). So the PDF of h—h and its derivatives is always normal-
izable to unity. In the limit of v=0 after #.,—¢ the height field becomes
multi-value on the valleys, which is related to the left tail of the P(h —
h). The multiplicity of height field on valleys, on which the height differ-
ence h —h is mostly negative, increases the probability measure in left
tail of the PDF. Therefore to compensate the exceeded measure related to
the multi-valued solutions the right tail of the PDF tails should become
negative. Therefore one concludes that . ~#.,—9. On the other hand as
mentioned in the introduction the singularities in the limit v — 0 can be
constructed from multi-valued solutions of the KPZ equation with v=0
by Maxwell cutting rule,® which makes the discontinuity in the deriva-
tive of height field. Therefore the time scale that the zero tension KPZ
equation produces multi-valued solutions is the same as the time scale of
singularity formation in KPZ equation with infinitesimal surface tension.

1/3
k(0,0
So fey=0=tc y—0tc, Where f. =agt, and t,= (W(o),())) . The 1. scales

with o as a#. Hence the smaller the o, the shorter the time scale of sin-
gularity creation.

Taking into account that « > 0 and k”(0,0) < 0, the odd order
moments S»,4; are positive in time scales before formation of multi-
valued solution. It means that the probability density function P(h—h, 1)
in this time regime is positively skewed. Therefore the probability dis-
tribution functions of height difference has a non zero skewness as it
evolves in time, at least up to the time scale where the multivalued solu-
tions are formed. In Fig. 3-a, using the Eqgs. (4)—(7), we have numerically
sketched the PDF evolution in time for zero tension 3 + l-dimensional
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Fig. 3. In the upper graph the time evolution of PDF of i — i before formation of mul-
tivalued solutions at 0.27., 0.4z, and 0.8z, is numerically obtained. Lower graph shows the
right tails of the PDF of h — i for 0.2t., 0.4, and 1.2t. corresponding to time scales before
and after formation of multivalued solutions.

KPZ equation. As the system evolves in time, the formation of the multi-
valued solutions leads to the negativity of the right tail in the PDF. Also
the evolution of PDF right tail for time scales before and after 7. can be
checked in Fig. 3-b.

Now we would like to add a few comments on the equation gov-
erning the PDF of h — h. As shown in Eq. (4), for zero tension KPZ
equation, the P(h, hy, hyy;t) satisfies a closed equation. Adding an infin-
itesimal surface tension (v #0) to the KPZ equation, the PDF equation
will no longer be closed. Here we have proved that the height’s PDF of
zero tension KPZ equation lacks the positivity condition after the finite
time scale .. The situation is similar to the results given in ref. 16, where
the derived PDF of velocity increments of invisid Burgers equation is not
positive definite. In 1+1 dimensions, it has been already proved that add-
ing an infinitesimal surface tension will guarantee the positivity of the
PDF of h—h.3:17

The same argument to find the singularity time scale i.e. 7.9, can be
applied to the problem of decaying tensionless KPZ equation with random
initial condition. We use the following probability density functional for
initial height field (ho(x) and its spatial derivative (ug(x) in 1 + 1
dimension:

Plho(x), ug(x)] o< exp (—/dxdx'ho(x)B(x —xho(x")
+/dxdx’u0(x)B”(x —x’)uo(x/)> , (8)

where the equality will be hold by a normalization constant and B”(x) =
By (x). The initial distribution (8) shows that initial height field and its
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derivative are both Zero mean, statistically homogeneous, Gaussian pro-
cesses and spatially correlated with covariance:

(ho(x)ho(x")) =2B(x —x') ©)

(uo(X)uo(x")y=—2B"(x —x") (10)

(h (g (x")) = (h (x) > < ug (x). (11)
We set B(x) to be Gaussian function with standard deviation oy:

w2
Bx—x)— “—j”) (12)

BEWE
,/(Traoz) 90

oo is the correlation length of initial height field. Now using the KPZ
equation and its derivative we can derive the equations governing the time
evolution of height and height derivative moments. This procedure has
been represented in Appendix B ( by setting f =0 ). Since we are inter-
ested in functional dependence of the time at which the singularities begin
to form, it is sufficient to derive the second moment of height which can
be easily found as:

() = a2 + (o)) (13)
Eq. (13) ~szhowls/zthat the second height moment would be zero at time
t{f:(%) . Evaluating (h~02) and (iip?) from Eq. (8) and using
Eq. (12) we see that £ scales as 005/ 2 Due to the fact that the time
scale of singularity formation (z.0) is proportional to #; by a constant of

order of unity, the same conclusion is true for z.9. Generalization of the
above argument tczi l}igher dimensions is straightforward. It can be easily
+

shown that 7.0~ o, 2 . This means that the smaller their characteristic ini-
tial length scales cause the singularities to be produced at smaller time
scales.

To summarize, we obtain some results on the problem of KPZ equa-
tion in d + 1 dimensions with a Gaussian forcing, which is white in time
and short-range-correlated in space. In the non-stationary regime, where
the singularities are not yet developed, we find an exact form for the gen-
erating function of the joint fluctuations of height and height gradients.
Starting from a flat initial condition, we determine the time scale of the
singularity formation and the exact functional form of the time depen-
dence in the height difference moments at any given order. We note that if
there is no singularity in the height field, the time evolution of the height’s
PDF of tensionless KPZ and the KPZ equation with infinitesimal surface
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tension are identical. This is the reason that the term limit,_.o(vV2h) is
equal to zero for time scales before the singularity time scale ¢.. We were
able to give the solution of the PDF’s equation for time scales before f..

We believe that the analysis followed in this paper is also suitable for
the zero temperature limit in the problem of directed polymer in a random
potential with short range correlations.®

APPENDIX A
In this appendix we prove the Eq. (4). Define generating function

Z(, iy Mijs Xis 1) = (O, i, nij, xi, 1)) for the fields h=h—h, u; =hy, and
pij =hxyx;. The A, u; and n;; are the sources of h=h—h, uj=h,, and
pij =hxx;, respectively and i, j=1,2,... ,d.

The explicit expression of © is as follows:

d d
O=exp(—ir(h(x,y,2,0) —h®) =i Y pui—i Y nipij)  (14)

i=1 i<j=1

where u; =h,, and p;; =hyx;- Also introduce g;jx as Gijk = Px;x;x, which
will be used later. By considering the zero-tension KPZ equation we will
have the following time evolution for & and its derivatives;

3
o 2
h=n S (15)
1=
d
Uit = o Z”lpli + fu (16)
1=1
d d
Dijr = ZPliPlj +o Zulqﬁj + frix- (17)

1=1 =1

Also using the Novikov’s theorem we can write the following identi-
ties;

3

(fO) = —irk(0.)Z—i Y nuk"(0)Z (18)
=1

<fx1‘®> = _ilLikN(O)Z (19)
3

(frix©) = —iAK" (O Z =i Y nuk"(0)Z (20)

=1
(furx,©) = —ingk"(OZ  i#) (1)
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where

k(-x_-x/vy_y/vz_z/) :2DOD(X_X/’y_y/»Z_Z/)a

2D
k(0) =k(0,0,0) = ———,
(mo?)2
—24D
kyxxx(0,0,0) = (;)
(mo?)2

k' (0) =ky (0,0, 0) = ky(0,0,0) =k, (0, 0,0)=0.

Differentiate the generating function Z with respect to ¢ and using the
Egs. (9)—(15) and the following identity

iZy —IiAZy, —i Zﬂt nil —Z 1ij(qij19), (22)

i i<j

time evolution of Z can be written simply as
Z, = lxy(r)Z—l Zzw] laZZ,m

Fia Z nl/ niiNti —A k(O)Z+Z/’L12k//(0)Z
ll<]

—2x2nuk”<0>2— S Y ni | KOz, (23)

Lk 1<k
where y(r) is defined as y(r)=h;. Fourier transforming Z respect  to
A, i and n;;, the joint probability density function (PDF) of h,u;, p;j,
P(h,u;, pij,t) is generated as;

- d
P(h,ui. pijot) = H 152 "” exp(iA(h(x, y. 2.0) +h(1))
i\j
+iZM1u1+lkapzk)z()»,m,mj,xz',t) (24)
1 1<k

By the use of Eqgs. (23) and (24) the equation governing the P (h, u;, p; i 1)’s
time evolution will be derived as

P =y®)P;+= Z s —ad+2))  puP

I
—a Y pupim pkm+k<0)P~,;—k”(0>ZPu,u,

Lk<m

+2k"(0) Z Py K" 0) Y Ppypy — 2k””(0) > Ppupw (29
1<k <k
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where d is the spatial dimension.

Equation (25) enables one to write the time evolution of the moments
of height and it’s corresponding derivatives. The obtained equation has the
following form

d rn no—1 no—1
A" AB) = — oy (O™ TAB) — 2 Z(ho ABu?)

1
o > N <h”0ABp”‘p”">
Lk<m Pkm

— ) (" ABpu) +k(0)no(no— 1) (A" > AB)
1

: " AB
— K (O)an(n1—1)< >
u
h"AB
+ 2k”(0) Znon”< . >
] P
» "M AB
+k”(0)2nlk(’llk—1)< >
1<k Pii
h™AB
+2K"(0) Y " nunx (26)
T<k Dil Pkk

where
d
A= l_[u:"
i=1
nij
B = 1_[ pijj'

i<j
By choosing different sort of ng, n; and n;; values, various type of

coupled differential equations, governing the evolution of the moments,
can be constructed.

APPENDIX B

In appendix A we have derived the general time evolution equation
for the moments for the arbitrary (d + 1)-dimensional case. The moments
in 1+ 1 and 241 dimensions has been derived in refs. 8 and 11, respec-
tively. Here we are going to restrict ourselves to the (3 + 1)-dimensional
case. Also the moments in d + 1 dimensions is given at the end of this
appendix.
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In this appendix the height moments will be calculated exactly and
it will be shown that (hy.;®),i+# j will be zero by considering flat ini-
tial condition in the (3 + 1)-dimensional case. However it can be shown
that in any general (d + 1)-dimensional case this identity will also be true.
By choosing different sort of ng, n; and n;; values, various type of cou-
pled differential equations, governing the evolution of the moments, can
be constructed. The first example is to choose ng=n; =n;; =0 then;

—a ) (pu)=—a(v.u)=0=(v.u)=0 (27)
l

which verifies that the fluid is incompressible in average. The main aim is
to calculate the moments (p;; exp(—irh —i > mup)). Before that, we have
to follow several steps. First of all we have to calculate the moments such
as (pijju;uj) and i # j. Using the Eq. (20), we have

d
—(wjujpij) = @ Y (it piipyj) —a Y _{uiu;pupij)
] I

dt
=y (wiuj(piipij — pupij))- (28)
]

Looking at the right hand of Eq. (28) we see that the terms with /=i
or [=j cancel each other. Noting that we have restricted ourselves to the
3+ 1 dimension, the Eq. (28) can be written

d
E( iujpij) = uiu;(piipij — pupij)) i#Jj#l (29)

Now inserting the RHS of Eq. (29) in Eq. (26), one finds
d
d_t(uiuj(Pliplj = Pupij))

=a ) (i) pipapyj) + & Y _ (it pij pua pit)
k k

—a Z(Miujpkkpliplj> —a Z(uiujpklpklpij)
K X

—a ) (uittj pri pij pu) o Y (it prk pij pin) (30)
k k

It can be easily seen that in the case that i ## j #! the rhs of Eq. (30) will
be zero. Using this result and considering a flat initial condition we have;

(uiuj(pripij — pupij)) =0 (31)
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and
(uju;pij)=0. (32)

Also it can be shown by induction that all the moments such as
(h”opt ”u"'u/ ) are zero too. Therefore one concludes that (p;; exp(—irh—
iy ;mu)) =0. As shown in appendix C this relation is crucial to derive
the Eq. (6).

Now let us calculate the moments of u;’s. Using Eq. (2) it can be
shown that

d

ny __ / n—2
E(”f)——a(u?zl:pzz) —n(n—DE"(©0)(u] 7). (33)
Differentiating (u "+1) and (u}u;) with respect to x; and x; and using the
statistical homogenelty and Eq. (26) we have
(u pii) = (u} pii) =0. (34)
Therefore;
d nj "
EW ) =—ni(n; — K" (0) (u] ) (35)

which is an iterative equation implying that any order of the u; moment
can be calculated by knowing the lower moments. Because (u;) =0, from
Eq. (35) it is obvious that any odd moment of u; will be zero. For
ni=2,4,6,8, (u;”) will be

(?) = —2k" (0)t (36)
(hy = 12k"(0)*1 (37)
@by = —120k"(0)*¢ (38)
(ud)y = 1680k" (0)*+*. (39)
and y (1) (y(r)=h(r)) will be;
y()=5 Y (uf) =—3ak" (O (40)
l

For moments such as (u u 7y, it will be deduced that

d i nj " nj
Ty = = ni(ng = DK O )

—nj(nj—l)k”(o)(“?i”;._ _0‘<“i uj Zp”> @
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Differentiate (u’

u'y and (u?iu;juk) with respect to x; and xi, respectively
one finds

J

j - :nj—1 .
Wy =gl p Y py) i (42)
or

nj nj ni—1 nj n; nj—1
(ui’uj’uk)xk =n;(u;’ uj’ukpik)+nj(ui‘uj’ UKpjk)

Hul ' pa) i E (43)

Using the statistical homogeneity and identity such as (u;u;p;) =0 (I #
i, j) it can be seen that Eq. (41) would be

d n; nj " n; =2 u
d[<u u; Y=—ni(n; — Dk (O)< u; )
—nj(nj— DR )}y %) (44)

Therefore one finds the following expression for the moments;

(ufus) = 4" (0)¢* (45)

(uiuf) = —24K"(0) (46)

(ufuz) = 240k (0)r* (47)
and

(Wiudu3) = -8k (0)7°. (48)

Now we want to calculate (h?) and its higher moments. Using
Eq. (20) it can be shown that the moment (h2) satisfies the following equa-
tion

——az (hu?) —az i) + 2k(0) (49)

But the moment (22py;) can be written as
(h* pur) = (WP up), — 24hug) (50)
where (ﬁzul)xl =0, so

(h? pup) = —2(hu?) (51)
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Then Eq. (49) can be written as

d
ok az hu?) + 2k(0) (52)

Before calculating the (ﬁulz) moment, the more general term (fz"ou?"), can
be studied, so

d o o -
Y = gy ) = T
1

—«a Z(fl"‘)u?i pu) +no(ng — Dk(0) ("0 2ull")
/

i (ni = DK O) (R ) 3)

where
(A"u?" pi;) = _%m"r]”?#z) (54)
(h"™ullip;;) = —no(ﬁ”‘)*lu?"u?) i#] (55)

Therefore Eq. (53) can be written in a new form as

d - ) .1 ang .~
AR = =gy " )+ =55 Y )
1

“”°Za, i) o (- DKO) (")
—n,-(nl-—1>k”(0><h"°u?' g (56)

From Eq. (56), ( hul can be easily obtained
d
7 (hu?) ——y(t)Z uj ——Z u; +Z utui) (57)
I<k

So finally by using Egs. (36), (37) and (45) one gets;

> (hup) =—4ak"(0)r (58)

1

Therefore we find;

(h%) = —a k" (0)t* + 2k (0)¢ (59)
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Now it can be shown that the moment (k%) satisfies the following
equation;

d ~
() ==3y () =33 th —a;uﬁpm (60)

By spatial differentiation (i3 p;;) will be proportional to (ﬁzulz), SO

j(h3) =3y () (k%) +35 th (61)

and in a similar way the time evolution of moment (h%) can be written as

%UE“) =—4y (1)(h%) +2a Y " (R*uf) + 12k(0)(h?). (62)
1

It is appear that for calculating the moments (h3) and (h*), we should
calculate the moments (h3ulz) and (hzulz). For (h3) it is necessary to know

> (h2u?), so
d ~
ZZ(hzul) = —2y(t)z (hu?) —EZ(hul)
1 1

+2a ) (huu}) +2k(0)2 up) —6k"(0) Y (h%) (63)
!

I<k

where (ﬁu?) and (fzulzu%) should be calculated from the following equa-
tions

d
- <hu, ——y(t)Zul Z (up)

+ - Z (utul) — 12k”(0)Z (hu?) (64)
I;ek
d
o (huluk —y(t)Z uluk ——Z(u?u%)
I<k I<k I<k
3o ”
+5 (Wiudud) — 4k (0)2 (hu?). (65)

Using Eq. (52) we find;

(h3) = —§a3k”3(())t6. (66)
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To calculate the moment (%) one needs the following moments

(hu1u2u3)

> () =

l

Z(uzuﬁ

I<k

2.2
Z(uluzb‘s”z)

1

> upug) =

1,k

Z (ﬁu?u%) =

1kl

Z(ﬁzu?) =

l

Z(flzu%u%) =

1<k

> (huf) =

l

so, finally by substituting the moments above in Eq. (62) we find;

(ﬁ4> — _%a4k//4t8 _

Bahraminasab et al.

—16ak”*(0)>

—720ak”(0)1°
432kt
144k//4 4
1440k 1%

—288k"410

364

k"4 (0)10 + 72k (0)K % (0)23

5

728
0K 0+ 48k (0)k 2 (0)e3

212
§a3k”4t7 — 240k (0)k"? (0)1*

1262k (0)k"?(0)2° + 12k(0)%£2

(67)

(68)
(69)
(70)
(1)
(72)
(73)
(74)

(75)

(76)

Generalizing this method to the d 4 1-dimensional case by a similar
amount of calculations, the second, third and fourth moments can be writ-

ten as;
) 3

o K0
m>_<w%m>[ (
- k2(0)
3y _
(") = ( k”(O ) (
i - (20) (L

— \ak”(0)

where

)]
B () () e ()]

t_( k(0,0) )1/3
7\ a2k2(0, 0) ’
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APPENDIX C

In this appendix using the identities which have found in appendix
B, joint-probability distribution function (PDF) is calculated for zero ten-
sion KPZ equation. Similar to appendix B we restrict ourselves to the 3+1
dimensions case.

The zero tension KPZ equation in 3+1 dimensions has the following
form,;

[07
b,y 20 =5 3+ 0 +h) = f (77)
Now defining
hy=u, hy=v, h;=w (78)

Differentiating the KPZ equation (77) with respect to x,y and z, we have

h, = %(hi 2R+ Oy, D) (79)
ur = a(uuy +vvy +wwy) + fx (80)
v = a(uuy +vvy +wwy) + fy (81)
wr = a(uuz +vv +wwy) + f; (82)

for h and corresponding velocity fields. The generating function Z(A, 1,
w2, 3, X, y,2,t) is defined such as to generate the height and velocity field
moments. By introducing ® as

O=exp(—ir(h(x,y,z,0) = h(0) —ipiu—ipgv —ipzw) (83)

The generating function will be written as Z(X, iy, o2, U3, x, v, z,t) ={(0O).

Using the KPZ Eq. (79) and its differentiations (78), (79) and (80)
with respect to x, y and z, the time evolution of Z(A, w1, u2, U3, x,v,2,t)
can be written as

7, = iy(t)AZ—iA%((u2+U2+w2)®)
—iopy ((uuyx +vvx +wwy)O) —iausr((uuy +vvy +wwy)O)
—iopu3((uu; +vv, +ww,)O) —id(fO) —ipn ()
—ip2(fy®) —ius(f0) (84)

where y(t) =h; = %(u2 +v2 +w?). By considering statistical homogeneity
we have

Zy = ((—idlu —ipuy —ipovy —iu3wy)O) (85)
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Zy = ((—ilv—ipuy —ipvy —ijp3wy)0) (86)
Z; = {((midw—ipu; —ipuov; —ipk3wz)O) (87)

Because we are in a time regime that the singularities has not been
. . . 2
formed yet, the order of partial derivatives can be exchanged % =
i0Xj
2 . . e
())C‘,’J—gxl SO vy =uy, wy =u; and wy, =v,. Keeping the definition of ® (83)
in mind, we can easily write

.0 . . .
i——((=ipux —ipovy —ip3wy)O)
o

=(Ux®) —ip (uux®) —ip2(UvyO) —ips(uw,O). (83)
From Eqs (85) and (88) we have
(ux®) —ip (uuy®) —ipo(uve®) —ip3(uwyO)

d
= L we)y=—irz 89
BMI M1 ( )

And in a similar manner one finds;

—iAZyp, = (Vy®) =iy (vuy®) — i (vvyO) —iuz{vw, O) (90)
i3 Zpypy = (w:O) — i1 (wuO) — i (w.O) — i3 (ww:O)  (91)
By using the Novikov’s theorem the expression (f®) and (fy,®) can
be written respect to Z (appeared in appendix A). So we have
. Lo Lo
Z,= zy(t))\Z—z)LEZMM _’)‘Ezﬂzuz

—ix%zﬂm — {1, 0) — & (v,0) — & (w,0) — 32k(0, 0, 0)Z

+u7ker (0,0,00Z + 13k (0, 0,0) Z + 3k (0,0, 0)Z. ©92)

The (u,,®) terms can be written as

i i, . .
(Uy®) = —(O)x + —(([Au+ipvx +ip3wy)O)
141 11
A
=—i~7z, - 200 - Buwe), 93)
111 141 111

and similarly for (v,®) and (w,®) we have

Y
(0y0) = —i—Z,, — L (u,0) — B2 (w,0) (94)
w2 2 2
s jz iz
(W,0) = —i—Zp, — - (u;0) — = (v,0) (95)

3 "3 w3
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The terms such as (hyx;®) (i #j) are the main troublesome terms
which appear in the Z’s time evolution equation (i.e. (u,®)), preventing
us to write the Z-equation in a closed form. Fortunately as it is shown in
Appendix B, these terms will become zero by considering a flat initial con-
dition.

Therefore Z satisfies the following equation;

. L, o Y .o
Z, = ZV(I))‘Z_Z)‘EZMM _l)‘izuzuz _l)‘Ezmm
A A A 2
+ia—Z,,, —ia—Z,, —ia—Z,, —2°k(0,0,0)Z
M 102 w2 s

+ ik (0,0,0)Z + 13k (0,0, 0 Z + 3k, (0,0,00Z  (96)

In what follows we are going to solve the partial differential equa-
tion above, by using a flat initial condition, A(x,y, z,0)=u(x,y,z,0) =
v(x,y,2z,0)=w(x,y, z,0)=0, which equivalently means to write

P(h,u,v,0)=38Hh)8w)s(v)s(w). (97)
This means that;
Z(0,0,0,1)=1 (98)

A useful and efficient way to solve the Z, time-evolution differential
equation is to factorize it in the following manner;® 1D

Z(My a1, m2, w3, 1) = Fir(h, wy, ) Fa(A, w2, 1) F3(A, 13, 1)
X eXp (=22k(0)1) (99)

Then by inserting Eq. (99) in Eq. (96) we obtain
FiuFaF3+ FiFy F3+ Fi ) B,

. 4 Lo
=iy(WAF1F)F3 _l)‘EFzFlMllll FF —lAEFl 250,

F3
il EF Py, el F P Fy—ia-FFy, Fy
2 MH3uU3 w1 1231 W “2
—~ ia%Fl P> F3,, — A*k(0)F) Fa > + utk” (0,0) Fy Fo F3
+ u2k” (0) Fi Fa Fy + sk (0) Fy Fy F. (100)

Therefore;

A
F = —ik%FW Fia = Fy 4+ [ (0) — icrk” (0)]F (101)
"
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with the initial condition F (A, u,0) =1. This points out that the height
gradients in the three dimensions evolve separately from each other before
the shock formations, and they are only coupled with the height field. By
Fourier transforming Eq. (101) respect to u a simpler partial differential
equation of order one will appear. This equation can be solved by the
method of Characteristics.®) Finally the solution of F will be

F(u, ht) = (1 —tanh®(y/2ikyx (O)a,\t))—% exp [—%ak”(O)Mz
_ %mz,/ 2”"”; © tanh(yv/2ikyy (O)a)\t)j| (102)
o

and

Z(O s w2, 1) = F(h, i1, 1) F (A, o, 1) F (A, 3, 1) exp (—2%k(0, 0)1)

— (1 - tanh?(y/ 2k (O)ar1)) ™
xexp[—giw%+u§+u§>,/2"";;<°> tanwmn}

x exp[—%ak”(onﬂ - k(O)Azt] (103)

By inverse Fourier transformation of the generating function Z, the
probability distribution function (PDF) of the height fluctuation can be
easily derived;

i A dp dus d _
P(h,u,v,w,t):/Ezinlzi;zi;exp(ikh+i,u1u+iu2v+i,u,3w)2
(104)

Expanding the solution of the generating function in powers of 2, all
the ((h—h)") moments can be derived. For instance, the first five moments
before the sharp valley formations are

4

T2\ 2312 k(O) 3 _ L * L

(h%) = «2k"2(0) <—a2k”2(0)> [ <t> +2t*} (105)
y 8 [ k20 6
#)==3 (W%) (%) (109

8
Ta 44 k©) \3
(h7)=a k7 (0) <a2k”2(()))
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31 /8 £\ t\?
—— (=) —-12( = 12 — 1
() -2(F) w2 (F) ] oo

10

a2k//2(0)

1072 [t \'° Y\’

— | = 2( — 1

315 (t*) +3 (t*) (108)
where

t_( k(0, 0) >1/3

¥ a2k"2(0, 0) )
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